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The excitation of ferromagnetic magnons by a macroscopic time-varying magnetic field is
analyzed quantum mechanically. The quantization of the spin excitations is made by the meth-
od of Holstein and Primakoff, generalized for the case of a general nonuniform static field.
Both linear and nonlinear excitation mechanisms are considered, with the driving fie1d being
either perpendicular or parallel to the static field. Particular attention is given to the coher-
ence properties of the magnon states generated.

I. INTRODUCTION

It is well known that strongly magnetic systems
have low-energy wavelike excitations called spin
waves or magnons. The concept of spin waves was
introduced by Bloch in 1930 to explain the thermo-
dynamic properties of ferromagnets at low temper-
atures. The interest in this field was renewed by
the work of Suhl, which explained the saturation
effects observed in ferromagnetic resonance ex-
periments as arising from the unstable growth of
spin waves. Considerable progress in the subject
was made after this work with the development of
several methods for generating and detecting spin
waves, measuring their properties, and studying
their interactions with other elementary excitations.

Besides Suhl's nonlinear process, it was found

by Morgenthaler and Schlomann that spin waves
could be parametrically excited by an rf field ap-
plied parallel to the static field, instead of per-
pendicular. Schlomann' also first proposed a linear
excitation mechanism, making use of an rf field
perpendicular to a nonuniform static field. This
excitation method proved to be very useful in low-

magnetic-loss materials, such as yttrium iron
garnet, providing a new possibility for delaying and

processing information contained in electromag-
netic signals. It has been used in several experi-
mental investigations of properties of spin waves,
such as their coupling to elastic waves in spatial-
ly ' and time-varying magnetic fields, their am-
plification by parametric pumping, their interaction
with light beams, ' and others.

The macroscopic excitation of spin waves in
ferromagnets has been discussed both semiclassical-
ly and quantum mechanically. The semiclassical
treatments are mostly based on the magnetization
equation-of -motion method introduced by Herring
and Kittel. " In most of the previous quantum treat-
ments one uses the equations of motion for the
magnon creation and annihilation operators of the
Holstein-Primakoff' formalism. The solutions of
these equations are used to find the time dependence
of the expectation values of the magnetization and
other related operators. These results, however,
do not contain all the information that can be ob-
tained from the knowledge of the time-evolution
operator.
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II. BACKGROUND: DIAGONALIZATION OF UN-
PERTURBED HAMILTONIAN

The analysis presented in this paper applies to a
simple Heisenberg ferromagnet. The extension to
ferri- and antiferromagnets should be straightfor-
ward. The Hamiltonian of the system under study
is assumed to include Zeeman, exchange, and di-
polar interactions' '"
K= —2ps~P S( ~ H( —Q Ju S( S;i'

3(r„~ S,) (r„.~ S, )
5

(2. 1)
where p, & is the Bohr magneton, S; is the spin at
the lattice site i (in units of 8), assumed to have
a g factor of 2, Jjj is the exchange constant of the
spins S, and S, , and r,j is their relative position
vector. H, is the applied field at site i and is the
sum of a static component lying in the z direction
and a small perturbating (excitation) component.
The electron spin is taken parallel to its magnetic
moment, as in most quantum treatments of spin
waves. In our study we will neglect the effects of
relaxation, magnetic anisotropy, magnet-elastic
interaction, and boundary conditions.

The Hamiltonian (2. 1) can be written as K(t) =3Co
+R&(t), where leo comes from the static applied field
and I0,(t} is due to the excitation field. In this sec-
tion we investigate the eigenstates of the unper-

+ s Z (2tks) s+jj

Recently these authors ' pointed out the im-
portance of introducing coherent states' of a quan-
tum oscillator in the description of spin-wave ex-
citations. In the present paper we study the excita-
tion of ferromagnetic magnons by a time-varying
macroscopic magnetic field, which can be either
parallel or perpendicular to the static field. In
particular, we analyze the magnetization and the
coherence properties of the system in each case
from the corresponding evolution operator. The
quantization of the spin excitations is made by the
method of Holstein and Primakoff, generalized for
the case of a nonuniform static field. In a first
approximation of this method, magnons are con-
sidered as noninteracting bosons. This approxi-
mation is satisfactory for most of this work if we
assume that the temperature of the ferromagnet is
well below the Curie temperature.

