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The thermal and electrical conductivities of a specimen of pure gold and 12 dilute gold-iron
alloys ranging in iron concentration from 0. 01 to 1 at. % have been measured over the temper-
ature range 1—4. 2'K. In addition, the electrical conductivities of six other gold-iron alloys
ranging in iron concentration from 0.05 to 2 at. % were measured over the same temperature
range. The electrical resistivities of the more dilute specimens exhibit the Kondo logarithmic
dependence on temperature; those of the more concentrated samples show the linear depen-
dence on temperature predicted by Harrison and Klein. The data for samples of intermediate
concentration show maxima in the resistivity-versus-temperature curve p(Q. The correspond-
ing temperature 2'~ is found to vary linearly with impurity concentration c. The ratio Tm~/c is
about 24 K/at. % of iron. The slope of the linear region of P (T) varies with the impurity concen-
tration as c' 5. A detailed comparison of the dilute-concentration data with Kondo's theory yields
a value of —(0.28+0.05) eV for the s-d exchange energy of gold-iron. The product of the elec-
tronic thermal resistivity ~'~ and the temperature T' for the more dilute specimens varies loga-
rithmically with the temperature. The fractional magnitude of the logarithmic term in W,T is
the same as in the electrical resistivity, indicating that, in this range of impurity concentration
snd temperature, impurity scattering of conduction electrons is predominantly elastic. The
Lorenz ratios of these samples are, as a result, independent of temperature, but are a few per-
cent higher than the theoretical Lorenz number I p. The Lorenz ratios of the more concentrated
specimens are found to decrease slowly with decreasing temperature because of the onset of
small-angle inelastic conduction-electron scattering. At the upper end of the concentration
range, the Lorenz ratio is temperature independent, but depressed by about 15% relative to
+p. The absence of any firm indication of a return of the Lorentz ratio back towards &p is dis-
cussed in terms of an interaction between an electron and a system of coupled impurities ~

I. INTRODUCTION

The effects on the electrical resistivity p of ex-
change scattering of conduction electrons by local-
ized magnetic moments associated with transition
impurities dissolved in noble metals have received
much attention in recent years. ' At temperatures
low enough so that the resistivity is entirely due to
impurity scattering, and for samples sufficiently
dilute so that the impurities do not interact with
each other, a logarithmic increase of p with de-
creasing temperature T is found experimentally for
many members of this class of alloy systems. The
logarithmic temperature dependence has been ex-
plained by Kondo in terms of exchange scattering
by impurity moments whose Zeeman levels are de-
generate in energy. His result can be expressed
as

p = po+ cp + 3z(cp ) (J/Er ) lnT,
where p0 is the sum of the resistivities due to or-
dinary potential and non-spin-flip exchange scatter-
ing, p is the spin-flip resistivity per unit fraction-
al impurity concentration, c is the iron concentra-
tion, z is the number of conduction electrons per
atom, J is the s-d exchange energy, and F~ is the
Fermi energy. Kondo's assumption of degenerate
Zeeman levels of the impurity moments specifies

his result for the case of completely elastic elec-
tron scattering.

For more concentrated specimens, the interac-
tion between transition impurities becomes of con-
siderable magnitude, and the degeneracy of the Zee-
man l,evels is lifted. A spin-flip scattering event
can, in this case, result in the inelastic scattering
of conduction electrons, the difference between in-
cident and scattered electron kinetic energy being
the Zeeman energy of the impurity moment, gp, ~H.
Here, g is the spin splitting factor, p~ is the Bohr
magneton, and H is the internal field at an impurity
site due to the presence of all other transition im-
purities. The splitting of the Zeeman levels pro-
duces a maximum in the electrical resistivity and
a subsequent decrease of the resistivity with de-
creasing temperature.

There have been several models for the internal
field H proposed to explain the observed behavior
of the resistivity. 3 The most sophisticated and
the most successful to date has been the model of
Klein and Brout as extended by Klein and by Har-
rison and Klein. 7 They assume a random distribu-
tion of impurities 311 interacting via the short-range
Ruderman-Kittel- Yosidas ~ (RKY) potential. They
find that at temperatures well below the resistivity
maximum, the resistivity varies linearly with tem-
perature. Their result can be expressed as
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P =Po+ ~T

where np/nT is the slope of the linear variation.

po is the resistivity at absolute zero due to ordinary
potential and nonf lip exchange scattering; the spin-
flip resistivity is increasingly "frozen out" as the
temperature is decreased toward T =0. That is,
the Zeeman splitting of the impurity moments be-
comes progressively greater than the width of the
thermal broadening about the Fermi surface K~T.
A spin-flip scattering process would require the
final state of the electron to be an already occupied
state below the Fermi surface; which is, of course,
forbidden by the exclusion principle.

The temperature dependencies of the electrical
resistivity of gold-iron in the various regions of
impurity content have been well established as
agreeing with the theories of Kondo and of Harrison
and Klein by Gerritsen'0 and by MacDonald et al. "
By measuring 18 samples over three decades of
concentration, we studied the concentration depen-
dence of the resistive anomalies as well. In par-
ticular, we investigated the concentration depen-
dence of the temperature T ~ of the maximum in
the resistivity-temperature curve. Harrison and
Klein propose that T ~ should be proportional to
c. Further, they have found that bp/nT is propor-
tional to the excess low-temperature specific heat
b,C„arising from the ordering of the impurity mo-
ments in an internal field, and that both of these
quantities are approximately independent of impurity
concentration. b,C„has been measured in gold-iron
by Dreyfus et al. ' who found a weak, approximatelyc', concentration dependence. It will be seen that
this same concentration dependence is present also
in n,p/nT.

Lutes and Schmit'3 have studied the temperature
dependence of the magnetic susceptibility of a 0. 5-
and a l-at. fp solution of iron in gold. They found
broad maxima in the temperature-dependent sus-
ceptibilities which are interpreted as being indica-
tive of antiferromagnetic ordering between impurity
moments. Lutes and Schmit also found that the
temperature of the susceptibility maximum, or the
Noel temperature, varied linearly with c and had a
value of 8 'K/at. % iron. The value obtained by
Klein~ on the RKY model of the internal field is
'7. 2 K/at. %.

