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Analytical Solutions of the Boltzmann Transport Equation. I. Carrier
Transport Phenomena in Nondegenerate Semiconductors at Low Fields
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By expressing the carrier distribution function in a power series, a self-consistent method
is presented for solving analytically the Boltzmann transport equation. Using an iterative
technique, this method enables the calculation of carrier mobilities in nondegenerate semi-
conductors to any desired degree of accuracy at fields of any strengths. A “mesh” diagram
is proposed for the calculation of the low-field mobilities governed by polar-optical scattering.
It is shown that the results obtained by relaxation-time approximation under some conditions
are rather poor. The effect of applied magnetic field is also discussed in some detail.

I. INTRODUCTION

The theory of carrier transport phenomena in
semiconductors lies on the determination of the
carrier distribution function f which is governed by
the applied field E, and the scattering of the carriers
with the carriers and the lattice vibrations. In the
steady state these effects arebalanced inaccordance
with the Boltzmann equation
LB Dw =50 - DWE D)

»

+Leef(§)=0; 1)

where e is the electronic charge, W(p—~p’) is the
transition probability per unit time of a carrier in

a state with momentum P being scattered into a
state with momentum %’ by the lattice vibrations,
and L, is the probability per unit time of a carrier
being scattered by another carrier. Thus each
term in this equation represents a rate of change
of f; the term e&-8f(P)/8p is due to the applied
field £, the terms 23 W(H~D')f(P) and

2z W(B'~D)f(D’) are, respectively, due to the
carriers being scattered out of and into state P
through the absorption or emission of phonons, and
the term L, f(P) is due to the carrier-carrier
scattering. Since there is no net carrier transport
in the absence of external fields, the equilibrium
distribution function can be assumed to be the Max-
well-Boltzmann function for nondegenerate semi-
conductors when 75 =0.
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In the low-field transport theory the effect of
carrier-carrier scattering is generally ignored
because the carrier concentration in nondegenerate
semiconductors is so small that the carriers are
mostly scattered by the lattice vibrations.! The
effect of the electron-phonon scattering is usually
treated by the relaxation-time approximation.

With this method the off-equilibrium part of the
distribution function is assumed to be small and

to relax with an energy-dependent time constant
which can be calculated from the transition prob-
abilities W(Pp~p’) and W(p’'~D). Actually, the
relaxation-time approximation is valid only for the
scattering which is elastic or nearly elastic and
isotropic, and therefore it is not applicable to the
polar semiconductors in which the dominant scat-
tering is highly inelastic and anisotropic. To avoid
using the relaxation-time concept, Howarth and
Sondheimer, 2 and Ehrenreich® used a variational
approach to calculate the low-field carrier mobility
in polar semiconductors, and recently Rode* used
a simple iterative technique to solve the same
problem. However, both the variational and iter-
ative methods can lead to an exact solution only

in the limit of vanishingly small fields. The accu-
racy of these methods for calculating the low-field
carrier mobility at fields of finite strengths can
be assessed only by comparing them with a method
which can give an exact solution for fields of any
strengths,

The purpose of this paper is to present a self-
consistent method of solving analytically the Boltz-
mann equation and calculating the carrier mobility.
This method is similar to the iterative method* and
has all the advantages of it. Matthiessen’s rule
is totally avoided, and the exact solution of the
linearized Boltzmann equation expressed in the
form of a monotonic series lends itself to straight-
forward physical interpretation. Moreover, this
method has its own merits; it is valid for any types
of band structure and can be easily extended to
study all transport phenomena at a field of any
strengths, and the rate of convergence of the mono-
tonic series can be easily determined.

In this paper we present the calculations of car-
rier mobilities and related transport phenomena in
nondegenerate semiconductors at low fields. The
calculations of carrier mobilities at high fields
will be presented in the next paper in this series.

II. ANALYTICAL SOLUTION OF BOLTZMANN EQUATION

When electron-electron scattering is ignored
and no external magnetic field is present, the
Boltzmann equation becomes

of [ -
eFa—’5;+T—Hf—O, (2)

in which, pp, 7, and H are defined as

pr=0' F/F, 6))
1/1= Ly WEH~D"), @)
Ho=223 W(H'=D) o (D), (5)

where F is the applied electric field and ¢ is an
arbitrary function of P.