In Sec. II we present the necessary background
on the quantization of spin waves. In Sec. III the
description of spin waves in terms of coherent
states is studied. Section IV is devoted to the prob-
lem of linear excitation of spin waves by a spatial
and time -varying macroscopic field perpendicular
to the static field, assumed in general to be non-
uniform. In Sec. V we consider the nonlinear per-
pendicular and parallel pumping mechanisms.

turbed term. These can be found by means of a
diagonalization procedure, obtained by a series of
transformations performed on the spin operators.
These transformations were first introduced by
Holstein and Primakoff' for the case where the
static field is uniform. Here we discuss the more
general case of nonuniform field. The first trans-
formation is the same as that of Holstein and Prim-
akoff

S', = S",+ iS;= (2S)'t (1 —a,a,/2S)'t a~,

S, = S";—i S, = (2S)'~ a, (1 —a, a, /2S)

Sj=S—a;aj,

(2. 2)

(2 8)

(2. 4)

Ro= 2p, sH(r;)+2SQ J„

4&OS+ s 1- s
1 Sz j)

+ jj

-2SJo — s 1 — s", (2. 8)+ jj

6p, gS xjj+ gpij
jj 3 1jj

(2. 'I)

The Hamiltonian (2. 5) cannot be diagonalized by
the other Holstein-Primakoff transformations when
H is a function of space. We use here the more
general transformation of Bogoliubov and Tyabli-

18

a, = Qk [4 (i)kc kh +(ik)c ],k (2. 8)

where the functions gk(i) and gk(i) are the eigen-
solutions of the system of equations

Ekgk(i) QR,~gk(j)+Z, Ss(k(j) ~

E) k( ks=}Q R"„$k(t)+Q&Se g(f) .
(2. 9)

The eigenfunctions form a complete set and satisfy
the orthonormality conditions

Q(gk(t)g. (i) Q;$ (i)k—t'k. (i)=6kk. ,

2 ( gk(t)&k. (i) -Q, gk. (i)$k(i) =0,
2 k gk(i)$k(j) —2

krak(j)$k(i)

=0,

&.&k(t) 4.*(j) &k &k(i)hk-(s) = 5it

(2. 10)

With the transformation (2. 8), the Hamiltonian
takes the diagonal form

KO —Q Ek Ck Ck . (2. 11}

where a, and a, are creation and annihilation oper-
ators that satisfy the usual Bose commutation re-
lations. Using (2. 2)-(2. 4) in (2. 1) and neglecting
products of three or more Bose operators, we
obtain"

Ko = Q R, &a; a& + s Q S„a,a& + s Q S,& a; a&, (2. 5)
j,j i' jest j

where
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The inverse transformation

c,=g, [|}'k(i)a,—P, (i)a'(] (2. 12)

defines operators c~ and c„which satisfy the Bose
commutation relations

[ ki k ]= i [Cki Ck ]—
kk (2. 13)

uf), = cosh'. » v~ = e & sinhp. f, ,h2y

where

tanh2//. k=
I Bk

I
/A

(2. 16)

(2. 16)

and, for a simple cubic lattice, with exchange in-
teraction only between nearest neighbors, in the
long-. vavelength limit, A, and B„are given by'

The operator c„creates a magnon of eigenvalue
E~, and c, annihilates a magnon of eigenvalue F„.
The eigenfunctions gk(i) and t'k(i) which characterize
the spatial variation of the magnon excitation are
given by (2. 9). In the particular case of an uniform
applied field, the eigenfunctions reduce to the usual
plane-wave form

q (I) N 1/2 elk 8( ( ( ) N- /k |k k| t'(

(2. 14)

where 1V is the total number of spins and k denotes
the wave vector of the excitation. Here the index
k is identified with a wave vector, although the
vector sign is kept out for clarity of the notation.
The parameters in (2. 14) are

where V is the volume of the crystal. The longi-
tudinal component of M is M, = M —m„where m,
= (m„+ m, )/2M. In the continuum approximation,
the unperturbed part of the Hamiltonian can also
be written as'

D Bm] em; I hI
4p &M ex, Bx, Sm

—Z Kkckck i (2. 20)

where h is the volume dipolar field operator. We
have used the normal product, denoted by: ~ ~:,
defined taking all creation operators to the. left
of all annhilation operators in order to eliminate
infinite zero-point energies. The repeated indices
in (2. 20) indicate summation.