A relatively unexplored area is the thermal con-
ductivity of this class of alloy system. To our
knowledge, there have been no theoretical predic-
tions as to the effect of inelastic spin-flip exchange
scattering on the electronic thermal resistivity 8', .
The only experiments have been on the alloy system
Ag-Mn, '~" and have led to contradictory results.

The total thermal conductivity K of an alloy can
be expressed as the sum of an electronic component

K, (= 1/W, ) and a component due to heat conduction

by phonons K:
K=K, +K~ . (3)

The main source of difficulty in the analysis of the
existing data on Ag-Mn lies in the separation of the
electronic and phonon conductivities. This diffi-
culty is shared by the present study. However, it
will be seen that the number and varying anneal
states of specimens included here will enable us to
effect the separation by what amounts to the iterative
procedure of comparing the lattice conductivity in
the various regions of concentration.

In the additive resistance approximation, ' the
lattice (phonon) thermal resistivity W, (=1/K~) is

8' = 5'@+5'~+ S'~~, (4)

where the terms arise from phonon scattering by
conduction electrons, dislocations, and point defect
associated with the mass difference between solute
and solvent, respectively. 8'~ can be written as
(BT2) ', with B a parameter depending upon impuri-
ty concentration; W~ as (CT') ', where the quantity
C varies linearly with the dislocation density; and

W~~ as (PT) where P depends on the fractional mass
difference between solute and solvent (nM/M) and
the impurity concentration c. The similar temper-
ature dependencies of the resistivities due to elec-
trons and dislocations make them almost indistin-
guishable experimentally. Varying the dislocation
density by varying the heat treatment given a sam-
ple does, at any rate, provide a method of changing
the magnitude of the lattice thermal conductivity.

The electronic thermal resistivity of a nontransi-
tion alloy can be written

W, = P/T + o' T (5)

where the first term arises from impurity scatter-
ing, and the second from phonon scattering of con-
duction electrons. P is a temperature-independent
quantity which varies linearly with the impurity
content, and n' is a constant. At those tempera-
tures and impurity concentrations, for which the
second term in Eq. (5) is negligible with respect
to the first, the Lorenz ratio, given by

L = p/W, T, (8)

is a constant in temperature and equal to 2. 45
x 10 ' W 0/ K~. This is the well-known Wiedemann-
Franz law whose applicability is postulated on
purely elastic impurity scattering. '7 A channel
for small-angle inelastic scattering with electron
kinetic energy change of the order of the thermal
broadening about the Fermi surface KBT will in-
crease W, T relative to p with a resulting decrease
of I. It is the magnitude, concentration dependence,
and temperature dependence of the possible de-
pression of the Lorenz ratio due to inelastic spin-
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flip scattering which provided the impetus for the
present study.

At this point, some speculation as to the behavior
of L in the different ranges of concentration is jus-
tifiable since it will aid in a clearer discussion of
results. If, in the very dilute specimens, gp, ~H is
much smaller than K~T and spin-flip scattering is
completely elastic, we expect a logarithmically
varying term in 8', T analogous to the term in Kon-
do's result [Eg. (I)]. The fractional magnitude of
this logarithmic term should be such as to give a
temperature-independent Lorenz ratio that is rough-
ly equal to the elastic scattering value Lo. At in-
termediate concentrations where the internal field
becomes of such magnitude that

gpss H Kg T, (7)

spin-flip scattering will take on an inelastic char-
acter. If the exchange scattering is of sufficiently
small angle, a depression of the Lorenz ratio will
ensue. At a. low enough temperature or high enough
concentration, such that

gp, gH&& Kg T ~ (8)

a significant portion of the inelastic spin-flip pro-
cesses will be "frozen out" of the resistivities, and

a rise in L back towards its elastic scattering value
is foreseen. At T=0 'K, this freezing-out process
will be complete and L must again equal Lo. Here,
as elsewhere in this paper, "dilute" is taken to
mean of low enough concentration that conduction-
electron scattering is completely elastic; "inter-
mediate" as that concentration domain in which
some of the scattering becomes inelastic; and "con-
centrated" as that impurity range in which inelastic
scattering is well on its way to being frozen out.
These correspond to the concentration ranges 0-
0.03, 0. 03-0. 15 at. %%up, an dgreate r tha n0 . 15at. %,
respectively, for the range of temperature studied.

II. EXPERIMENTAL PROCEDURES AND APPARATUS

A. Sample Characteristics and Treatment

The alloys used in this experiment can be classified
into two sets. The first, "designated as "Au" al-
loys, were prepared by melting together, under
vacuum, the proper amounts of gold and iron in
high-purity graphite crucibles. The purity of the
starting materials was specified to 99. 999%%up or bet-
ter. The alloy ingots thus prepared were cold rolled
and drawn to wires of approximately 0.040-in. diam-
eter. The second, ' designated as "Au~" alloys,
were prepared from starting materials of unknown
purity in an argon arc furnace and drawn into wires
of about 0.010-in. diameter.

Spectroscopic analysis for trace amounts of un-
wanted metallic impurity was performed on both
sets of alloys. For the "Au" set, the total un-
wanted impurity content was less than 0. 001% in

all cases; for the "A~" set less than 0. 05% for each
alloy except the most concentrated alloy (1.92 at.%%up

of Fe) which contained 0. 15 at% of spurious im-
purity. In all cases, the major unwanted impurities
were Cu, Ag, Si, and Pb; only trace amounts of
transition elements besides iron were found in the
finished alloys.

