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The eigenvalue 1/T„has as an eigenvector

-sin ~ o. ,

and 1/T», the eigenvector

cosy Q

where tan+ = 2W/B.
Thus the most general solution to the homogen-

eous equation is written as
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where A and I3 are arbitrary constants.
The solution to the inhomogeneous part is obtained

in the standard way to obtain the complete solution,
where A and B become

A. = (e' ~r &~ -1)T„poB/2 sin-,' o. +20,

B=(8»- 1) T» p B/2slngQ+Bo,

where Ao and I30 are determined by the initial con-
ditions and given by

Ao ——,
' [n(0)/cos-,' n —p(0)/sin-, ' o.],

Bo = r [n(0)/cos-,' o. + p (0)/sin-,' o,],
where n(0) and p(0) are the excitation number for
the spin system and phonon system, respectively,
at time zero.

Therefore the first component of this vector so-
lution gives us for the time dependence of the spin-
system excitation number

n(f) = —,
' (n(0) —cot-,'o[p(0) —p'T,.B]]e-'",.
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This paper describes experimental studies of multiple scattering of 13 different heavy ions
with 3 «Z» ~30 in the energy range of 200-1000 keV, trahsmitted through thin (8-25 pg/cm )
carbon foils. The agreement between our experimental. data, recent theoretical calculations,
and published experimental data is found to be satisfactory, although a small systematic devia-
tion exists for thicker foils.

I. INTRODUCTION

For several years, multiple scattering of light
ions of high energies has been extensively studied.
Recently, there has been a growing interest in the
investigation of multiple scattering in very thin
foils at energies low enough for a classical theoret-

ical treatment to be applicable. 3 This interest is
motivated both experimentally and theoretically.

A know&ledge of multiple-scattering angular dis-
tributions is necessary in several eases. For ex-
ample, in experiments with heavy iona, multiple
scattering very often appears as an undesirable
process decreasing the resolution of the experl-
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FIG. 1. Schematic diagram of experimental setup.
N and T are solid-state surface-barrier counters. The
beam divergence is better than 0.1'. The acceptance
solid angle of counter T is 2 x 10"6.

ment (e. g. , beam-foil spectroscopy' and channel-
ing ). Also in the construction of heavy-ion accel-
erators, the multiple scattering in possible stripper
foils must be known in order to calculate the trans-
mission efficiency for the accelerator.

The study of multiple scattering of heavy ions of
keV energies is also of basic theoretical interest.
Primarily, it yields information on the scattering
of projectiles on target atoms for scattering angles
where a screened Coulomb potential must be used
to describe the interaction. Furthermore, Bohr'
showed that there is a close connection between the
half-width of the multiple- scattering distribution
and the energy loss in nuclear collisions. Thus
multiple-scattering data, can be used to yield infor-
mation on nuclear stopping power —a parameter
which for most ion-target combinations is consid-
erably more difficult to measure.

The basic theoretical paper on the subject of
multiple scattering is that of Moliere. In the re-
gion of thin foils and low projectile energies, his
results are not well suited for a direct comparison
with experiment. Meyer simplified the treat-
ment by assuming classical scattering from the
beginning of the calculations. He expressed his
results as a unique function, connecting a reduced
half-width with a reduced thickness. Extensive
experimental data are necessary for testing the
scaling of angle and thickness involved in this the-
ory.

The present paper describes experimental stud-
ies of multiple scattering of 13 different heavy
ions with 3- Zz ~ 30 in the energy range 200-1000
keV transmitted through 8-25- pg/cm carbon foils.
The choice of many different incident ions allowed
an extensive test of the scalings inherent in Meyer's
theory. The agreement between our experimental
data, the results of Meyer's calculations, and other
experimental data is found to be very satisfactory.

II. EXPERIMENTAL

A. Experimental Setup

The purpose of the experimental study was (i) to

measure the angular distribution of heavy ions trans-
mitted through thin carbon films, and (ii) to mea-
sure the corresponding foil thickness. The same
experimental equipment was used for both experi-
ments.

A schematic representation of the apparatus is
shown in Fig. 1. Two collimators define the direc-
tion and divergence (- 0. 1') of the beam from the
Aarhus 600-kV heavy-ion accelerator. The beam
currents incident on the targets were measured with
a movable Faraday cup, designed with suitable sec-
ondary electron suppression. The currents (- 10 "
A) used when measuring multiple-scattering distri-
butions were lower than the limit for obtaining accu-
rate current readings, and currents were thus mea-
sured only in connection with thickness determina-
tions. The targets were self-supporting thin car-
bon films mounted on aluminum frames. The di-
ameter of the self-supporting part of the thin film
was 3 mm, and that of the beam spot 1 mm. No
separate pumping facility was connected to the scat-
tering chamber, and the pressure around the tar-
get was 5-15 &&10 Torr.