Another operator of interest in the continuum
approach of spin waves is the linear-momentum
density. We construct this operator by analogy to
the magnon momentum suggested by Morgenthaler. '
Its component g; becomes

(2. 21)
4p, zM Bx~

In the case of an uniform static field, using (2.13)
and (2. 21), one can show that total momentum is
given by the expected form

P = f d rg(r) =Qkhk c, c„, (2. 22)

A, = Dk +2p, ~H+ p, ~4' sin 8~,

B~= p, ~4pMsin 8~e ' ~~,
(2. 17)

provided that terms with three or more magnon
operators are discarded.

III. COHERENT MAGNON STATES
where D= 28Za, a is the lattice parameter, M is
the saturation magnetization, and 8„and p„are the
polar and azymuthal angles of the wave vector. In
this case the magnon energy also reduces to a
simple form

Ek=t-~k=(~k'
~

Bk~ )'". (2. 16)

A continuous magnetization operator M(r) can be
introduced through the relation M( r) = 2peg, S,/5 V,
where the summation runs over the sites inside a
small volume 5V, around the point r, which con-
tains many sites. Using (2. 2) and (2. 3), we can
obtain the components of M transverse to the static
field. In the Heisenberg picture, to first order in
the magnon variables, we have

m(r, t)=m''(r, t)+m''(r, t),

m'„'(r, t) =[m'„'(r, t) P

=(t/e MN/V) / Qke '"k'[gk(r)+ gk(r) ]c, ,

m", ( r, t) = [m'„'( r, t) ]

= —i (// s MN/ V) Qk e '"k' [ gk( r) —)k( r) ]ck,

(2. 19)

~
n, ) = [(c,')"k/(n, ')'" ]

~
0), (3 1)

where the vacuum state is defined by the condition
ck I 0) = 0. These stationary states describe sys-
tems with a well-defined number of magnons and
uncertain phase. They have been used in nearly
all quantum treatments of thermodynamic proper-
ties, relaxation mechanisms, and magnon inter-
action processes in ferromagnets. On the other
hand, they do not correspond to the Herring-Kittel
spin waves used in the semiclassical treatments. '
This is clear from the fact that the first-order
components of the transverse magnetization (2. 19)
have zero expectation values in the stationary
states. In addition, a system that behaves nearly
classically should involve a large and uncertain
number of magnons, with well-defined phases. The
present authors have indicated'3' that in order to
establish a correspondence between classical and

The unperturbed Hamiltonian Ro of the Heisenberg
ferromagnet, in its quadratic approximation (2. 11),
characterizes a system of noninteracting magnons.
Its eigenstates can be written in the N representa-
tion as
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Cg Qp = Qg Qg (3. 3)

where the complex eigenvalue n, is directly related
to the eigenvalue m;(r, t) The st. ates defined in
(3. 3) can be expanded in terms of the eigenstates
of the Hamiltonian':

)n&

I
o,&=e "' -'Z

',

,„, I
u, &. (3 4)

ay

The properties of the states I n„& have been ex-
tensively studied by Glauber. ' The probability of
finding n~ magnons in the coherent state I n~) is
given by a Poisson distribution

I
&., I o, & I

'=
(

I
o, I'" /.„!).- " . (3. 5&

The mean value I a, I is the expectation value of
the occupation number n, = c„c„in the coherent
state.

It can be shown that coherent states are not or-
thogonal to one another, but they form a complete
set. This property allows the expansion of an arbi-
trary state in terms of coherent states. ' Another
convenient property is that a coherent state can be
generated by the application of a displacement oper-
ator to the vacuum,

I o.&
= D(ad

I
0&,

where'5

D(u, ) = exp(n, c„' —n,* c„) .

(3. 6)

(3. f)

The coherent states are not eigenstates of the
unperturbed Hamiltonian. On the other hand, as
opposed to the stationary states, they have nonzero
expectation values for the magnetization. With
(2. 19) and (3. 3) we have for a state I n„&

(m.(r, f)) = (u fN/Ve)'" [(4a+5a)o, e '""+c.c ],
(3. 8)

(m, (r, t)) = —(ueMN/V) [i(Pz —$z)use '"~'+ c. c. ] .