Samples of roughly 17-cm length were cut from
the unannealed alloy wires, and all samples within

the Au set, except for two which will be discussed
latet, were subjected to an annealing study in the
following manner. The electrical resistivity at
4. 2 'K of each sample was measured both before
and after a 36-h anneal at 600 'C. Annealing was
accomplished under vacuum (less than 1 Torr) in

sealed Vycor tubes. As shown in Table I, the re-
sistivities after anneal were systematically less
than those before anneal by about 0. 5-0. 9 p, O cm.
Since the heat treatment had the additional effect of
making the rigid "as-received" wires soft and limp,
this decrease in resistivity is attributed to an elim-
ination of a large fraction of the lattice defects
created during the drawing process of sample fab-
rication. This explanation is reinforced by a sharp
reduction of the lattice thermal conductivity due to
the presence of a large dislocation density in the
unannealed specimen (see Sec. III B). The absence
of any further resistivity change of selected speci-
mens on an additional 36-h anneal at 600 'C leads
us to conclude that 36 h is sufficient to realize a
homogeneous distribution of impurity over the
cross-sectional area, of the specimen and to elim-
inate a large fraction of the lattice defects.

Because of the fragile nature of the "Au, " set of
samples, the annealing study was confined to the
"Au" set of samples. In fact, it was found that the
"Au," set was too thin to perform the experimental
mechanics of thermal conductivity on. Measure-
ment of this set was therefore confined to electrical
resistivity. The "Au„" set of samples was given a
36-h anneal at 600 C as is indicated in Table I.

It is also seen in Table I that samples cut from
a particular alloy set are named via two numbers.
The first number refers to the alloy the sample was
cut from and therefore indicates composition. The
second indicates the number sample cut from a
particular alloy. For exa,mple, Au 3-2 means the
second sample cut from alloy number three (0.0273
at.%) of the "Au" set.

Homogeneity of impurity distribution along the
length of the specimens of both sets was checked
by measuring the 4. 2 K resistivity of different seg-
ments of the sample. In no case was any measur-
able impurity gradient detected. The resolution of
this particular measurement was about 0. 5%.

B. Impurity Concen tration Determination

The impurity concentrations quoted in Table I
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were found by plotting the resistivity ratio ~, defined

by

against the nominal concentration and the concen-
tration found by spectrographic and/or chemical
analysis, the results of which were supplied with
the alloys. This plot is shown in Fig. 1. The solid
curve is felt to be the most representative of all
the data. That value of the abscissa corresponding
to the measured resistivity ratio as read from the
curve was then taken to be the actual impurity con-
centration. Values of c thus obtained are uncertain
to no more than +2%.
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Electrical resistivity measurements were ac-
complished with the sample in direct contact with
the liquid-helium bath by a standard four-terminal
dc potentiometric technique. The instrumentation
and procedure have been previously described in
detail by Burckbuchler and Reynolds. Resistivity
changes of typically 0.02% could be detected with
this apparatus. Uncertainties in the measurement
of geometrical factors associated with resistivity
measurement introduce an uncertainty of approxi-
mately 1% into the specification of the magnitude
of a resistivity. At all points during the experi-
ment, the temperature of the liquid-helium bath
was found from the 1958 He vapor-pressure tables.
The uncertainty in temperature measurement is

FIG. 1. Plot of the resistivity ratio against nominal
impurity concentration and impurity concentration as
found by spectroscopic or chemical analysis. The solid
line is felt to be best representative of all the data. The
solid line and the measured resistivity ratios are then
used to determine the "actual" impurity concentration.

estimated to be less than 0. 001 K.
The method of germanium-resistance thermome-

ter calibration and thermal-conductivity measure-
ment has been discussed in sufficient detail by
Gueths et al. ' Our procedures differ from those
of Gueths in two important respects. (i) A Hewlett
Packard model No. 2411A guarded dc amplifier along

TABLE I. Sample resistivities at 273, 77, and 4. 2 K.

Sample
Concentration

(Deduced)
4. 2

(0 g'
4 2c

(36 lg~
4 2c

(72 g' 77' 273C e

Au 1-1
Au 2-1
Au 3-1
Au 3-2
Au 4-1
Au 5-1
Au 6-1
Au 7-1
Au 8-1
AU 9-1
Au 10-1
Au 11-1
Au ll-2f
Ally 1-1
AuIt, 2-1
AuI), 3-1
Aub 4-1
Au& 5-1
AuI), 6-1

Pure
0. 0091
0. 0273
0. 0273
0. 047
0. 091
0. 096
0. 153
0. 193
0.282
0. 460
0. 98
0. 98
0. 50
0. 91
l. 92
0. 056
0. 106
0.230

0, 0159
0. 1312
0.3047
0.300
0.466
0. 830
0. 850
l. 279
l. 595
2. 21
3.48
7.47
7. 51

0. 0852
0. 2471

0.408
0. 765
0. 786
l. 212
I.523
2. 15
3.42
7. 47

~ ~ 0

3.760
6. 73

14.63
0. 487
0. 8822
1.770

0. 0038
0 ~ 0852

~ ~ ~

0. 786
~ ~ ~

0.440
0. 527
0. 695
0. 732
0. 862
l. 231
1.251
l. 692
2. 016
2. 664
4. 003
8. 24
8.25
4. 39
7.45

15.78
0. 938
1.356
2. 267

2. 045
2. 109
2. 269
0. 295
2. 435
2. 812
2. 828
3.280
3.602
4. 25
5. 60
9. 82
9. 83
5. 99
9.03

17.40
2. 48
2. 92
3 ~ 84

0. 001 865
0. 0421
0. 1222
0, 1504
0. 2012
0.3733
0. 3847
0. 5859
0. 7323
1.019
l. 573
3. 174
3 ~ 237
1.686
2. 923
5. 284
0. 2444
0.4333
0 ~ 8538

F11 resistivities in pO cm.
Concentrations as found from the solid line in Fig. 1.

'Numbers refer to temperature at which resistivity
measurement was performed in 'K.

~Times refer to length of anneal before resistivity
measur ement.

