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In the narrow-band limit, the correlation between two localized magnetic moments with spin
S = 2 is calculated exactly in the case where both moments are subjected to a direct antiferro-
magnetic Heisenberg interaction'of strength G as well as a ferromagnetic s-d interaction of
strength J with the conduction electrons. It appears that the correlation exhibits a discontinu-
ity as a function of J/G in the case where the spin clouds, which are built up by the electron
gas around the moments, overlap. Another interesting feature is the fact that the two types of
interaction are unable to cancel out each other, i. e. , a correlation which equals zero does not
appear. It also appears that the two moments can never be coupled in a purely antiferromag-
netic way unless in the trivial case J=0.

I. INTRODUCTION

In the Zener theory' the ferromagnetism in the
transition metals is attributed to the ferromagnetic
s-d interaction of the conduction electrons with the
magnetic moments. Although the direct interac-
tion between the localized magnetic moments is
antiferromagnetic, the indirect coupling via the
s-d interaction with the conduction electrons domi-
nates in a sufficient way in order to obtain ferro-
magnetism in these materials. In order to treat
the Zener theory in a purely quantum-mechanical
way, it is important first to concentrate on the
more simple problem of two magnetic moments
S1 and S2 with spin S= &, which directly interact via
an antiferromagnetic Heisenberg interaction of
strength G (G & 0) and have an indirect coupling via
a ferromagnetic s-d interaction of strength J (J& 0)
with the conduction electrons. The exact solution
of this problem would result in a definite answer
to the interesting question of whether the correla-
tion between the two magnetic moments as a func-
tion of I G/Zl gradually changes from a ferromag-
netic to an antiferromagnetic character, or in a
discontinuous way jumps from a purely ferromag-
netic correlation to a purely antiferromagnetic one
with increasing I G/ZI. Although a number of ap-
proximation schemes have been developed for this
problem, the most prominent being the concept of
the Ruderman-Kittel-Kasuya-Yosida (RKIW) inter-
action, the exact nature of the solution of this
problem is still unknown. This is largely due to
the breakdown of the RKKY interaction in the case
where higher-order terms in the perturbation ex-
pansion are taken into account.

In this paper the exact solution is given for the
case of a narrow conduction band which is half-

filled. The solution of the present model is quite
analogous to the one of the corresponding model
without a direct interaction between the two local-
ized magnetic moments. The assumption of a
narrow conduction band is equivalent to making the
kinetic energy of all one-particle levels the same.
This feature is essential for the solvability of the
model. Taking into account one-particle levels
with different kinetic energies complicates the
problem tremendously. Undoubtedly this narrow-
band assumption limits the physical applicability
of the present model. The fact, however, that this
model can be solved exactly more than makes up
for this deficiency, because the exact solvability
makes it possible to analyze the competition be-
tween an indirect and a direct interaction in every
detail. As such, this model joins the small class
of nontrivial model Hamiltonians in solid-state
physics which can be analyzed exactly and in com-
plete detail. Moreover, the model presents a very
useful testing ground for approximations made in
order to solve the original Hamiltonian.

This paper is organized in the following way:
In Sec. II the model is defined, in Sec. III the re-
sults are given as far as the ground state is con-
cerned, and in Sec. IV the results are discussed.

II. MODEL

Because in the case of a narrow conduction band
the kinetic energy of all one-particle levels can be
assumed to be the same, i. e., to equal the con-
stant &, the Hamiltonian of the system is given by

2249



22 50 W. A. SMIT AND G. VER TOGEN

x[(ct c- —ci c- )Sa+ci c- Sa+cI c- S' ]kn+ km+ kn- km- kn+ km- ~ kn" km+

-Gf, 8, , (1)

where 0 is the volume of the system, R~ denotes
the position of magnetic moment p with spin S~ of
magnitude S = -,', and the total number of states is
given by 2N, N spin-up and N spin-down states.