As!I,(r) and $„(r) are simply functions of the
position, (3. 8) represents at each point a magneti-
zation vector precessing elliptically around the

quantum spin waves one should use the concept of
coherent magnon states. These are defined by
analogy to the coherent photon states introduced by
Glauber. '

A coherent magnon state is defined as the simul-
taneous eigenket of the positive frequency parts
of m„(r, f) and m, (r, t),

m' (r, f)
I ) = m;(r, t)

I ), (3 2)

where the eigenvalues m;(r, t) are complex num-
be», which obey the semiclassical equations of
motion for the magnetization. The dual of I ) is
also an eigenbra of the negative frequency parts of
m, (r, f). The vector I ) can be written as a direct
product of single-mode coherent magnon states,
defined by

where

-yb„sin(k r —&u~t+ P~ ), (3. 9)

a„= (4peM/V)' (u~ —v~)
I

n~ I,
b, = (4p eM/ V)

' (us+ va) I oa
I

(3. 10)

and P„ is the argument of n, . In order to write the
magnetization in the form (3. 9) we assume, without
loss of generality, that the mode considered has
azymuthal angle P, = 0. The ellipticity of the spin
wave is

0
e =~=

b~
(3. 11)

like the semiclassical result. ' '" From (3. 10) one
can show that the mean number of magnons in a
coherent state is related to the product of the major
and minor axes of the ellipse by

(n, &=
I

o',
I

=a, b~ V/4uM, (3. 12)

which is also in agreement with the semiclassical
value. These considerations about the expectation
values of the magnetization do not give a complete
view of the relation between a classical system and
a system in a coherent state. In fact, there are an
infinite number of linear superpositions of the
eigenstates of the Hamiltonian which satisfy (3. 9)
and (3. 11). To understand better the meaning of
the coherent states, let us calculate the variances
of the components of the magnetization

[nm„(r, f) ]'= (m', &
—(m, )',

[&m„(r, t) ] = (m, ) —(m, )
(3. 13)

For a single-mode coherent state in an uniform
field, we find

Inm. (r, f) ]'= (!.M/V)(u, —.,)',
[am, (r, f) ]' = (ueM/ V)(u, + v,)',

(3. 14)

and, for the product of the two normalized un-
certainties, we find

(nm„/ )( an/mb~}= ueM/(a~b~V) =(4(nz)) ' .
(3. 15)

This result shows that a coherent state propa-
gates with no spread in the variances of the com-
ponents of the magnetization. Furthermore, the
relative variances go to zero as the number of
magnons approaches infinite, as required in a

static magnetic field, which agrees with the mac-
roscopic picture of a spin wave. In the particular
case of an uniform static field, Eq. (2. 14) shows
that the phase of the precession of the magnetization
varies harmonically in space, so that one can write
for a single-mode coherent state I n„)

(m(r, f)&=xa„cos(k r —~,f+8„)



THEORY OF MACROSCOPIC EXCITATION OF MAGNONS 205

classical system.
To conclude this section let us investigate the

properties of coherent states related to energy and
momentum. Due to the definition (3. 3), the ex-
pectation value of an operator written as products
of magnon operators can readily be found for co-
herent states. This is the case of the Hamiltonian
(2. 20) and the linear momentum (2. 21), which have
in a general coherent state I ) = II, I cz, ),

(z) fd (H( ) 4 p. ~M Bx& Bx&

(3. 16}

( ) Ifd' 4
=j )x ) . (S. lz

4p, &M BXz

Also

mechanism. iWe assume that the role played by
magnetostatic modes in the coupling mechanism is
negligible.

Let us consider a ferromagnetic medium mag-
netized in the z direction by a static nonuniform
field H( r). At t = 0 a transverse driving field
xh(r, t) is turned on. The Hamiltonian of the sys-
tem can be written as JC(t}=3Co+3Cz(t), where the
static term is given by (2. 11). The perturbing
term, which arises from the Zeeman contribution,
is given by

Kz(t)= —peZ, h(r, , t)(F+S, ). (4. 1)

K,(t)= e(t)g [g„(t)c +H. C. ],
where e(t) is the Heaviside function and

(4. 2)

Considering only the first-order terms in the ex-
pansions (2. 2) and (2. 3) and using the transforma-
tion (2. 8), the Hamiltonian R z(t) becomes

&W.,) =g, h(u„~ cz,
~

and, in the case of an uniform static field,

(P) =Q, hh
~
o,

~

(3. 18)