The resistivity ratio; r =p4 2/(pp73 J04 2).
rUnannealed specimen.
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SAMPLE &CdZn Solder

&A mm

03l Cement

Sn Pb Solder

l ~/~mm

)

FIG. 2. Details of copper-sleeve attachment to the
sample. Use of these sleeves for both potential and
thermal contact to the sample ensures that the geomet-
rical factors are the same for both types of measure-
ment.

with a 1-p V least-count digital voltmeter (either
a Honeywell model No. 630S or a Hewlett Packard
model No. 2401B) was applied to the measurement
of potential drop across the thermometers. The
amplifier is capable of being operated in either a
+1 or +10 gain mode. The amplifier-digital volt-
meter combination provides a voltage measuring
device the usefulness of which is based on (a) an

input impedance (10'0 0) a factor of 10' higher than
that of the digital voltmeter alone; (b) a least count
of 0. 1 and 1 p,V when operated in the + 10 and + 1
gain modes, respectively; (c) an acceptably low lev-
el of noise; and (d) a gain accuracy of 0. OOV and
0.002% for a +10 and +1 gain, respectively. Over
the temperature range 4. 2—1.5 oK and at a mea-
suring current of approximately 0. 5 p, A, the resis-
tance of a germanium-resistance thermometer
varies from 1 to 50 'KQ, and the sensitivity dR/dT
varies from 1500 to 50000 0/ K. The high input
impedance of the amplifier-digital voltmeter com-
bination is necessary to make loading effects neg-
ligible. The least-count and low noise level enable
detection of temperature changes of 1 mdeg or less
over the entire temperature range. The chief ad-
vantage of the amplifier-digital voltmeter combina-
tion over the older potentiometric method of voltage
measurement is that the speed of data acquisition is
increased by about a factor of 10. Much of the tedi-
um involved in the use of a potentiometer is avoided.
Elimination of errors due to the unavoidable drifts
in the temperature of the liquid-helium refrigerant,
resultant to this increased speed, enables higher-
quality thermal-conductivity data to be obtained as
well. (ii) The details of the method of potential and
thermal contact to the sample are shown in Fig. 2.
Copper sleeves were soldered directly onto the
sample with an alloy composed of 82% Cd and 18%
Zn. As was verified experimentally, this solder
does not superconduct in the liquid-helium range of
temperatures. Potential leads or thermometers
were in turn fastened to the sleeves with Sn-Pb
solder. Since Sn-Pb solder melts at a lower tem-
perature than Cd-Zn, this joint could easily be made
without melting the Cd-Zn. The GE 7031 cement
shown between solder joints served only to dirty
the surface of the sleeve ensuring that the Sn-Pb
could not run onto Cd-Zn. In this manner, it was

Representative electrical resistivity data for the
very dilute specimens are plotted against the loga-
rithm of the temperature in Fig. 3. The numbers
in parentheses are the impurity concentrations in
at. %. The straight lines represent the results of
least-squares fits of the data to the Kondo loga-
rithmic variation

p=A+ DlnT, (10)

with A and D temperature-independent constants.
The values of A and D are listed in Table II along
with values found by MacDonald et al." The im-
purity concentrations quoted for MacDonald's sam-
ples were found using the reported resistivity ratios
and our resistivity-ratio data (Fig. 1). The num-
bers in parentheses beneath these determined con-
centrations are the nominal concentrations of his
samples.

Figure 4 shows representative electrical resis-
tivity data for intermediate-concentration sam-
ples which exhibited maxima in the temperature
range studied. The temperatures at which the
maxima occur, T ~, are shown plotted against im-

0.3I5- I I I I ~

0.3IO

0.305

E

Q 0.300

~ 0.09I

0.089

0.087

0.085
1.0

ALI 3-I

2.0 3.0 4.0
T (eK)

-0.265

-0.260

.0.255

- 0.250

-0.245

FIG. 3. Logarithmic temperature variation of the
resistivity for the three most dilute samples. Numbers
in parentheses are the impurity concentrations in at. Vo.

Straight lines represent the results of a least-squares
fit to the data to the Kondo logarithmic variation. Sam-
ple Au 3-2 is unannealed specimen.

ensured that the geometrical factors were the same
for both thermal and electrical measurement and

that the uncertainties would cancel in the Lorenz
ratio p/W', T. The distance between sleeves ranged
from 10 cm for the pure-gold specimen down to
4 cm for the most concentrated sample.

III. RESULTS

A. Electrical Resistivity
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FIG. 4. Representative electrical resistivity data for
samples in the intermediate concentration range. Num-

bers in parentheses are the impurity concentrations in
at. %.

purity concentration in Fig. 5. The solid triangle
and solid square are the results of MacDonald et
al. and of Gerritsen. ' Although the data are some-
what scattered, the linear dependence predicted by
Harrison and Klein is indicated. The solid line
represents the result of a least-squares fit of all
the data to a linear variation. The fit gives

T,„/c=24 K/at. %.
Figure 6 shows representative electrical resis-

tivity data for the high-impurity concentration
specimens. The solid lines represent the results
of least-squares fits of the data to the linear varia-
tion of resistivity with temperature [Eq. (2)j.

Values of the slope np/n T of the linear region
of the resistivity-versus-temperature curve and
extrapolated values of the resistivity at absolute
zero were found for each of the more highly con-
centrated specimens. These values are listed in
Table III. Figure 7(a) is np/n T plotted against
impurity concentration on logarithmic scales.
The data show that

np/n T- c (12)

This slow variation with concentration correlates
well with the approximately c' concentration de-
pendence of the excess low-temperature specific
heat b,C„ found by Dreyfus et al. and with the
relationship between nC„and np/n T proposed by
Harrison and Klein.