To separate the low- and high-field transport
phenomena, we expand f into a power series in F,

fefot Fi+ Fofot e + Ffyt v, (6)

where f; is the Maxwell-Boltzmann function

A e F/%8T | A is the normalization constant, E is the
electron energy, kjp is the Boltzmann constant, and
T is the lattice temperature. Equation (6) is the
solution of Eq. (2) provided that the series con-
verges. The functions fy, f,..., fs ... can be
determined by the following set of coupled equations
which are obtained by substituting Eq. (6) into

Eq. (2) and equating coefficients of individual
powers of F:

e§zo_+il'-Hf1_0,

ap,,. T
N Lo ppo
e apF+T Hf,=0, ... 7

e %wfg—ﬂ -Hf,,1=0, ... .

The first equation in Eq. (7) is the linearized Boltz-
mann equation which accounts for all the low-field
transport phenomena. It is obvious that f,,, can
be determined from the knowledge of f,, and that
if a method can be devised to solve the first equa-
tion exactly for f;, the same method can be applied
to find the exact solutions for all f,’s for # >2,
since all the equations governing f, for » >1 are of
the same form. This method of expressing the
distribution function to successive orders in the
applied electric field is similar to the one proposed
by Schottky.® But unlike Schottky who expressed
the f,’s as solutions of a Fredholm type of integro-
differential equation, we solve for the f,’s explic-
itly by a self-consistent method as described below.

By neglecting the “scattering-in” term Hf; as a
first approximation, we obtain

9f;

= —eor Jo

hf eT 3 br ®)
Using this form of f, for Hf, in Eq. (7), the second
approximation for f; is

fi=—-et(1+HT) % . 9)
pp
The continued application of this iterative technique
yields the exact solution for f, as

fi=er(l+ Hr+ HrHr+-..) Jo (10)
apF
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The exactness of Eq. (10) can easily be verified
by substituting it into Eq. (7).

The physical meaning of Eq. (10) can be seen
by writing HT 9f,/3p in terms of the transition

probabilities
mr oy (w-n/z we-n) [
pF 3’ iu pF 3=50
(1)
1

8 - > - - - e - >
ar o 2 <W(P+q-P)/§[W(p+q*p+q+q')+ W(p+q -
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The term W(B'~D)/Z 3. W(H -—'13") is the ratio of
the number of electrons in state p’ being scattered
into state p to the total number of electrons being
scattered out of state p’. The transition of electrons
from one state to another is accompanied with ab-
sorption and emission of phonons. By changing

the summation over p’ and p’’ to the summation

over §, the phonon momentum, Eq. (11) becomes

o 3 (W=D DG -G-B-1+3) Wir-a--a-a) [, ;. a2

Opp 8=~

It is now obvious that HT 8f,/8py is the contribution to f; due to the transition of electrons from the neighbor-
ing states p+q and P-4 to state P by emission and absorption of one phonon. Similarly, HTHT 8f,/8py can

be written as

Hetir - % (W(B+ a5 DIWG+G-Drded’
ql

Opp

+ 2 (W(f)—

3

This is the sum of four terms.

§-9)/ SIWB-4-5-1+3)+ W3-3-5-3-1)]) [or ;
q

)+ W(P+§~D+§ - *')]> [HT %_]3=3+3

pr

]3 $-3° (13)

Each term describes the effect of two successive transitions, and each
transition is accompanied with either a phonon-emission or a phonon-absorption process.
one of the terms on the right-hand side of Eq. (13) is

For example,

% (W358 3 (W54 30+ W+ 154300 3, (W55 -5+ /

- N

S [WE+3+q"-D+5+§"+7
ql'l

which corresponds to the two successive transitions
by phonon emission p+§+q” ~p+J~D. In general,
HTHT- - - HT n times operating on 8f,/8py is the sum
of 2" terms each of which corresponds to » succes-
sive transitions, and each transition involves
either a phonon-emission or phonon-absorption
process.