(3. 19)

g (t) = —t (23)"'Z; [ g, (z) + h, (z) ]h(r, , t). (4. 3)

In the Schrodinger picture the state at an instant t
is related to its value at t = 0 through the time-
evolution operator

Equations (3. 16) and (3. 1V) show that the average
values of the energy and linear momentum of a co-
herent state can be factorized as products of func-
tions of the mean values of the magnetization com-
ponents, in the same way as the classical quantities.
One can prove, with arguments analogous to those
used by Kroll in the photon case, that the state
which satisfies (3.8) and (3. 18) is uniquely deter-
mined, and therefore it is a coherent state. One can
also show that for a coherent state

(nK) g h &u,'(n, ) (&P;) 5' h 'h'; (n, )
(iC}' gh(u, (n, ) )' ' (P(}' (ghh, (n, })' '

(3. 20)

where the second relation is valid only for an uni-
form field. These equations show that in a coherent
state the relative variances of the energy and the
momentum also vanish as the mean number of mag-
nons increases.

IV. LINEAR EXCITATION OF MAGNONS

Spin waves can be macroscopically generated in
a ferromagnetic crystal by means of a microwave
magnetic field conveniently oriented. The applica-
tion of the rf field transverse to the static field
provides a linear coupling between the electromag-
netic field and the spin waves. In actual experi-
ments this coupling is increased by the use of non-
uniform static fields, which normally exist in nonel-
lipsoidal samples, according to a mechanism first
suggested by Schlomann. This method of generating
spin waves has been studied semiclassically by
Schlomann ' and Luthi. In this section we present
a, quantum formulation of the theory of this excitation

~
t) = v(t, o)

~

t= o) . (4. 4)

To find U(t, 0) it is convenient to use the inter-
action picture. Let U= U U, where U (t, 0)
= e O' " . The intermediate evolution operator is
governed by

N —U=R U
~ d I I I

dt
(4. 5)

=e""II,
~

y, (t)e '""'& . (4. 9)

This result is valid under general conditions.
The spatial variation of the static field is taken into

where

1C (t)=&(t)+ [g (t) e '"~'c +H. c. ] . (4. 6)

As the commutator of R with itself at different
times is a c-number function, an explicit solution
for (4. 5) can be found immediately, leading to

U(t, 0) = exp[- zoot/h+ t p(t) ] exp[~+ (y, c, —y z~ c, ) ],
(4. 't)

where P(t) is an unimportant phase and y, (t} is a
c-number function given by

y, (t) =(zh) 'f,'g„*(t') e-'"&' dt'. (4. 8)

The last exponential operator in (4. 7) is the pro-
duct of displacement operators for coherent states
defined by (3. 6) and (3.V). Therefore, if prior to
t= 0 the state of the system is the vacuum, the
transverse driving field excites coherent magnon
states given by

~
t) = V

~

O) = exp[ aC, t/h+ zp(t) ]D, -~ y, (t))
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account in the generalized magnon operators. The
external field creates coherent magnon states even
with no preexisting spin fluctuations. The ex-
pectation values of the transverse components of
the magnetization are

(m, ) =(peMN/V) ~ Q~f y, (t) [g„(r)+)~(r) ]e '"~'

+c. c.},
(4. 10)

&m, &
= -i(~,MN/V)"'E, (y,(t) [P,(r) $,(—r) ] e '""

—c. c. }F
which describe macroscopic spin waves proyagating
in space according to the variation of gk and $k.

If prior to t = 0 the system is in thermal equilib-
rium at a finite temperature, i. e. , it can be de-
scribed by a chaotic mixture of eigenstates of Cp,
the application of h(r, t) will result in the excitation
of a state with the expectation value of the magne-
tization still given by (4. 10). The value of (m, )
( (m, ) ) will be given by the sum of two separate
contributions: One is its initial value, and the
other is the value of (m„) ((m„)') obtained squaring
(4. 10).

In the case that at t = 0 the system is in a general
coherent state, the excitation mechanism does not
destroy the coherence properties of the system.
The resulting state is a new coherent state in which
the eigenvalues of c, are displaced by y, (t) e '"".