Figure 7(b) is a plot of the extrapolated values of
the resistivity at absolute zero against impurity
concentration. po varies linearly with concentra-
tion, and is 7. 5+0. 1 pQcm/at. /o of impurity. po,
the temperature-independent contribution of ordi-
nary potential and nonflip exchange scattering can
be found for the very dilute specimens by multiply-
ing the determined impurity concentration by this
value. These values of po and of the quantity
A —po, which, by comparison of Eqs. (1) and (8),
is the temperature-independent spin-flip resistivity
cp, are listed in Table II. Then cp„ is elimi-
nated as an unknown from the coefficient of the
logarithmic term, and we have

B=Sz(cp )J/Ez .
Taking z, the number of conduction electrons per
atom, to be one and EF, the Fermi energy, to
be the free-electron value of 5. 5 eV yields a value
of .J. These are listed in the last column of Table

0 I I a I s I a I a I I I

0.04,06 .08 .10 .12 .14 .16
Concentration (at. g Fe)

FIG. 5. Temperature at which the resistivity passes
through a maximum T~ plotted against impurity con-
centration. A least-squares fit of all the data to a linear
concentration dependence of T~ gives T~/c =24
'K/at. %. The solid line is representative of this least-
squares fit.

TABLE II. Temperature-dependent resistivity characteristics of very dilute specimens.

Sample

Au 2-1
Au 3-1
AU 3-2
Au M-1

Au jg-2~

C one entration
(at. %)

0. OOS1

0. 0273
0. 0273
0. 0073

(0. 006)
0. 020

(0. 02)

A
(p& cm)

0. 0908
0. 261
0.312
0. 077

0. 2

—4. P3xlp 3

—8. 57x10
—8. 67xlp
—4x]p 3

—7. 8 X103

Pp

(p& cm)

0. 068
0. 204

0. 054

0. 15

A —p
(p, Q cm)

0. 023
0. 057

~ ~ ~

0. 022

0. 050

J
(eV)

—0. 32+0. 06
—0. 27+0. 03

~ ~ ~

—0. 33 +0. 08

—0. 29 +0. 04

Unannealed specimen. Results of MacDona1d et al. (Ref. 11).
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II. The best value of J obtainable from our data,
combined with that of MacDonald, is

l4.62-

J= —(0. 28+0. 05) eV . (14)
l4.60 .

We are not aware of any previous determination of
J for the gold-iron system. Our vaj.ue, however,
appears to be of reasonable magnitude.

Tables II and III show that the values of the slope
of the linear region of the resistivity-temperature
curve and of the coefficient of the logarithmic term
are similar for the annealed and unannealed sam-
ples of the same impurity concentration. The only
difference in their properties is that there is an
additional temperature-independent contribution to
the resistivity which, as in the discussion of Sec.
II, is attributable to electron scattering by lattice
defects. This is evidence that the state of anneal
has no effect on the spin-flip scattering responsible
for the resistive anomalies. The annealed and un-
annealed samples were cut from adjacent segments
of the same batch of alloy material; to draw def-
inite conclusions as to the effect of the state of an-
neal on the resistive anomalies, measurements
should be performed on the same sample both be-
fore and after anneal. Our procedure of solder
contact to the sample precluded this course of
action.

I4.58-

~O
AM~ 3-I

(l.92 at, g Fe)
0

E0 7.46-

744-

~ 742

to98 at sRtt.

6,72-

670-

6.68

(O.gt at. Fe)

FIG. 6. Representative electrical resistivity data for
the most highly concentrated samples. Numbers in
parentheses are the impurity concentrations in at. %.
Solid lines are the results of a least-squares fit of the
data to the linear dependence predicted by Harrison and

Klein.

O', T= P+ cy'7 (15)

The slope of the straight line gives a value of 1.6
X10 cm/ KW for the parameter a'. This is to
be compared with 1.8&&10 and 1.3&&10 cm/'KW
found by Rosenberg and by White, ' respectively,

TAB I,E III. Temperature-dependent resistivity char-
acteristics of more highly concentrated specimens.

Sample

Au 7-1
Au5 8-1
Aub 6-1
Au 9-1
Au 10-1
Aub 1-1
Au~ 2-1
Au 11-1
AQ 11-2
Ally 3-].

Concentr ation
{at.%)

0. 153
0. 108
0. 230
0. 282
0. 460
0. 50
0. 91
0. 98
0. 98
1.92

Pp
{p& cm)

1.188
1.493
1.734
2. 107
3.375
3.714
6. 673
7.412
7. 455

14. 56

~/DT
{JLf,G cm/ K)

l. 02 &10
1.06
1.01
1.18
1.27
1.21
l.38
1.39
l. 41
l. 68

Unannealed specimen.

B. Thermal Conductivity

The thermal-conductivity data of the pure-gold
specimen are displayed in Fig. 8 as a plot of the
thermal resistivity W, T (in this case, the frac-
tional magnitude of the lattice conductivity is small
enough to be neglected) against T'. The data are
well described by Eq. (5) written as

on gold of comparable purity.
Figure 9 is a plot of the Lorenz ratio against

temperature for the pure-gold specimen. The ex-
perimental points were found by dividing the mea-
sured resistivities (which were found tobetempera-
ture independent) by W, T read from the line in
Fig. 8. The depression of the Lorenz ratio athigh-
er temperatures is attributed to small-angle in-
elastic scattering of electrons by phonons. At the
lowest temperature of measurement, the Lorenz
ratio is 2. 48+0. 06 WA/'K .

Figure 10 shows representative thermal-con-
ductivity data for the very dilute alloy specimens,
displayed as plots of the total thermal conductivity
K, divided by the temperature against the tem-
perature. For nontransition alloys in those cases
where the phonon term T in the electronic thermal
resistivity is negligibly small (as it is for all of our
alloy specimens), the quantity K/T is expected to
depend linearly on temperature according to the
prescription

K/T= 1/8+ BT . (16)

The significant deviations to the linear behavior
evident in the data in Fig. 10 will be shown to be
the result of spin-flip exchange scattering on the
electronic thermal resistivity.