Using the same iterative technique which leads
to Eq. (10), we can obtain

2
fo= <— eT(1+ HT + HTHT + - - *) _6> T (15)
pr
and, in general,
a n
fo= (~eT(l+ HT + HTHT + -+ +) ——-—) fo - (16)
pp

Thus the distribution function f can be expressed by

f=rfo+ Z (—eF7(1+H‘r+H‘rHT+~-) %)nfo. 17)

4

e W(E+ "5+ 3+3"-5") [ ] . )
Orls-5eas

[

For a given band structure, Eq. (17) can be used
to calculate the mobility due to any type of electron-
phonon scattering at any field strengths. The case
when more than one type of electron-phonon scat-
tering are operative presents no formal problem,
and this will be discussed briefly in Sec. III.

Since 1/7 is proportional to the coupling constant
F,; which characterizes the coupling strength be-
tween the electrons and the lattice and has the di-
mension of field strength, the rate of convergence
of the series in Eq. (17) is determined, among
other factors (such as temperature), by the ratio
F/F,. Thus it is safe to state that the present low-
field mobility calculation by keeping only the terms
linear in F in Eq. (17) is accurate up to the order
of F/F,. In the following we present our low-field
transport calculations. The discussion of high-
field transport phenomena will be presented in the
next paper in this series.
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III. LOW-FIELD ELECTRON MOBILITY

For fields small enough such that F%f, << Ff, the
distribution function can be written as

f=fot+ Ffi (18)
and the electron mobility as
9E -
w [ o @/ [ a5 19)

where E is the electron energy. The calculation
now lies on the determination of f; which is governed
by the types of scattering. Three cases are dis-
cussed.

A. Relaxation-Time Approximation

If the scattering processes are assumed to be
isotropic or nearly elastic and isotropic, our meth-
od will give the results identical to those obtained
by the relaxation-time approximation.® For iso-
tropic scattering processes, the transition prob-
ability W(Pp—P’) is an even function of the electron
velocity 8E/8p,. Since 9f,/9py is equal to
—(fo/kgT)OE/8pp, the term HT 8f,/8p, vanishes
and f; is then given by

fi=—eT %)2— .
For elastic scattering processes, f, (p)=£, (') and
if in addition W(p ~p") depends only on the relative
orientation of P and P’ and is independent of the
direction of D or p’, then 7(P)=7(p’) and W(H—~p’)
=W(p~D). We can obtain

(20)

% __ S P e o
Hr pp TkBT % %[W(p pYcosp] , (21)

where ¢ is the angle between Dand p’. From Eq.
(9) we can express f; as

hi=er ksT  8pp

(22)

The function g(E) is determined by rewriting Eq.
(10) as

- cor o PE
(1-HT) fi=eT %ol By (23)
and substituting Eq. (22) into Eq. (23). Thus,
we have
TgE){1-7 L5 [W(H~D")cos p]}=7 . (24)

From Eq. (4), f; is then given by

_ S5 fi 2B
fi= (/) TWG-500 - cos01]) 72 2F

(25)
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Theoretically the electron-phonon scattering is
always inelastic to some degree since the energies
of an electron before and after scattering differ
by the energy of a phonon. The usual argument is
that if the energy of the phonon is very much
smaller than the energy of the electron the scatter-
ing can be considered to be elastic. For the valid-
ity of Eq. (25) the scattering must at the same time
be not extremely anisotropic as pointed out by
Herring and Vogt.” Extreme anisotropy implies
that many terms on the right-hand side of Eq. (10)
have to be included to give a fair approximation
to fy. It has been shown in Sec. II that HTHT- - - HT
n times operating on 9f,/8p consists of 2" terms
each of which corresponds to » successive transi-
tions, and each transition involves a phonon-emis-
sion or phonon-absorption process. The importance
of these terms is that when #» is large enough to
make X (phonon energy) to become comparable to
the electron energy, the scattering cannot be con-
sidered as elastic. However, our method provides
a means to test quantitatively the validity of Eq.
(25). If appreciable convergence can be obtained
only after the inclusion of #» terms in Eq. (10),
where 7 x (phonon energy) is comparable to the
electron energy, the accuracy of using Eq. (25)
for low-field mobility calculations may be rather
poor.