In order to understand the physical meaning of
the eigenvalues y„(t) of the coherent states generated
by the transverse field, let us consider two partic-
ular cases. In the first we assume that the static
field is uniform. Using the plane-wave forms (2. 14)
and replacing the summation over the lattice sites
in (4. 8) by an integral, we obtain

y, (t) = (in) '(q, M/V)"-'(v, —u, )

xf d'r f dt'e""&' " 'h(r, t'). (4. 11)

R;&= [2peH(r, )+2SQ,J, , ]5,&
—2$ge . (4. 12)

In the long-wavelength limit, with the nearest-
neighbor exchange approximation, the eigenvalue
system (2. 9) becomes

[2peH(r, ) —Drt ]P~(i) =h&u~ g~(i) . (4. 13)

From (4. 10) we see that this equation governs the
dependence of the magnetization in space. The
similarity between (4. 13) and the Schr'odinger
equation is the source of a well-known and fruitful
analogy between the behavior of magnons in a non-
uniform field and mass particles in a space-dependent
potential. Using this anaiogy we can readily under-
stand the result (4. 9) for this case. Assuming that
the driving field is harmoric, h(r, t) = h(r ) sinurt,
the expectation value of the magnetization operator
m'= (2gS '/V), in the state I t), is in this case

The eigenvalue of the generated k-mode magnon
state, as well as the transverse magnetization, is
proportional to the corresponding Fourier transform
of the driving field. This means that in order to
excite a spin wave with given frequency one needs
an rf field with the same frequency and a spatial
variation in some region comparable to the variation
of the mode. This is the main result of the work
of I uthi. ' Note that Eq. (4. 10) with the value of
y, given by (4. 11) is essentially his Eq. (2).

The second case of interest is that of the excita-
tion of spin waves in a nonuniform static field by a
transverse driving field which is essentially uni-
form. This is the case considered by Schlomann.
For simplicity we neglect the dipolar terms. In
this approximation the coefficients S,&

in (2. I)
vanish and R;& in (2. 6) becomes

i((uk-e) t
'( ~) ("' =z '""' '

q. ( )f 4' '0:(~'1&t '),
k k -(d (4. 14)

where we have neglected the nonresonant terms
and replaced the sum over the lattice sites by the
integral. This equation shows that after a few
periods of oscillation only the modes with eigen-
values ~k= ~ will be excited. From the Schroding-
ger-like equation (4. 13) one can see that at points
where H= 8&@/2ge, the magnetization of these
modes is a slowly varying function of space. At
larger values of the static field the magnetization
is a rapidly decaying function of space, whereas
at smaller fields it is an oscillating function. One
can conclude that if the driving field is essentially
uniform, almost all the contribution to the integral

in (4. 14) arises from the region where H(r) = h~/
2p~. Therefore, in order to excite spin waves
with frequency co, it is necessary that the driving
field extends through the region where H(r) = h~/
2pp.

V. NONLINEAR GENERATION OF MAGNONS

Spin waves can be nonlinearly excited in strongly
magnetic systems by means of a microwave mag-
netic field applied either perpendicular or parallel
to the static field. The excitation is due to the
oscillation of the coupling parameter between two
or more magnon modes, and for this reason the



THEORY OF MACROSCOPIC EXCITATION OF MAGNONS 207

where c0 is the field amplitude of the uniform mode,
assumed to be determined only by the external
field

CO= k (QBM V) [(K —&0) +'9p ) k ] (5. 4)

where (d0 and g0 are the uniform-mode resonance
and relaxation frequencies. In this case, k = 0 is
excluded in the summation of (5. 1).

The perturbation Hamiltonian (5. 1) has the same
form as that generally used to describe parametric
amplifier systems. These systems have been dis-
cussed by several authors, both with classical 9 and
quantum theories. The quantum theory developed

process is called parametric. As inother nonlinear
processes, the excitation is very intense when the
driving field exceeds a threshold value. In the
perpendicular pumping case the coupling between
the magnon modes is made through the uniform
precession mode, which is excited by the external
field. In the parallel pumping case there is a di-
rect coupling between magnon pairs and the paral-
el field. 3' The previous theoretical discussions
of these processes have been concerned with the
macroscopic aspects of the excitations, such as
the threshold fields and the susceptibilities. ' ' '

Here we discuss the statistical properties of the
state generated under parametric excitation.