Representative data for the more highly concen-
trated alloys are shown in Fig. 11. The good fit
of the data to a linear variation of Eq. (10) indicates
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FIG. 7. (a) &p/&T vs c for those samples which
showed a linear p(T) above 1'K. The values of &p/&T
shown were obtained directly from least-squares fits
like those in Fig. 6. The triangle and inverted triangle
are values of &p/&T deduced from the published data of
MacDonald et al. and of Gerritsen, respectively. (b)
Extrapolated values of the resistivity at absolute zero po
vs concentration. Here, as in (a), values of po were ob-
tained from least-squares fits and could be obtained only
for concentrated specimens.

that spin-flip effects are slowly varying with tem-
perature enough so as to be obscured by the large
fractional magnitude of the lattice conductivity.

The fractional contribution of the lattice con-
ductivity BT to the total conductivity K ranged
from 4%, for the most dilute specimen, up to 50/(;
for the most concentrated, and so was non-negli-
gible for all samples. In the higher ranges of im-
purity content, the magnitude of the lattice conduc-
tivity was estimated by using plots like those in
Fig. 11 to determine the coefficients B of the T
variation of the lattice conductivity. These are
plotted against impurity concentration as the solid
circles in Fig. 12. The solid triangle is a previous
result of White et al. , and the solid diamond is
an estimate of the value of B for the pure-gold
specimen made from our experimental value of

K, = BT''[f(o)/V. 21],
with

x e dx

(, -1)
0

The parameter n is given by

7I a b3f
7. 21Vzh M

(1V)

(18)

(19)

where a is the volume per atom (l. Vx10 cm
for gold), Vz, is the transverse sound velocity in
gold (1200 m/sec), and h is Planck's constant. It
is seen that Eq. (16) correctly reduces to BT in
the limit of vanishing defect concentration c, since
for u= 0, I(a) is just the well-known transport in-
tegral Z, (~) = V. 21."

For the very dilute specimens, values of 8', T
(= T/K, ) resulting from the separation of the con-

the parameter a and the relation between these two

quantities derived by Klemens. The values of the
lattice conductivities for samples in the dilute-
concentration range are estimated by an extrap-
olation of the higher-concentration results. This
extrapolation is shown as the dashed line in Fig.
12. The significance of the solid squares will be
discussed shortly.

In this manner, values of the coefficient 8, and
hence of the magnitude of the lattice conductivity,
could be found over the entire concentration range.
According to Eq. (8), the electronic thermal con-
ductivity is then isolated as the difference between
the total measured conductivity and the lattice con-
ductivity. However, a calculation of the thermal
resistivity due to mass defects associated with im-
purity ions has shown that this procedure overesti-
mates the lattice conductivity for the most highly
concentrated samples (density-of-mass defects
largest). That is, the phonon scattering by mass
defects decreases the lattice conductivity slightly
in the four most concentrated samples, the maxi-
mum reduction being 2% of the lattice conductivity
for the 0. 98-at. I~ sample. For these samples, the
lattice conductivity was calculated from the esti-
mated value of B and the expression

.IS

CV

o I6 =phoobC

E
EJ

+~ .14-

cv 2.8
0

s
2.4-~

I-

~ 2.0-
0

I

0

0 IO 20 30 40 50 60 r 0 80
T (K)

FIG. 8. Electronic thermal resistivity times the
temperature against the cube of the temperature. The
slope of the solid line gives the value of 0. ' in Eq. (15) to
be 1.6 x10 4 cm/'K W.

FIG. 9. Lorenz ratio of the pure-gold specimen.
Error bars at the extremities of the temperature range
indicate the uncertainty due primarily to scatter in the
data. At the lowest temperature of measurement, I is
2. 48 + 0. 06 W &/'K



THERMAL AND ELECTRICAL CONDUCTIVITIES OF 175

.I I4-

I IO-
N

0

.I06-

+II .I02-

.098

I
/

I ~ I ~
/ ~ I I ~ / I

—32

CV

-.30 o

- .29

4.0

35" f
II

3.0 '
bC
0
E 2.5

2.0-
0

I.S .

I.O-

Present

White et. al.

I 2
~ ~ I I I a a I I I 283 4

T (X)
FIG. 10. Representative thermal-conductivity data for

very dilute-alloy specimens displayed as plots of K/T
against T. Numbers in parentheses are the impurity con-
centrations in at. %.

ductivities were found to depend logarithmically on
the temperature, as is shown in Fig. 13. The data
for the four samples considered were fitted to the
equation

(20)

and a quantitative comparison was made with the
results of resistivity measurement by comparing
the ratios I Q I/P and I D I /A. Q and 8 are just
constants. A and D are constants obtained from
the fit of the resistivity data to Eq. (10), as pre-
viously discussed. Values of these ratios are
listed in Table IV. The limits of error quoted are
primarily caused by the uncertainty in estimating
the magnitude of the lattice conductivity. The val-
ues of the ratios for each sample are seen to be
in good agreement, indicating that spin-flip scat-
tering of conduction electrons by localized moments
is equally effective in the thermal and electrical
resistivities. For the reasons discussed in Sec.
I, this means that, in this range of temperature
and concentration, spin-flip scattering is predomi-

0 O.l 0.2 0.3 0.4 0.5 0.6 0.7 Q.S 0.9 l.o
CONCENTRATION (rtt. g Fe)

FIG. 12. Values of &, the coefficient of the T term
in the lattice conductivity, plotted against impurity con-
centration. Solid circles result from a fit of the data to
Kq. (16). The solid diamond is an estimate of B for the
pure-gold specimen made from the experimental value of
the parameter K and the theory of Klemens (Ref. 27).
The solid triangle is the result of White et al. (Ref. 26).
The dashed line segment represents an extrapolation of
the high-concentration results into the very dilute range.
Solid squares are values of B obtained by eliminating the
effect of spin-flip exchange scattering in the dilute-con-
centration data, using the results of resistivity measure-
ment.
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- I70

- 16.5

nantly elastic, consistent with the assumption of
Kondo.

The electrical resistivity data for sample Au 4-1
exhibit, at the lowest temperatures of measure-
ment, slight deviations from a logarithmic depen-
dence on temperature. This deviation is ascribable
to the onset of the resistivity maximum but results
in an uncertainty in the value of I D I /A, as is in-
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FIG. 11. Representative thermal-conductivity data
for the most highly concentrated specimens displayed as
plots of KIT against T. Numbers in parentheses are the
impurity concentrations in at. %.