As far as the electron system is concerned, the
only relevant operators are

-iaa act (p= 1 2
N n=1 k„a

The physical meaning of the operator n~~ is that
it creates a spin cloud (in other words a wave packet
with spin o) ga, (x) of the following form:

N

g„= g y;,(x) e'" '* "2', (3)

W

where e' '*Q-„,,(x) are the Bloch functions and the
index t denotes the conduction band considered. In

general the two spin clouds gi,(x) and g~,(x) are not
independent but overlap. This overlap f (R) is given

by

+ da+ da-Si+ da-da+ Si ], (8b)

02 =
4 f (R) [(d i, d, + da, d „—di da —da d, )

III. RESULTS

By putting

'PB1= P m2= P

&& (Si+ Sa) + (d, + da + d 2+ d, ) (S,+ Sa)

+(di da, +de d„)(Si+Sa)] . (8c)

Obviously it is sufficient to study the Hamiltonian

2 3

Z d„d„—Z 0; —GS, Sa
/ =1,a

in order to obtain the exact nature of the competi-
tion between the indirect and direct interaction.
The relevant information is contained in the be-
havior of the correlation function (OISi Sat0&,
where 10& denotes the ground state of Hamiltonian
H'.

f(R) Q -iaa (Ri-Ra)
N

(4)

where R= IRi —Hal and If(R)l &1. Because of this
overlap, it is advantageous to introduce a new set
of fermion operators which are linear combinations
of the old ones. This new set is defined by

d' 1
A n~ -A ntia [1 fa(R)]iia ( + ia - aa) ~

I
p&= Im, =-,'&Im, =--,'),

ly&= Im, = --,'&Im, =-,'&,

where

sa
I
mi, =+ —,') = + —,

'
I
m, = a —,') (p = 1, 2)

d t 1 n~ -A n~
aa [I fa(R)]1/2 ( + 2a - ia) t

da, a, "aaaa 4'. = I&Pi, &2 a&l, (12)

where

P„=—'[1+f (R)] + —[1 —f (R)] (8)

while the remaining operators di, (I = 3, 4, ~ ~ ~, N)

can be obtained by the well-known Schmidt process
of orthogonalization. The Hamiltonian in this new

representation is
H 3

H=@ Q diadia —Q 0) —GSi Sa,
/= l, a i=1

E, = 2e —(JN/2Q) —a G . (13)

It appears that this state is fivefold degenerate.
The eigenvectors are

IE„1&=II+, 2+&I~&, (14a)

the following results are obtained as far as the
ground state of Hamiltonian H' is concerned:

(i) In the case where —2AG/JN&f (R) &1, the
ground -state energy reads

where the operators 0, (i =1, 2, 3) are defined by

2

0, =—„(1+[1-f (R)]'") Q [(d,', d, —di d ) S'
P 221

IEi, 3)= 2 [(I1+,2 -)+
I
1 —,2+))

I
Q&

(14b)

+ d i da Sq+ dq dq, Sq ], (8a)
+

I
1+ 2+& (I P&+

I &))] ('4c)

IEi 4&=-'[(ll+ 2-)+ Il - 2+&)I8&

02 —
4 f1 [1 f (R)] }[(di~di~ di di )S + 11 — 2 -& (I »+

I »)]

+di+di Sa+di di Sa+(da, da, de da ) S,' I
E, 8& = (I/~&) [(I I+, 2 -)+

I
1 —,2+))
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(l~&+ I»)+ Il+ 2+&I»+ I1-, 2-&l~&1.
(14e)

The correlation function (E„i l Sq ~ Sz!Eq, i) (i = 1, 2,
3, 4, 5) simply reads

&E l&i'SzlEi&=-

1, e, the bvo magnetic moments are coupled in a
ferromagnetic way.

(ii) In the case where fz(R) & —2AG/ZN, the
ground-state energy is given by

1 J2X2
E =2&+—+-G-- [4 —Sf (R)]20 4 2 n'

—2G —+ G . (16)0

This state is nondegenerate. The eigenvector has
the following form:

IE.&
=.IE.&.+ blE.&,

IEz&.=&.(ll+ 2-&Iti&+ ll- 2+&I»)+R (ll+ 2-&I»+11- 2+&lp&) +& (ll+ 2+&I&&+ Il- 2-&l~&),
(18a)

2-f (R) —2[1-f (R)]'I ~[4 —3f (R)]' P [4 —7f (R)+Sf (R)]'
2{32—32fz(R)+Gf4(R)+ [16 —10f (R)][4—Sf (R)]'~zP'

2 —2f (R)+2[1 -f (R)] ~ + [4 —Sf (R)] ~ +[4 —7f (R)+3f (R)] ~

2{32—32fz(R)+ 6f'(R) + [16 —10f (R)] [4 —3f (R)]'~Q''

2-f'(R)+ [4 —3f'(R)]'I'
(32 —32f (R)+Gf (R)+ [16 —10f (R)][4-Sf'(R)]'"]"' '

(18c)

(18d)