Let us consider, for simplicity, that both the
static and the pumping fields are uniform, and
that the latter has a harmonic time dependence with
frequency u. As in Sec. IV, the total Hamiltonian
of the system can be written as 3C(t) = ICB+ JC, (t),
where X0 is the same unperturbed term. The time-
dependent term for both transverse and parallel
processes are approximately given by '

&g(t) = &(t) 5» ,'k (p,-e'"'c,'c'„+H. c. ). (5. 1)

For the parallel pumping process Eq. (5. 1) is de-
rived directly from the Zeeman contribution. The
approximations, in this case, consist of neglecting
higher-order terms in the magnon operators and
a time-varying modulating term. In this case '

2
2P,z 2P,z Pjg@ 2 2ce

p u&v„h= —— - sin H, e ' ~,

(5. 2)

where h is the amplitude of the pumping field. In
the perpendicular process the term (5. 1) arises
from higher-order terms previously neglected in
(2. 2} and (2. 3). The lowest-order process in-
volves one uniform precession magnon (k = 0) and
a pair of k+0 magnons, and can be represented by
(5. 1), with '

~3~ 1/2 4
p„= B (2t»BH+ Dk + h&u»)

(dy

xsin28»e ~~» cB, (5. 3)

by Mollow and Glauber' is based extensively on the
P representation of the density operator, which

provides a description of the fields closely resem-
bling their classical description. We shall discuss
here the properties of this nonlinear excitation pro-
cess in the general nonresonant case, based on the
time-evolution operator of the system.

In order to solve the equation of motion for the
evolution operator, let us introduce an intermediate
representation defined by U( t, 0) = A(t}U'(t, 0), where

A(t) = exp( —i ,'(u ~&«-c,' c, t). (5. 5)

From the equation for U(t, 0) one can show that

dU
tK = (1C —K+ zu) c»c»)U (5. 6)

where Z'=A'K(t)A is given by

K = Q» [ k~» c» c»+ z k (p» c„c»+p» c» c «) ] . (5. 7)

As lC' does not depend on t, (5. 6) can be readily
solved to give

U(t, 0) = exp( —i z &z& ~&» c, c, t)

x exp[- iQ» (~» - z(u)c»' c» t

i+» (p» c» c ~p+c»»c~)t] ~ (5 8}

This evolution operator can be used to calculate the
state of the system at any instant t, for an arbitrary
initial state. In the particular case of an initial
vacuum state, (5. 8) leads to the simple form

~
» = z. ~ & — ~, c', .'.

) ~

o &,
&0

where

(5. 8)

Z=II(1 —I, I')"',
0&0

&»= p„e '"' sinhK»t [a»cosh'»t+i(u» ——,'&u) sinhx»t] ',
(5. »)

This equation reveals that magnon pairs are emitted
in all directions. However, as can be seen from
(5. 2) and (5. 3), the most favored directions are
6}= &m in the parallel pumping case and 8 =-,'m in the
perpendicular case. As it is well known, some
pair modes are very strongly excited when the field
intensity exceeds the threshold value for the given
modes. In this nonlinear process, relaxation plays
a very important role, and it can be taken into ac-
count by assigning an imaginary part to the magnon
frequency &u». When this is done in (5. 10), the
threshold for instability is obtained equating the
real part of a„ to zero. This leads to results which
agree with the known valu, es.

To find the properties of the system of nonlinearly
excited magnons, we begin by considering the be-
havior of the expectation values of the magnon op-
erators in the state I t). This is most easily done
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in the Heisenberg picture. From (5. 8) we have

ct(f) = V'c,'V= a„(f)c„'+b„(t) c „ (5. 11)

where '

a, (t) = e"" ' ' [cosh~, t+ i(&u, —2~)(sinha', t)/Ki, ],
(5. 12)

b, (t) = —ie""~e' p~(sinhz„t)/~, .
Equation (5. 11) shows clearly that in the state

(5. 9) the expectation values of c~(t) and c~(t), and

consequently of m, (t) and m, (t), vanish at all times.
The expectation value of n„ is

&n. & =&91 cl«) c.«) I
o&=(l p~ I'/I &~ I') smh'~. t

(5. 13)

It is clear that the magnon occupation number grows
exponentially with time when the driving field is
above the threshold. The variances of m„and m,
behave in the same way. This result reveals that
the state (5. 9) is not coherent, as opposed to the
state generated by linear excitation. Mollow and
Glauber have shown that even when the initial
state is coherent, an excitation of the type we are
considering quickly destroys their properties of
coherence. It is important to note that this genera-
tion process does not require the existence of mag-
nons in the system before the commencement of the
excitation.