2 3 4 5
T( V)

FIG. 13. Plots of the electronic thermal resistivity
times the temperature against the temperature for the
four most dilute specimens. Solid lines are the result of
a fit of the data to Eq. (20).
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C. Lorenz Ratio

24.

(0.096)

z (0.09I)

I
(O.I53)

Lattice P
Sample fraction (cm ' K /W) I QQ ( /P x10'

Au 2-1 0. 04
Au3-1 0 1

3.56 4. 5+0.3

Au 3-2 0 02
. 10 10.6 4. 0+0. 8

Au 4-1 0. 15
12.4 2. 5+0. 5

Fraction of lattice conductivity.
nanne aled specimen.

) D )/A x102

4. 43+0. 04
3.28+0. 03
2, 78+0. 06
2. 39+0. 10

TABLE IV. Com aromparison of the logarithmic incr I-
2.2 .
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Lorenz number back towards the theoretical Lorenz
ratio. This is surprising, because 4'K is already
one-half of the Neel temperature of the 0. 98-at. Vq

alloy. ' In view of the size of the uncertainties, the
Lorenz ratio may be taken to be independent of T in
the high range of impurity concentration.

IV. DISCUSSION
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FIG. 16. Lorenz ratio at 2 'K plotted against the im-
purity concentration. The results for the annealed speci-
mens are shown as solid circles; those for the unannealed
as solid triangles. Error bars indicate the experimental
uncertainty and are primarily resultant upon the separa-
tion of the electronic thermal conductivity from that of
the lattice.

tration of that sample in at. %. The error
bars at the beginning and end of the temperature
range of measurement indicate the uncertainty in
the temperature dependence of the Lorenz ratio.
This uncertainty arises mainly from the separa-
tion of lattice and electronic conductivities. Fig-
ure 16 is a plot of the Lorenz ratio as a function of
impurity concentration at the fixed temperature of
2 K. In this case, the error bars indicate the
uncertainty inthe magnitude of the Lorenz ratio
and, again, are primarily resultant to inaccuracies
inherent in separating the conductivities. In both
curves the uncertainties increase with the frac-
tional magnitude of the lattice conductivity.

For the three most dilute specimens, the Lorenz
ratio is constant in the temperature. This is a
result of the predominantly elastic nature of the
exchange scattering in this region of temperature
and impurity concentration, as was discussed in
Sec. III B. However, the value of the Lorenz ratio
is 47' higher than the theoretical Lorenz number.
It is unlikely, in view of the smaller fractional
magnitude of the lattice thermal conductivity of
pure substances and very dilute alloys, that this
slightly high value of the Lorenz ratio could be
caused by an underestimation of the lattice conduc-
tivity.

A noticeable decrease of the Lorenz ratio with
decreasing temperature is first evident for the
0. 047-at. % specimen (sample Au 4-1). This cor-
relates well with the observation of small devia-
tions to the Kondo -lnT behavior in the resistivity
of this specimen.

An interesting feature of Fig. 15 is that in the
higher-concentration ranges, where the depression
of the Lorenz ratio is greatest, there is as yet no
indication of a trend in the temperature-dependent

Phenomenologically the depression of the Lorenz
ratio 1 —L/Lo is proportional to the probability P of
inelastic spin-flip scattering times the number N

of local moments in fields p~HSK~T divided by the

amount of elastic scattering (which is proportional
to the resistivity due to elastic scattering', ). N de-
pends on the temperature and on the concentration;
we will assume I' to depend only on temperature.
I', varies only slowly with temperature and approx-
imately linearly with concentration. That is,

L L ~ P(T) N(T, c)
L P, (c)

(22)

The constant behavior of the temperature-dependent
Lorenz ratio for high-concentration specimens in-
dicates that the product of P(T) and N(T, c) is con-
stant in temperature. The temperature dependence
of N reflects the shape and temperature dependence
of the probability distribution P(H) of internal fields.
Harrison and Klein have calculated the probability
of inelastic spin-flip processes and found that it
goes to zero exponentially in the asymptotic limit
of high fields and low temperatures. Unless N(T, c)
increases almost as rapidly in the asymptotic lim-
it, it can be said that 1.5 K is not a sufficiently
low temperature to reach the asymptotic region
for an impurity concentration of 0. S8 at%. How-
ever, 1.5 K is one-fifth of the Noel temperature of
such an alloy. A continuation of the experiment in
a He refrigerator would, therefore, be likely to
reveal further information in this connection.

Figure 16 shows that the Lorenz ratio at 2'K de-
creases rapidly with increasing impurity content to
a concentration of about 0. 2 at%. At that point, it
ceases its decline and remains approximately con-
stant to the upper end of the concentration range.
0. 2 at.%%uocorresponds(accordin g to theresultsof
Lutes and Schmit") to that impurity concentration
necessary for an alloy to exhibit a Noel tempera-
ture in the liquid-helium range. According to Eq.
(22), the rapid decrea, se of the isothermal Lorenz
ratio at concentrations less than 0. 2 at.% indicates
that N(T, c) varies more rapidly than linearly with
concentration in this range. The subsequent con-
stancy of the isothermal Lorenz ratio is interpreted
to mean that N(T, c) is proportional to concentration
in the higher ranges of concentration. A rise back
towards the theoretical Lorenz number would indi-
cate that N(T, c) varies less rapidly than linearly
with impurity concentration.
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Daniel and Friedel" have proposed that in the

higher ranges of impurity concentration the number
of local moments in fields such that p,~H- K~ T is
approximately independent of concentration. This
can be understood by noting that the distribution
function P(H) for the field experienced by a partic-
ular local moment is peaked like c ' at H = 0 with

a width proportional to c. The probability that a
particular moment experiences internal fields such
that p.&H- K~T, and hence the total number of such
moments, N, is independent of the concentration.
The concentration-independent behavior of the Lor-
enz ratio at concentrations greater than 0. 2 at.% is
in disagreement with theory, since this behavior is
indicative of an R proportional to c.