B. Polar-Optical Scattering

Although the acoustic-mode scattering may be
considered as elastic, the polar-optical-mode scat-
tering has been known to be highly anisotropic and
inelastic. For the latter, the series for f; in Eq.
(10) cannot be summed and expressed in a closed
form. Nevertheless, it is possible to write down
the general term of this series and then to examine
its convergence without going through the laborious
work in summing up the leading terms until the
desired convergence is attained.

The transition probability for the polar-optical
scattering, apart from a & function expressing the
conservation of energy, is given by®

. 2nh%eF, 1 ON
wH-p")= =720 = N
(p P ) qz < q+2+ 2 > ’ (26)
2
_ me i w 1 1
eF, ————-——Q-ﬁz <—3€., —Jco . (27)

m is the electron effective mass, 7 is the Planck
constant divided by 27, w, is the angular frequency
of polar-optical phonons, X« ,X, are the dielectric
constants at infinite and zero frequencies, respec-
tively, N, is the number of polar-optical phonons
and equals [exp(% wy/kgT) - 1], 6N =1 for phonon
emission (by electron), and 6N,=—1 for phonon
absorption (by electron).

Equation (26) is valid only for electrons at the
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wave vector k=0 in the conduction band with wave _ 2mk 2eF, 1 1 oN,

> . = h—z 330 \0 Nq+ + ’ (28)
function of s symmetry. As k departs from zero, mq’ (1 +7%/9°X3) 2 2
there is an increasing admixture of the wave func-
tions of p symmetry. This admixture is particu- in which 7 appears in the screening factor because
larly important in semiconductors with small q denotes the phonon momentum. By assuming
energy-band gaps. However, it is not expected to the band structure of the semiconductors to be
alter the anisotropic nature of the polar-optical parabolic for simplicty, Eq. (10) becomes

scattering, On the contrary, the effect of screen-
ing, which is also ignored in Eq. (26), tends to
reduce the scattering probability in the forward
direction.® To take into account this effect, we
introduce the Debye shielding length A, and rewrite
the transition probability as

etr
fi= e (A+HT+HTHT++ ) ppfy . (29)

To obtain the general term HTHT: - - HT n times
operating on pg f,, we proceed as follows:

(i) From Eq. (4) and (29) it can be easily shown
w(H~p") that

1 2eF, [N, 1+(E/EJQ+Ew/E)2+1  (N+1) 1+ (B/EJ[1+ (1 =T w/E)V*?
= GmE)? [4 I G EN (s o B -1F "~ 4 M Tr (BB A=k o /B R F

N, 1 1
T (1+(E/Es)[(1+ﬁw0/E)”z+ 1~ 1+(E/Es)[(1+hw0/E)1’2—1]2)

N,+1 ( 1 1
T g 1+ (E/E)[1+ 1 =7 wy/E)2F ~ 1+ (E/E)[1-(1-F wo/E)”a]3>]
2eF, E
= —-—(ZmEQﬁz a(;;;—) s (30)

where E,=%%/2m)%, a quantity with the dimension of energy; the function a(E/7w,)is self-defined by Eq. (30).
(ii) There are two terms in HTppf,. For the phonon-emission term, 7(E) and f,(E) can be taken out of

the summation over § and replaced with T(E+ % w,) and f(E+ %7 w,). By performing the summation over g,

we obtain the phonon emission (p+q~p) term in HTppf, as

N 7w\ V2 Bwy o Es\ 1. 1+ (E/E)(1+Kw,/E)?+ 1] ko, Es
. 0 B9 9 2s) 2 = 0
2 <“ E) [(“ E ‘2 E) 4 ‘“1+(E/Es)[<1+nwo/E)"z—1]2+<2+ B E>

1 1 1 7wy 12 1
*3 <1+- (E/E)(Q +hw,/EY 2+ 1] ~ 1+(E/E3)[(1+ﬁwo/E)”2—1]2>— <1+ —Eﬁ> ] a(E/Fwy+1) brfo

N, E 1
I B-<h“’o) a(E/Zwy+1) prfo (31)

where the function 8. (E/#w,) is self-defined by Eq. (31). Similarly, the phonon-absorption (P -q-5) term
in HTpr f, is

(Ne+1) 7w\ 12 Tw E)\ 1 . 1+ (E/E)1+ (1 -hwy/E)/?]? Fw, E
T2 (1‘ _Eﬂ> [(2‘ 2 _54) 1 PITEEN - (1-rzw°0/E)1/2]2 * (2‘ o f)