J Na=-,'W2G[3-Sf (R)]' [4 —3f (R)] ~ — [4 —3f (R)] —2G —+G

J2N2 JN 1/2 -1/2
+ —G]4 —sf'(8)] ) ]4 —Bf'(R)]'~', ]4 —Bf'(R)1 —20 —+1"',(18a)

J N 1/2 1/2
b= ——'

v 2 —G[4 —Sf (R)] [4 —Sf (R)]' + [4 —Sf (R)] —2G—+G

J'N'
x „, [4-Sf'(R)] -2G —„+G' (18f)

The correlation function (Ez I S& ~ Szl Ez& is given by

2[1 -f'(R)]'"+ [4 —7f'(R)+ Sf'(R)]'"
4 {32—32f (R)+6f'(R) +[16 —10fz(R)] [4 3f (R)]' zP '

2[1-f (R)] —[4-7f (R)+Sf (R)]'~
{32—32f'(R)+Gf (R) —[16 —10f (R)] [4 —3f (R)]'

(iii) In the case where f (R) = —2flG/JN, a peculiar 'thing happens-the two energy levels E, and Ez coin-
cide. The degeneracy of this level is further enlarged because, for this particular value off (R), this level
coincides with the energy level

E,= 2~+ —,'G ——,
' {Z'X'/(fl') [1 -f'(R)]+ G z)'~z . (20)

The degeneracy of the energy level Es equals 3. The eigenvectors are given by

IEz»=-'c[(ll+ 2-&- ll- 2+&)l~&+ ll+ 2+&(l~&- l~))]+-'d[(ll+ 2-&- I1-, 2+&&l~&- I'+ 2+&(I»-I»)]
(21a)

IE., 2&= l [(ll+, 2-&- I1-, 2+&) I~&+ I1-, 2-&(li &- I»)]
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+-'d[(11+ 2-&-11- 2+»I»-11- 2-&(I&&-I»)]

l&s, »=(c/~)(ll+, 2-&I&&- Il- 2+&I»).«/~)(11+ 2-&I»- I1-,2+&I»),

(21b)

C
(2(J' N /Q ) [1-f (R)]+2G —(2JN/Q)[1-f (R)]~ s((J N /Q ) [1-f (R)]+ G j' )

(22a)

—(JN/Q) [1-f (R)]+OJ N /Q ) [1-f (R)]+ G ]'
(2(J N /Q ) [1 -f (R)]+2G —(2JN/Q) [1-f (R)]'~s({J N /Q ) [1-f (R)]+G )' )'~

The correlation function (Es, i
I St ~ Ss

I
Es, t & (s = 1,

2, 2) reads

{Z,IS, SslZ, &

1 G

4 '2((J'N'/Q') [1 -f'(R)]+ G')'"

Therefore the total degeneracy equals 9 in the ease
where f (R) = —2QG/J¹ The relevant correlation
function is given by

~(&«tlSt. S I&t&+«slS~ S.I&.&

+s{z,ls, s, lz, &)

f (R) [10-Sf (R)]
12[2 -f'(R)] 4 f'(R)-

IV. DISCUSSION

As follows from the above, the correlation func-
tion (OI5, Ssl0&, which gives the information con-
cerning the mutual direction of the magnetic mo-
ments in the ground state IO), is a quite intricate

function of I J/G I and f(R). For this reason the

correlation function has been plotted as a function
of I JN/4QG I for three values of if(R)i, namely
if(R)i =0„0.4, and 0.9 (see Fig. 1). The behavior
of the correlation function for other values of If(&) I

can easily be guessed from Fig. 1. The correlation
function behaves in a peculiar way. %Pith increasing
direct interaction, it discontinuously jumps from a
purely ferromagnetic to an antiferromagnetie char-
acter.

It is certainly noteworthy that the two types of in-
teraction are unable to cancel out each other, i.e. ,
a correlation which equals zero does not appear.
It follows that the two moments are always coupled
either in a purely ferromagnetic way, (0i S|~ Ss I 0)
= 4, or in an antiferromagnetic way, where
(01St Ssi 0) = —f holds only in the case that I JN/
4GQ) =0, i.e. , the coupling is never antiferromag-
netic unless J'= 0. The peculiar point which lies in
the gap is due to the fact that in the case that fs(R)
= —2QG/JN, the energy levels E, and &s cross each
other, while the degeneracy is enlarged by a third

energy level ~3. Nothing further can be said about
the nature of this point; its existence just follows
from a purely quantum-mechanical calculation. It
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FIG. 1. Correlation function
{Ol Si ~ SI I 0& as a function of I JN/4QG I

plotted on a logarithmic scale. Curve a
denotes the case f@)= 0, curve b l f(R) I