The movable detector T, which has a small solid
angle (- 2&&10 ) as seen from the target, was used
to scan through the transmitted beam to derive the
multiple-scattering distributions. An accurate
gearing system gives T two perpendicular motions.
The shafts were provided with potentiometers from
which analog signals, indicating the positions to ap-
proximately 0. 2 mm, may be obtained. This corre-
sponds to an angular resolution of 0.05'. A detec-
tor N measured the yield of particles scattered to
-45' and was used for normalization. In order to
obtain a reasonable ratio between the counting rates
in N and T, the distance of N from the target was
adjustable. Both detectors (N and T) were standard
Ortec surf ace-barrier solid- state counters. Stan-
dard electronics were used for detection and energy
analysis.

B. Discussion of Measuring Procedure

1. A.ngular Distr ibutions

To obtain the ratio (Cr/C„) between the counting
rates in T and N as a function of the position T, the
following method was adopted: The indication of
the sealer connected to T was fed through a digital-
to-analog converter to the y axis of an x-y recorder.
The analog signal from one of the position potentiom-
eters was connected to the x axis of the same re-
corder on which the angular distribution was thus

directly recorded. For normal running conditions,
the determination of the half-widths of the angular
distributions are accurate within a few percent.
The uncertainty is mainly due to counting statistics.

On some occasions when isotopes neighboring
the one used were very abundant, a rather large
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discarded. It took 10-30 min to measure a distri-
bution, and it was not always possible to obtain re-
producible results. In such cases, provided the
intensity of the primary beam could be stable for
5 min, we connected the T ratemeter directly to
the y axis of the recorder without using detector ¹

Typical measured angular distributions obtained
by either method are shown in Fig. 2.

Besides the isotope under investigation, the in-
cident beam in a few cases also contained molecular
compounds or doubly-charged ions with a mass
which was half that of the wanted isotope, but with
an energy twice as large, etc. It was normally
possible to eliminate the contribution to the angular
distributions from the "impurity" isotopes by placing
energy windows in the analyzer of detector T. Even
with the heavy ions used, energy information could
still be obtained from the pulses of the solid-state
detector when 500-keV incident energy was used,
but a large energy loss in the detector dead-layer
and a decreased resolution were observed.
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FIG. 2. (a) A typical angular distribution for 500-keV
Ne transmitted through a thin carbon foil (13.1 pg/cm ).

The ratemeter belonging to counter T is connected di-
rectly to the recorder. The distance from the target to
the counter T (at zero scattering angle) is 323 mm.
(b) A typical angular distribution for 500-keV 8 trans-
mitted through a thin carbon foil (8.66 pg/cm2). The
digital-to-analog converter is connected to the recorder.
The fu11 line is the corresponding theoretical distribution
as given by Eq. (5).

amount of ions from these isotopes may reach N
via scattering from chamber walls, etc. As this
detector spans a rather large interval of scattering
angles, the resolution of the peak belonging to the
primary beam was usually poor and, in contrast
to what was the case for T, it was often impossible
to get rid of the influence from the contamination
through energy discrimination. As long as the ra-
tio between the contamination and the primary beam
does not change, this will not influence the results.
In order to test this, some data points from vari-
ous parts of the distribution were repeated after
each run. If agreement within the counting statis-
tics was not obtained, the entire distribution was

2. Thickness Measurements

The thicknesses were obtained by comparing
large-angle scattering yields in detector T (for He
ions scattered in the target) with the incident cur-
rent as measured with the Faraday cup. Assuming
that the He ions were Rutherford scattered in the
target, the thicknesses can be derived by means
of Rutherford-scattering cross section.

To carry out such a measurement, the geometry
(scattering angle and solid angle of the detector
as seen from the target) has to be carefully deter-
mined. The diameter of the collimator mounted in
front of detector T was measured with a scanning
microscope. In the actual measurements, the cen-
ter of the unscattered beam was first found by max-
imizing the counting rate in detector T by moving
it in both directions. Scattering angles used in
thickness measurements were then easily found
from the known distance from the beam center as
read on the potentiometers.

The actual thickness measurements were carried
out by measuring the number of particles scattered
into detector T in a sequence of 10-sec intervals,
while the current was measured by inserting the
Faraday cup between counting periods. Every foil
thickness was measured several times. In Table I
is shown the results of thickness measurements with
different He-ion energies, scattering angles, and
singly- and doubly-charged ions. Also different
incident ion currents were used. The energies used
for computation of the thicknesses were corrected
for the small energy loss in the targets. The agree-
ment between the thickness determinations for dif-
ferent energies and scattering angles indicates that,
in fact, the Rutherford-scattering law is valid in
our case. We conclude that multiple scattering
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and atomic screening do not play any role at the
scattering angles and energies used to derive the
target thicknesses.