1 1 1 w172 1 _
*2 <1+(E/Es)[1+(l—ﬁwo/E)l’aTz T 1+ (E/E)1 - (1-;zw0/E)“2]2>" (1‘ _EQ> ] a(E/rwy—-1) brfo

(Ng+1) E 1
= 2 ‘B"<ﬁwo> Cl(E/ﬁwo—l) prfo > (32)
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TABLE I. Four terms in HrH7p,f.
Transition Mathematical expression
5+25—~5+4—~B Ny B(E/Buwy+1) &

2 a(E/fwy+2) 2

% ﬂ-(E/h'wo)
o(E/fiw, +1) 220

(Ng+1) B,(E/Fwy—1) (Ng+1)
2 alE/rwy—-2) 2

B, (E/fiwy) .
x oz(E7h'woil) befo

Ng B,(E/Fiwg+1) (Ng+1)
2 a(BE/hwy) 2

x ﬂ.(E/f[wo) f
a(E/Tiwg+1) Lel0

(Ng+1) B.(E/Fwy—1) Ng
2 a (E/fiwy) 2

< B, (E/Fwy) f,
Aoy ~1) 2¢/0

where function B,(E/fiw,) is self-defined by Eq. (32).

(iii) The four terms in HTHTp f, can now be
deduced easily and they are shown in Table I.

(iv). The general term HTH7- - - HT n times oper-
ating on ppf, can be obtained with the aid of the
“mesh” diagram in Fig. 1. In this diagram the
points represent the states of the electrons. We
assign the correspondence between the transition,
transition diagram, and mathematical expression
shown in Table II.

To obtain, for example, HTHTHTHTHTp f, from

. the “mesh” diagram, we start from the points 1,
2, 3, 4, 5, and 6 which correspond, respectively,
to the states p+5q,P+ 34, p+q, P-4, P -3q, and
P - 54, and find all possible paths by following the
arrows through which each of these six points can
reach the vertex 0. The value of a path is the prod-
uct of the transitions traversed by the path. For
example, the value of the path 2abcdo is

(Na+1)  B(E/Hw+4)
2 a (E/fiwy + 3)

No B.(E/fwy+3)
2 a(E/mw,+4)

Ny B(E/Rwy+2)
2 a(E/nwy+ 3)

« Ne B.(E/Rwy+1) N, B.(E/Hwy)
2 aE/hwy+2) 2 a(E/hwy+1)

The value of HTHTHTHTHT pgf, is the sum of the
values of all possible paths multiplied by pf,, the
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number of all the paths being 2°.

At a given temperature T most of the current
is due to the drift of the electrons with energies
close to 23 T. Thus an examination of the following
general expressions for transitions,

No¢ BAT/®+n~1)

A% Tarosny
A= N, B.(T/®~n-1)

27 ’

2 a(T/®-n) (33)

Ao (Net+1) BAT/®+n+1)

T2 a(T/®+n)
A= (Ne+1) B(T/®-n+1)

4T 2 a(T/@—n) ’

which are functions of #, should give an indication
of the rate of convergence of the series for f;,
where ® is the Debye temperature of the polar-
optical phonons. In Figs. 2 and 3 are shown two
cases for T=0 and T=200 with various degrees

of the screening effect. A small value of E; cor-
responds to a small screening effect. The value of
E; can be estimated as follows:

n? _ nANe?

2 m)\zl, mkgT (34)
where N is the electron concentration, For m =~
*..
T
l_
T
LB S
ps =4 x p =4
Eor o+ v
I r = T
LR R B S =
I X r T T
P+54q ol
P+4q c./
N,
&
P+3q bo\// Y
®
P+2q % {/ ‘./
AN *®
P+9q do\/ ‘o\// 3
AV
P 0« L ) ¢
* % ¥ %
P-q { h{ Se4
w *x /
P-29 A h
_ ® w
p-34 \.\ /5
P-4q Y
»\
p-5q e