=0. 4, and curve c if@) l = 0.9.
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is, however, noteworthy that the correlation be-
tween the two magnetic moments, as given by this
point, tends to zero in the case that I 2QG/JNI « l.
In other words, when the s-d interaction strongly
dominates the direct antiferromagnetic interaction,
and because of the oscillating character of f(R),
there may exist a finite number of distances R„be-
tween the two magnetic moments such that the cor-
relation between these moments approximately
equals zero in the case that f (R„)= —2AG/JN and

f (R„)«1, while the correlation changes its char-
acter as soon as such a distance R„has been passed
by.

When I JÃ/2QG I
& 1, the relative influence of the

direct antiferromagnetic interaction increases with
increasing f (R). When I JN/2QG I & 1, the relative
influence of the direct interaction increases with in-
creasing f (R) until f (R) reaches the value —2QG/J¹for larger values of f (R), the correlation will
then switch to a purely ferromagnetic one. The fact
that the antiferromagnetic correlation increases
with increasing If(R) I seems to be surprising for
the following reason: As has been shown, the elec-
tron gas builds up a quasiparticle around each mag-
netic moment. The two quasiparticles are in gen-
eral not independent —their wave functions overlap.
This overlap f(R) is an oscillatory function of the
distance R between the two magnetic moments; its
amplitude decreases with increasing 8, and it holds
that If(R) I & 1. The fact that the two guasiparticles
are not independent induces the correlation between
the magnetic moments via the s-d interaction. It
is, therefore, remarkable that when f(R)=0, i.e. ,
the two quasiparticles are not interacting at all with
each other, the ferromagnetic s-d interaction still
influences the correlation between both magnetic
moments, even in the maximal way, except of
course when G = Q. This effect is caused by the fact
that the Heisenberg interaction mixes the states
IE~), and I Ra), which are both eigenvectors of the
Hamiltonian without this direct interaction. The
resulting state is no longer an eigenstate of the
G = 0 Hamiltonian, and therefore the ferromagnetic
s-d interaction will even influence the correlation
between the two magnetic moments when f(R) = 0.
This also follows directly from the fact that when

f(R) = 0, the ground state is equivalent to the ground
state of the following Hamiltonian:

H= —(JN/Q) (s, 5, +sa Sq) —G 5, 83, (25)

where s, and s2 are the spin operators of the two

spin clouds which are built up by the electron gas
around the magnetic moments. It is obvious that
the correlation between 8, and 5z will be influenced
by sg and sp 1.e. by the ferromagnetic s-d coll-
pling. Apparently the effect of an increasing over-
lap between the spin clouds is to strengthen the
antiferromagnetic character of the coupling between
the magnetic moments. Increasing the overlap,
however, also means enlarging the energy of the
system. Therefore, when the energy of the ac-
companying eigenstate becomes too large, the cor-
relation switches to one of an entirely different
character, namely, a purely ferromagnetic one.
As follows from the calculations, the f(R) = 0 situa-
tion has the lowest energy.

In conclusion it can be said that when the direct
interaction strongly dominates the ferromagnetic
s-d interaction, the correlation between the two
magnetic moments will always be of an antiferro-
magnetic character. In the opposite ease it depends
strongly on the distance between the two moments.
Because of the fact that f(R) depends on the solid in
which the two magnetic moments are imbedded, the
situation might occur that for the same distance be-
tween the moments and for the same values of the
coupling constants 4 and 6, the correlation is fer-
romagnetic for one solid but antiferromagnetic for
another. If, for instance, the assumption is made
that the s-d interaction mainly operates within a
small region around the Fermi surface of a free-
electron system, then f(R) can be approximated by
f(R) = (sink~R)/k~R, where k~ clearly depends on the
type of solid.

In the case of a dilute magnetic alloy, which has
a narrow conduction band and mell-defined impurity
spins, it has to be expected that I JN/4GAI &1 up to

I JÃ/4GAI » 1. This means that the alloy is in the
region of the discontinuity of (0 IS, ~ 8~ I 0) as a func-
tion of I JN/4GAI and f(R).

Finally, it should be remarked that most of the
results mentioned above cannot be obtained by theo-
ries of the HKKY type.
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