The agreement between the thickness measure-
ments in Table I for singly- and doubly-charged He
ions is an independent check on the current mea-
surements. The thickness determination is esti-
mated to yield absolute values with an accuracy
of 5%%uo.

C. Targets

The targets used were commercially available
(Yissum Research Company, Israel) and consisted
of thin self-supporting carbon foils (5-25 pg/cm )
which we mounted on aluminum frames by means
of a collodium film. The nominal thickness values
as given by the suppliers were off as much as a
factor of 2 from the thicknesses we measured.
After the mounting, the collodium was dissolved
with amylacetate. We investigated the targets for
impurities by looking at the energy spectrum of 2-
MeV He ions Rutherford backscattered from the
thin foil. Because of the different elastic energy
loss in the scattering event, helium ions scattered
from impurity atoms appeared at energies different
from those found for ions scattered from carbon
atoms. The measurements showed the impurity
content of the carbon foil to be quite small, giving
rise to an uncertainty considerably smaller than 5/o

in the half-width of the multiple-scattering distribu-
tion.

The thickness of a foil was always measured be-
fore as well as after it was used for multiple- scat-
tering measurements. Even after three days' run-
ning, no change in thickness could be detected.

III. THEORY

Meyer has carried out theoretical calculations
on multiple scattering for heavy ions in the region
where a classical description is applicable. He
used the Thomas-Fermi scattering cross section
proposed by Lindhard et al. , and defined two di-
mensionless parameters, namely, a reduced angle
3 and a reduced thickness 7:

m, and m, are the masses of the incident ions (of
velocity v) and the target atoms, respectively, N
and t are the density and the thickness of the target.
(The laborious computations involved in obtaining e
and a for each ion-target combination may be avoid-
ed by using the tables of Winterbon. )

The main result of the calculations is that the an-
gular distribution measured in reduced angles is
independent of the energy of the incident particles,
but mainly depends upon the reduced thickness 7.

Meyer derives the following formula for the an-
gular distribution:

(5)
f& and f2 are given in Ref. 7.

For the r values used in the present work, the
second term containing fm in Eq. (5) is negligible
and is not considered in the following discussion.
The f3 term is only important for extremely small
r values. As seen from Eq. (5), the half-width (half
of the width at half-maximum) of multiple-scatter-
ing distributions for different combinations of Z&,

Z&, and incident-ion energy E should fall on a sin-
gle curve if plotted in the reduced half-width and
thickness 3»2 and r (disregarding the second term).
This universal curve is shown as a fully drawn line
in Fig. 3. From the figure it is seen that for small
thicknesses, the half-widths of the distributions are
proportional to the thickness, while for larger thick-
nesses, the half-widths are approximately propor-
tional to the square root of the thickness.

From Eq. (5) it is also possible to obtain the
actual shape of the distributions. It is of particular
interest to see the deviations from the Gaussian
shape. The deviations between the shape of a
Gaussian and that of the calculated distributions
are small at angles smaller than the half-widths,
but significant in the tails of the distributions. The
ratio between the intensity of a distribution at an
angle equal to the full width at half-maximum and
the intensity at the center of the distribution was
chosen as a suitably sensitive parameter for the
study of the shape of the distributions. In Fig. 4,

E Ply+ Alp

2

v= ma Nt;

TABLE I. The results of thickness measurements
using different He-ion energies, scattering angles, and
singly- and doubly-charged ions. The indicated errors
are due to counting statistics only.

Z(Z2e pal y + m g
2

'U tByVEp
(4)

a= a/5 is the dimensionless energy unit introduced
by Lindhard et al. , where a is a Thomas-Fermi
screening parameter which may be given by

s —s p 855 (Z2»+Z2~')-»2

and b a collision parameter defined by

Ion

He'
He'
He'
He++
He"
He+'
He"

Zo eV)

300
350
400
400
400
500
500

5.97'
5.97'
5.97'
5.97'
7.70'
5. 97'
7.70'

t (pg/cm')

17.3+ 0. 8
16.3+ 0. 2
16.1+0, 2
16.5+ 1.0
16.0+ 0.8
17.3+ 1.2
16.0+ 1.3
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FIG. 3. Experimentally measured half-widths (half
the width at half-maximum) as a function of thickness-
in reduced units-together with Meyer's (Ref. 7) calcu-
lations (solid line). Included are also data of Bernhard
et al. (Ref. 2). The points are, in order of increasing
7', obtained with the following ions: open circle: all Li',
cross: N', N', Li', Li', closed circle: Sc', Ar', Cl+,

triangle: Ne', Ne', Li', Li', open triangle: Zn', Mn',
Sc', Ar', Ne'.