FIG. 1. Mesh diagram.
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TABLE II. Correspondence between transition, transitiondiagram, and mathematical expression.
Transition
Transition n diagram Mathematical expression
B +nd
P+nd—~P+0—1)§ >1 Ng B.(E/hwy+n—1)
2 TalE/fwy+n)
P+—13
Pnl
s > e . Ny B.(E/Fwy—n—1)
—nd—D— 1 > g PR/ BM0 TR
p=nd= b= +1d >0 2 alE/hwg—n
Pt +1)§
~P++1)q
e 0E S \ (Ng+1) B,(E/Rwy+n+1)
P+nd—p+m+1)q =20 A 3 a(Efiw, +n)
>
p+rq
~_ DP--1)§
> - - (Ng+1) B,(E/fiwy—n+1)
=B =-(r~1 > N q + 0
pP—nd—p—-(-1)q >0 -~ 5 S =)
-> ->
p—nq
free-electron mass, N~10%cm™ and at 7~ 293 °K, monotonic series. This is, in fact, expected in
E,~1eV. Thus for nondegenerate semiconductors view of the physical interpretation given to the
E would be considerably smaller than 1eV. With term HT 8f,/9py in Eq. (12). Figure 2 shows that
E,~10%eV, the polar-optical scattering is prac- at 7= @ the truncation of the series at the term
tically unscreened. It can be seen in Figs. 2 and HTHT 8f,/8py introduces only an error of about 5%,
3 that the values of A;, A,;, Aj, and A, increase and Fig. 3 shows that at 7=200, E,=102eV, the
with increasing screening effect. A reasonable truncation of the series at the term HTHT8f,/3py
estimate of the ratio (HT)™ prfy/(prf,) can be ob- introduces an error greater than 10%, while trun-
tained by 2™ (average value of A;, A,, 4;, and A)", cating at the term (H7)® 8f,/9p, the error reduces
the factor 2" being the number of paths. Since 2X to about 6%. For T=®, E,=102eV, and electron
(average value of A, A,, A,;, and A,) is less than energy E=207%w,, Fig. 4 shows that the trunca-
unity, the series for f; as given in Eq. (10) is a tion. of the series at the term (H7)® 8f,/9p intro-
0.7 T T T T T T T T T
0.6 4
]
[
0.5 L) o N
< ]
< o
° & ™ FIG. 2. Values of Ay and A,
5 0.4 o o - as functions of » at 7'=0® and E
< L % - o =hwy, and values of Agand A,
w as functions of n at T=0 and E
< 0.3 - % o - =5kw,. Ay, Ay, Aj, and A, are
< [ : a : . . . . indicated, respectively, by @,
‘s { 2 g ° a A, M, and x for E;=10"2 eV;
@ 0.2 : R 8 o o o ° ° 1 and byO,A,O, and «for Eg
2 =108 ev.
> ] :
O.1}- T
' 1 1 1 I 1 ] ] ]
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- - x
< 0.5 - - T
- - X
=3 -
o X
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duces an error of about 10% and truncating at the
term (HT)! 8f,/8py the error reduces to about 5%.
From these results it can be concluded that the
normal consideration for the polar scattering to be
nearly elastic at 7> @ or at T=@ but E> fiw, is
incorrect because it fails to appreciate the effect
of the extreme anisotropy.

C. Mixed Scattering

the electron mobility, the operators 7 and H have
to be replaced, respectively, by the sums of oper-
ators ( 2; 1/7)' and X ; H;, where the index i
refers to the different types of electron-phonon
scatterings. Furthermore, if the scatterings
which are isotropic are indexed by 7, and those
nearly elastic and isotropic by e, then

When there are several types of electron-phonon 1 =3 1 2 1 (35)
’

scatterings which are equally important in limiting T i Tir 1 Tie
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<-_ 0.3 - - 41 A, Aj; and A, are indicated,
- - respectively, by @, A, N,
° - - and x for E;=10"% eV; and by
s o2l - 4 0,4,0, and -+ for E;=10%eV.
©
>
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H= 2, Hy, + 2 H;, . (36)

Substitution of Egs. (35) and (36) into Eq. (24) gives

; Tirg(E) E T,, * jz %,)[Wje(f)"ﬁ')(l—cosm].
@87

Equation (37) is equivalent to Matthiessen’s rule
which states that the total resistivity equals the
sum of the component resistivities due to different
scattering mechanisms acting independently.