The physical meaning of the state (5. 9) can be
clarified further by some of its statistical proper-
ties. We shall devote the rest of this section to a
discussion of the behavior of the time-dependent
density operator of the system. Soon after the
generation of pairs, the correlation between the
magnons in a pair can be neglected. Therefore we

can base our study on the reduced-density operator
for a mode k. Using the expansion of (5. 9) in

terms of the states I n, & and the orthonormality be-
tween these states, we obtain for the reduced-
density operator

(5. 14)

With (5. 13), this can be rewritten as

The distribution of the system in the number of
magnons is of the same type as the Planck distri-
bution for a system in thermal equilibrium. This
behavior is characteristic of systems with identical
oscillators which are statistically independent of
one another. This result means that for each k
mode, if we neglect the correlation with the -k
mode, the magnon distribution of the system under
nonlinear excitation is similar to the distribution
of the system in thermal equilibrium. One differ-
ence to be noted is that in the former case the num-
ber of magnons can be several orders of magnitude
higher than the latter. If we consider the system
as a whole, the distributions are not the same in
the two cases because in the s-tuation of thermal
equilibrium there is no preferential direction of
excitation, whereas in the nonlinear excitation this
occurs markedly.
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The Langevin equation for the superconducting order parameter above the transition tem-
perature T~ proposed by Schmid is modified to calculate the nonlinear excess conductivity
0'(T, E) slightly below T~. The electric field dependence of 0'( T, E) is described approxi-
mately by the same function of &/&, (T) as Schmid's function above T~, with a newly defined
characteristic field E~(T) below T,. The experimental results of the nonlinear electrical
conductivity of aluminum films below T~ are in fairly good agreement with the theory.

I. INTRODUCTION

The excess conductivity due to the thermody-
namic fluctuations of the superconducting order
parameter has been extensively investigated in the
temperature region above and below the transition
temperature T, . Smith et a/. found that the ex-
cess current in thin films above T, shows a non-
linear dependence on the electric field when the
velocity v, of the fluctuation Cooper pairs exceeds
a/mg(T), where g(T) is the temperature-dependent
Ginzburg-Landau (GL) coherence length. Since
then, the nonlinearity has been studied above T,:
theoretically by Hurault, Schmid, Tsuzuki, and
Gor'kov, ' and experimentally by Thomas and
Parks, Klenin and Jensen, and Kajimura and
Mikoshiba on thin aluminum films. The experi-
mental results are in qualitative agreement with
the theories.

According to the theories, ' the characteristic
field E,(T), at which the nonlinearity becomes ap-
preciable, is proportional to (T —T,) in the case
of thin films above T„while the zero-field excess
conductivity is proportional to (T —T,) '. How-
ever, the zero-field excess conductivity is observed
to be continuous at T„and to increase exponentially
as the temperature is lowered slightly below T,.
This behavior was successfully explained by

'V

Marcelja's theory. &
'0 In this temperature region

the nonlinearity is expected to be greatly enhanced,

but the theories of Hefs. 2-4 cannot be applied to
the immediate vicinity of T, and below T,. In this
paper we present the result of a theoretical and
experimental study on the nonlinear excess conduc-
tivity of thin films in this temperature region.

In Sec. II, we propose a Langevin equation ap-
propriate for the temperature region slightly be-
low T„and calculate the nonlinear excess con-
ductivity. It is shown that the excess conductivity
in the zero-electric-field limit reduces to the re-
sult given by Masker et al. , and the electric field
dependence of the excess conductivity is almost
the same as that above T,. The experimental pro-
cedure is given in Sec. III. In Sec. IV, we present
the experimental results on the excess conductivity
as a function of temperature and electric field,
and compare them with the present calculation.
The agreement between theory and experiment is
fairly good. In Sec. V, discussions are given of
the validity of the theory in terms of both a phe-
nomenological treatment and a microscopic the-
ory.

II. THEORY

Schmid' proposed a Langevin equation for the
superconducting order parameter &'(r, t) above
T, and calculated the nonlinear excess conductivity.
Tsuzuki' and Gor'kov gave a support to this
Langevin equation method by deriving the same
result for the excess conductivity using the micro-