2Zy Zpe pK= &1+~ .
@v a

Here, P is the impact parameter. We have found
that Eq. (6) is fulfilled in all our cases, assuming
that the smallestdeflections dealt with are equal to the
beam divergence. Normally, for large K values,
the inequality [Eq. (6)] is violated only at very small

I(23«2)/I(0) is plotted (as calculated from Meyer's
tables) as a function of 7. The corresponding ratio
of a Gaussian distribution is also shown (dashed
line).

The theory assumes negligible energy loss in the
target. In our case, the maximum energy losses
were about 10% of the incident energies. The ener-
gies used to convert to the reduced angle 3 were
the average energies of the ions while penetrating
the foils.

For 7 &20, the theoretical predictions of Meyer
and Moliere agree. Moliere's theory is stated to
be valid for thicknesses corresponding to v &20

only. Keil et al. ' have extended Moliere's theory
to thicknesses corresponding to 7 & 20. A discus-
sion of the various theoretical calculations has been
given in Ref. 7.

IV. RESULTS AND DISCUSSION

In his calculations, Meyer assumes that claSsical
mechanics is applicable. Lindhard et al. estimate
a classical description of an angular deflection in
the applied screened Coulomb potential to be valid
when the following inequality is fulfilled:

0
0 205 10

FIG. 4. Experimentally measured values I(28gg2)/
I(0) of the ratio between the intensity at two times the
half-width and the intensity at zero scattering angle as
a function of v, together with the theoretical prediction
of Meyer (Ref. 7) (solid line). Also the corresponding
ratio for a Gaussian distribution is shown (dashed line).

TABLE II. The experimentally obtained reduced half-
widths 8~F2 for different ions at different energies. Cor-
rections for energy loss QE) in the foils have been made.

Ion E-~/2 (keV) t(pg/cm )

7Li+

i4N+

40Ar+
~ ~ ~

179
273
371
258
354
547
74 (}

285
431
676
973

23. 3

21. 2

8. 5

2. 32
2. 33
2. 31
1.85
1.81
1.85
1.85
0.780
0.780
0.795
0.790

scattering angles.
In Table II, the reduced half-widths (half of the

width at half-maximum) obtained from multiple-
scattering distributions measured for different ions
at different energies are shown. The table shows
the reduced half-widths to be independent of energy
within the measuring accuracy, implying that the
actual half-widths are inversely proportional to
energy.

In Fig. 3, the experimentally measured half-
widths are plotted in the reduced units 3»2 and 7

together with the theoretically predicted half-width.
The agreement between theory and experiment is
good. At larger v values, there seems to be a
small systematic discrepancy between theory and
our experimental data, while for smaller 7 values,
the experimental data fall almost on the theoretical
curve. The small disagreement may be due to the
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FIG. 5. The measured half-widths (half the width at
half-maximum) 8~g2 for different heavy ions transmitted
through the same foil. In all cases, the incident energy
is 500 keV. There have been no corrections for energy
loss in the foil. The curve is drawn merely to guide the
eye.

choice of potential. This appears reasonable in the
light of the findings of Loftager and Claussen. "
They measured the differential cross section and
found that the Thomas-Fermi model overestimated
the scattering in the entire region where it is sig-
nificantly different from the Rutherford cross sec-
tion. However, a weaker potential would cause the
half-widths to be smaller, and thus we must con-
clude that to some extent, the good agreement be-
tween theory and experiment for small 7 values is
fortuitous.

From Fig. 3 it is seen that it is possible to draw
a single line through our experimental points, in-
dicating that the reduced parameters 3 and 7 are in
fact relevant and very useful. By using the reduced
scaling parameters and the experimental curve in
Fig. 3, it is possible to obtain the half-width of an
angular-scattering distribution for different com-
binations of target and projectile. This perfect
scaling confirms the predictions of Lindhard et al. '
as to the dependence of a on Z&, Z~, etc.

In Fig. 4 are shown the measured values I(23»~)/
I(0) of the ratio of the intensity at twice the half-
width and at zero angle as a function of 7, together
with the theoretical prediction. The agreement be-
tween theory and experiment is good. For larger v

values, it is seen that the distribution becomes in-
creasingly more Gaussian in shape. The agreement
between a measured and a calculated distribution is
shown in Fig. 2(b).