If one of the scattering mechanisms is neither
isotropic nor nearly elastic and isotropic, we
would have to resort to Eq. (10) using the appro-
priate sums for 7 and H. Though the general term
(HT)" 8f,/8pp for this case would become more
complicated, the series for f; is expected to con-
verge more rapidly than that for the case involving
polar-optical scattering alone.

IV. SOLUTION OF LINEARIZED BOLTZMANN EQUATION IN
PRESENCE OF ELECTRIC AND MAGNETIC FIELDS

The linearized Boltzmann equation in the presence
of applied electric and magnetic fields is given by
5, OB o
e<F+ p ) Y + Hf=0 ,
where B is the magnetic field, c is the speed of

light, and ¥ is the electron velocity which is equal
to 8E/8%. For low electric fields Eq. (38) becomes

% , ,¥xB é_?ﬁ
BpF c

(38)

-Hf=0 (39)

Applying the same iterative technique as described
in Sec. II, the exact solution of Eq. (39) is

»X-’ 5 -»x"
f=—eT[1+<H ev—c'E . *';)T+ <H—-ev Bi..)

ap c ép

T(H—ev:§0—8->r+---] i (40)

ap BPF : N

The effect of the magnetic field is described by
the terms having the common factor

, 1xB xB . a ( 8, >
c g
which can be written as

IxB o (o
B KJ (T 31’F>

DB, e () s ]
c 9p 9 8p ) kT

@1
It should be noted that when F is parallel to B,
the term ¥ XB - 97/8)=0 unless 7 is dependent on
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the direction of P in a plane normal to B and the
term ¥ X B+ (8/09)(8E/8py) =0 unless the effective
mass is a tensorial quantity. These are well-known
facts regarding the nonvanishing of longitudinal
magnetoresistance. In the following we shall treat
in detail the semiconductors in which m is scalar
and 7 is independent of the direction of p. For

this case xt can be assumed without loss of gener-
allty that B is perpendicular to F. By choosing

B in the direction along z axis, we obtain

_eGXTs' 8 < 8f)

o o
. 8p Y. TW(= vy + )

EsT

(42)

and to the second order in B, we have

vXB | 8
-e VC (EfLT T20(= v + v,,))

_ (éo%)zm— v-v), @9)

where v, and v, are the electron velocities in x and
y direction, respectively, and w=eB/mc, the
cyclotron resonance angular frequency. Equations
(42) and (43) can now be generalized to ‘any order
in B as follows:

<—e TxXB ) _—?; T>2n+1 <_8-.[0_) =(__f9_"._7'_)!2"”
c 8p SpF kBT ‘

X * Y=y +0)(=1)" for n=0, 1, 2,..., (44)
VXB 8\ (S_fQ_ _ (AT

<-e 4 P T) aPF) B (kBT)
X@W*(v, +v,)(=1)" for n=1, 2, 3, ... . (45)

We can now determine the distribution function
Ji for various types of scatterings:
(¢) Isotropic scattering. The solution for £, is

oo e (e B2

>2+.-.] -:;f;— . (@6)

The solution to any order in B can be obtained using
Egs. (44) and (45).

(i) Nearly elastic and isotvopic scatteving. If
it is assumed that the scattering takes place on
constant energy surfaces, the operators HT and

( ¥xB, 8
+ |-e
c 8p




4 ANALYTICAL SOLUTIONS OF THE BOLTZMANN ... I 2533

commute. Then to the first order in B, f; is given
by

. -

¥xB @ T)
c 9p

1=—eT [(1+H1'+H1H‘r+- --)+<——e

X[1+2HT +3HTHT++- . + (0 + 1)(HT)"+---]] L%

8pp °
"
By writing
[1+2HT+8HT+ - + (n+ 1)HT)"+...] gﬂ-
r

=l G(E)k—’;ﬂf ve, (48)

where vy is the velocity of the electron in the di-
rection of F, G(E) can be determined by the fol-
lowing equation:

of, L
- - a-nry (G(E) e vF) (49)

which gives
GE)=1/[1-7 L3 W(D~D') cos p]? . (50)
Thus f; to the first order in B is

fis (e/ % [W(5~5) - cos ¢>]) o

- [e/(Za [W(B~5")(1 = cos ¢>)]>2]

x ;f!; W=v+2). (61)

To calculate f; to the nth order in B we proceed as
follows. The nth order terms in B can be obtained
from the expansion of the following terms:

vXB 2\ % >
<H1'—e c %% T) pp bzn.