It is unlikely that any gross errors were made in

separating the lattice conductivities as is indicated
by the satisfactory agreement between the Lorenz
ratios at 2 'K of annealed and unannealed samples
of 0. 98-at% impurity concentration. It was con-
cluded above that the only effeci of the unannealed
state of sample 11-2 was to make a temperature-
independent contribution to the electrical resistivity.
Any effect on the resistive anomalies was found to
be unmeasurably small, indicating that the effective-
ness of impurities in spin-flip exchange scattering
is independent of the state of anneal. As the Lorenz
ratio depends only on such scattering, it is expected
that the Lorenz ratio of annealed and unannealed
samples of equally concentrated samples should be
similar. A significant dislocation density was found
to be responsible for reducing the lattice conductiv-
ity of the unannealed specimen of the same concen-
tration by at least a factor of 3. The observed
agreement between Lorenz ratios of samples of sig-
nificantly differing lattice conductivities then pro-
vides a check on the method of separation of elec-
tronic and lattice thermal conductivities and lends
confidence to that separation. Satisfactory agree-
rnent is obtained between annealed and unannealed

samples of 0.0273-at. 'f(; impurity concentration as
well.

In the higher ranges of impurity concentration
where the magnetic interaction between local mo-
ments is clearly appreciable, it is perhaps more
reasonable to think of an exchange interaction be-
tween an electron and a "cluster" of local moments
rather than between an electron and one local mo-
ment as has been done above. That is, the one-
electron one-impurity picture inherent in the dis-
cussion to this point might be an oversimplification.
In a scattering process between an electron and a
cluster of impurities, the spins of the electron and
of several of the members of the cluster might be
flipped. The random nature of the internal field
experienced by individual local moments ensures
that the Zeeman splittings of the members of the
cluster are likely to be different. As a result, the

electron will see not just the Zeeman levels of an

individual local moment but a multiplet of Zeeman
levels associated with the cluster. Although many

or all of the members of the cluster might be in

fields IJ.~H»K~T, the spacing of the cluster levels
can be comparable to K~ T, enabling spin-flip in-
elastic electron scattering to occur even at those
temperatures and concentrations where this would

be forbidden on the basis of an interaction with one
impurity along.

Such cooperative behavior of impurity moments
could result in the continued depression of the Lor-
enz ratio at high concentrations. The difficulty is
that it is questionable whether the RKY potential is
of sufficiently long range to enable cooperative im-
purity-moment behavior to occur. Klein has esti-
mated that only about three or four local moments
are strongly correlated to.any particular local rno-
ment, even at concentrations of the order of 1 at.fo.
On the other hand, Overhauser has proposed an ad-
ditional longer-range ordering mechanism to the
short-range RKY potential. At high-impurity con-
centrations (typically 1 at. /&), he finds that it is
energetically favorable for the impurity moments
to interact with a static spin-density wave set up

by the conduction electrons. This model differs
from that of Klein insofar as the RKY interaction is
replaced by a longer-range ordering mechanism,
and enhancing the ability of the impurity moments
to react cooperatively.

V. SUMMARY

The findings of the present study can be sum-
marized as follows:

(i) The temperature-independent electrical resis-
tivity due to ordinary potential and nonf lip exchange
scattering was found to vary as 7. 50 p. Oem/at. %.

(ii) The variation of the slope of the linear region
of the resistivity-versus-temperature curve with
impurity concentration is c ~', in agreement with
the concentration dependence of the excess low-
temperature specific heat arising from the interac-
tion between local magnetic moments associated
with the iron impurities. It is not known whether
this c'" dependence is peculiar to the gold-iron
system or is characteristic of the entire class of
alloy system. Published data' lack the quality
and/or quantity to answer this question. Measure-
ments on the Au-Cr alloy system are in progress
in this laboratory.

(iii) The temperature of the electrical resistivity
maximum T ~ varies linearly with impurity con-
centration in agreement with the predictions of
Harrison and Klein. T „/c is 24 'K/at. % iron
concentration.

(iv) A comparison of the very-dilute concentra-
tion resistivity data to the theory of Kondo yields a
value of the s-d exchange energy in gold-iron.
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The value we obtain is —(0. 28+0. 05) eV. It will
be interesting to see how this compares to the value
that will be determined for Au-Cr.

(v) The va.riation of the product of the electronic
thermal resistivity and the temperature 8', T with
the temperature was found to contain a logarithmic
term in the very-dilute-concentration range. The
fractional magnitude of the logarithmic rise in
W, T as the temperature was lowered from 4. 2 to
1 K was equal in magnitude to that of the electri-
cal resistivity, indicating that in the very-dilute-
concentration range, conduction-electron scattering
is predominantly elastic.

(vi) At those impurity concentrations and temper
atures where significant deviations to the Kondo
—lnT behavior of the electrical resistivity are
noted, the Lorenz ratio begins to decrease with de-
creasing temperature. This is accompanied by a
decrease of the isothermal Lorenz ratio with in-
creasing impurity concentration. This behavior
persists to a concentration of about 0.2 at. % cor-
responding to the concentration of a sample of high
enough iron content to have a Neel temperature in
the liquid-helium range. +t larger concentrations,
of iron, the Lorenz ratio becomes constant in tem-
perature and impurity concentration. The absence

of any indication of a rise in the Lorenz ratio at
the lowest temperatures and high concentrations
of measurement is perhaps indicative of cooperative
exchange scattering of an electron by a system of
coupled impurities. The Lorenz ratio is found to
be depressed to a maximum of 15% relative to the
theoretical Lorenz number.

(vii) The variation of the lattice thermal conduc-
tivity with impurity concentration for Au-Fe has
been established. This variation is not qualitatively
different from that found by other workers for oth-
er alloy sytems.
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