In Fig. 5 is shown the measured half-width athalf-
maximum 3»& for different heavy ions transmitted
through the same foil. In all cases, the incident
energy is 500 keV. No corrections for energy loss
in the foil have been made. All the measured half-
widths fall on a single smooth curve. Neither did
measurements on other foils show deviations from
a smooth, nonoscillating curve. As mentioned

above, there is a close connection between nuclear
stopping power and multiple scattering. Recently,
it has been proposed' that there should be strong
oscillations in the nuclear stopping power as a func-
tion of Z, . The data shown in Fig. 5 indicate that
any oscillations are smaller than 5% for the ion-tar-
get combinations and energies dealt with here.

In the following, we are limiting the discussion
of other experimental data to cases where classical
mechanics are applicable, and to thicknesses 7. & 20,
the region covered by Meyer's calculations, but not
treated in detail by Moliere. In this region, rather
few experimental data are available. Qrmrod and
Duckworth have measured the angular distribution
for ~ Ne transmitted through a - 2-iLg/cm carbon
foil. Bednyakov et al. ' have measured the angular
distribution for keV protons transmitted through
thin copper targets. Sakisaka et a/. "have studied
the multiple scattering of 1.28- and 2. 29-MeV ni-
trogen ions in evaporated copper targets. In all
cases, the agreement between experimental data
and Meyer's calculations is reasonably good. More
extensive measurements have been carried out by
Andersen et al. , Bernhard et al. , Cline et al. ,

'
and Hogberg et a/. The data in Refs. 3 and 16 are
difficult to compare with Meyer's results because
of uncertainty as to the thicknesses used. In both
cases, the authors used nominal thickness values
as given by the suppliers of the targets. The agree-
ment between the measurements by Bernhard et az.
and our own results is good, and, in fact, their data
help define a common experimental curve (Fig. 3).
For larger 7. values, the reduced half-widths derived
by Hogberg et al. are somewhat high compared with
our measurements. Some of the small discrepancies
could be due to the fact that the relative energy
losses in the work of Hogberg et al. are quite high.
Furthermore, the larger half-widths are observed
for the lighter ions only (H, He); in preliminary
measurements with helium ions, we also observe
similar high values of reduced half-widths.

V. CONCLUSION

(a) The angular distribution of several heavy
keV ions multiple scattered in thin carbon foils has
been compared to published experimental results.
Where a comparison is possible, the agreement is
good.

(b) Experimental data for 13 different ions may
be depicted on a single curve by means of reduced
angles and thicknesses, constituting an accurate
confirmation of the Thomas- Fermi scaling. Fur-
thermore, it shows that the measured half-widths
are inversely proportional to projectile energy.

(c) At small foil thicknesses, the numerical
agreement with Meyer's theory is very good, while
small systematic deviations are found at larger
reduced thicknesses (r &6).
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Determination of the Total Momentum Distribution by Positron Annihilation
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Current experimental techniques of hvo-photon angular correlation in positron-annihilation
studies measure the probability distribution of one or two components of the total momentum
of the electron-positron pair. We discuss the problem of deducing the probability distribution
of the total momentum itself from the experimental data. It is shown that information about
two components of the total momentum can in principle determine the probability distribution
of the total momentum.

INTRODUCTION

Several different geometries are used for two-
photon angular-corr elation experiments in studying
positron annihilation in various substances. I.et
p(p) denote the probability that the total momentum
of the two y rays (and therefore of the annihilating
electron-positron pair) is p. Now the experiments
do not determine p(p) directly, but only the prob-
ability distribution of some component of p, ob-
tained by suitably integrating over p(p).

The most common setup uses bvo long slits. '
Ttns geometry measures the probability that the
photon pair has the z component of momentum equal
toP, :

&(P.)= f" f ~P.df, p(p) . (l)
A second type of setup uses two point counters
moving in one planea; this gives

&(p.)= f" f"df. df, tt(f,) p(p) .
A var1atlon of this geometry proposed by
Fujiwara, 3 uses bvo pairs of crossed slits, and
can give useful information about the Fermi-surface
anisotropies.

A new technique recently introduced4 uses a point
counter together with a spark chamber. The line
joining the sample to the point counter defines the
s axis; the plates of the spark chamber are parallel
to the xy plane. This geometry yieMs

&(P.P,)=f „" p(p)df. . (&)

In each case, one can try to determine p(p) itself
from the exper1mental data. In th1s paper we shall
discuss the mathematical solution of this problem.
In particular, we describe how the data supplied by
Eq. (S) can be analyzed to yield p(p).

This problem for the two long slits was discussed