By expanding binomially

) b
57)

the general term in the #th order of B is

2 [(value of path i)(

All gaths i
in (HT)" 3fy/app

As an illustration we have

All points j
on path {

TXB | 8 " cnem gyoym o
(‘e c 857) G T By

where C7'™ is the binomial coefficient and
m=0,1,2, ... . By summing up all these terms
and recognizing that

1

n+l e n+m m, = — -
1+CH* P HT+ -« + CI*™ (HT)" + A—my T

the total contribution to f; in the nth order of B is

vxB o y
=T
c ap

fBY)==er (- e

% [1/<1"T Z;[W(f)"-ﬁ')cos q)])“l] _é%_f;g_

(52)
In particular, the term f,(B?) in the second order

of B is of importance in calculating the magneto-
resistance. This term is

£(B)=- [e /( % [W(5~5")(1 - cos ¢)])3}

x ;{nf P,evy) . (53)
Equations (46), (51), and (53) are identical to those’
obtained from the relaxation-time approximation.
(iii) Polav-optical scattering. For this case we
first consider the terms which are of first order
in B and contain the operator (HT)™ as follows:

vXB o n
(“” c ' #p ’>(’m o’

TxB 8 m-1
HTt <—e P % 1'> (HT) oy’

b [ VXE . i m-b_alo_

(HT) ( e 55 r)(H-r) e
n ¥xB 8 af,

(HT) (—e - Y 'r) gﬁﬁ- .

The term (HT)™ of,/8pr can be evaluated by com-
puting the values of all the paths in the “mesh”
diagram described in Sec. I B. If 7(x;,;) repre-
sents 7 evaluated at the state represented by point
%4,55 where j indexes the points on the path i in the
“mesh” diagram, then the sum of all the terms
listed above can be expressed as

T(M,;))] k—J;QI—‘ w(=v,+v,) . (54)
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¥xB | 8 ¥xB , o of,
[H‘r(—e - 5—51>+<—e - % T>HTJEQ

=<_1Y25 gzg/ﬁfzzgz 5 [1(E+ Tiwy) + T(E)] + (Na2+ 1) alz}i(féf“’o)) [T(E- h’w0)+T(E)]> w(-v,+v,) , (55)

TXxB ¥ X ¥ X
[HTHT(—ev B, —8; 7} + HT —ev B . i*‘r HTt+ —ev B . _1_9; HTHT 7y
c ap c ap c ap p

_ [Ny BAE/Hwy+1) = No _B(E/Fw) (Ng+1) BAE/hwy+1) Na
= < 2 olE/iogs D) > ___O_a(E/ﬁw0+1) [T(E + 2hw,) + T(E + Fiwy) + T(E)] + 2 a(E/tho) >

BAE/liwy) Ny B(E/Hwy~1) (Nat1) B(E/Hw,)
x m@:ﬂ—ﬁ [7(B) +7(B+ Bwg) + T(E)] + = at(E/kzjo) 2 a(E/}zwoo- ) [7(B) + 7(E - hwy) + T(E)]

(Na+ 1) B(E/Awy=1) WNa+1) B(E/Fwy)
. T Q;)O = . oz(E/ifiwoo {7 (E = 271w,) + T(E = Fiw,) + T(E)]) k—BO-— w(-v,—-vy) .

(56)

Now we can write a general formula to calculate the sum of the terms which are of either even or odd order
in B and contain the operator (HT)™ as

2n 2n
X ( 2 T(M,;)) <'kﬁ§:> w* (v, +v,) (= 1)" for the case in even order
B

all points § in B
th i
20 (value of path 7) onre
i:l(lll-r)"' afy/dp 2n+1 2n+1
’ X < 2 T("l,j)) <k4f’1—,) w?"* (= v, + v,)(~ 1)" for the case in odd
Mooy B order in B.
(57)

It should be noted that for mixed scattering the same principle as described in Sec. IIIC can be applied
to calculate the over-all distribution function in the presence of both electric and magnetic fields.
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