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The soft optic phonons in the cubic phase of BaTi03 have been reinvestigated by the neutron-
scattering technique. Measurements were carried out on major symmetry directions for a
temperature range between 150 to 450'C. It is shown that, as in the case of the tetragonal
phase, the lowest transverse-optic branches along the [111]direction and one of the branches
along [110] rise rapidly with increasing wave vector q. Phonons are well defined except for
those at very small q. On the other hand, in one of the branches along [110]and in the de-
generate branches along [100] the phonons are overdamped as previously shown by Yamada
et &l. for small q values. The present study extends the measurement to the entire zone and
corrects the erroneous picture previously given. The most important result of the present
study concerns the interaction between the soft optic modes and acoustic modes. Unusual
scattering cross sections for both optic and acoustic modes are explained by interference effects
in a coupled phonon model with a highly damped optic component. The interference permits,
for the first time, a determination of the phase as well as the amplitude of the dynamical struc-
ture factors of the phonons involved. The energy of the optically inactive I'2& mode at the
Brillouin zone center was found to be (39+2) meV.

I. INTRODUCTION

Neutron-scattering studies of soft ferroelectric
modes in BaTi03 have been reported in a series of
experimental work'~ carried out at the Brookhaven
High Flux Beam Reactor, In sharp contrast to the
well-behaved and clearly demonstrated soft modes '
in SrT10~ and KTaO~, the soft mode in the prototype
ferroelectric BaTi03 poses a much more difficult
and challenging problem. Although this is due, in
part, to a difficulty in obtaining large high-quality
single crystals of BaTiO3 for inelastic neutron-
scattering experiments, the basic difficulties stem
from the nature of the soft mode in BaTiO~, which
has produced many conflicting results and models
in the literature from the measurements using
infrared, Raman, and x-ray' ' techniques.

The most recent neutron-scattering study~ of the
tetragonal phase sheds light on some basic prob-
lems. The soft optic branch shows strongly direc-
tional properties. When the polarization vector
e is along [100], the soft optic mode has low energy
and high damping. For other polarization vectors,
the optic-mode energy rises steeply with increasing
wave vector q and the relative damping decreases
rapidly resulting in a well-defined phonon profile.

In the present paper, the earlier studies of cu-
bic' BaTi03 are extended, with special emphasis
given to the elucidation of the nature of the strong
diffuse scattering which is observed in x-ray in-
vestigations. ' '3 As in the tetragonal phase, s the
unusually strong localization of this scattering in
reciprocal space is shown to result from pro-
nounced anisotropy in the soft optic-phonon disper-
sion surface. An anharmonic interference between
TA and TO modes is also identified and through

this understanding accurate estimates of the funda-
mental parameters characterizing the ferroelectric
mode instability are obtained.

II. EXPERIMENTAL

The single crystal used in this study is the same
crystal used previously by Yamada et al. It had
originally a volume of 1.7 cm3 and an extremely
narrow mosaic spread of less than 0. 01', with the
Curie temperature at 130 'C. Unfortunately, during
the previous experiment, the crystal developed
cracks which ultimately resulted in fracture. The
pieces were held together mechanically for the pres-
ent experiments. The resulting effective mosaic
spread was anisotropic, showing in the worst pro-
jection ([110]zone) a splitting of Bragg peaks of
0. O'. Except in one instance to be mentioned later,
this had little effect upon our results.

Inelastic neutron measurements were carried
out at the Brookhaven High Flux Beam Reactor
using a triple-axis spectrometer. Since the pre-
vious measurements on the same crystal, a signif-
icant advance has been made in the effective usage
of neutrons. This is due to extremely high effi-
ciency of pyrolytic graphite" used as monochroma-
tor as well as analyzer crystals. For the energy
range of neutrons used for the present experiments,
45-14 meV, the use of (002) graphite reflections
gave approximately 10 times the intensity compared
with the deformed Ge(111) in transmission geome-
try.

III. SOFT OPTIC PHONONS WITH q ALONG [100]

It is clear from recent measurements on cubic' '
BaTi03 that remarkably well-defined sheets of
diffuse x-ray scattering exist in planes perpendicu-
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2. When the unwanted elastic incoherent compo-
nent, obtained by similar scans at a "clean" posi-
tion in the reciprocal lattice, is removed, resul-
tant profiles such as those of Fig. 3 are obtained.
The very broad peak centered around 8 = 0 is
clearly a continuation of the overdamped excita-
tions with smaller wave vector (q & 0. 15d", where
d' is the length of the reciprocal-lattice vector),
studied in some detail by Yamada, Shirane, and
I in', which displays critical behavior near the
phase transformation temperature characteristic
of an unstable excitation. Since the frequency com-
ponents of the excitation extend to typically phonon-
like frequencies, we shall for the present refer to
the scattering as due to an overdamped phonon
mode. We shall return to a discussion of the de-
tailed nature of the excitation later. We must, how-
ever, point out that our experimental results differ
from the earlier work of Shirane et al. ' in that
with a higher signal-to-noise ratio we were unable
to identify any peaks in the scattering at &o & 0 which
we could identify with an undamPed soft optic-pho-
non branch for any value of f along [f, 0, 0], al-

FIG. 1. Triple-axis spectrometer scans at constant
energy across the sheets of diffuse scattering. The path
of the scans is shown in the insert. The high background
level in the elastic scan {8&=0) is due to nuclear inco-
herent scattering. The inelastic scans {/~=4 meV) es-
tablish the dynamical origin of the scattering. The neu-
tron energy was 38 meV with 40-min collimation before
and after the sample.

lar to [h00] reciprocal-lattice vectors and are in
some way connected with the subsequent phase
transformations. Our first experiments were un-
dertaken to determine whether or not this diffuse
scattering is elastic or inelastic. There has been
a certain amount of controversy on this point, and
x-ray measurements are not capable of providing
the answer.

Figure 1 shows some of our results scanning at
constant energy transfer perpendicularly through
the diffuse scattering plane perpendicular to (400).
Results are shown first for elastic scattering then
for a neutron energy loss of 4 meV. It is readily
apparent that the general features of the diffuse
streaks seen by x rays exist in neutron scattering
as well. It is equally apparent that the scattering
is not entirely elastic. The truly elastic incoher-
ent scattering which provides the highuniform back-
ground of Fig. l. (a) is entirely missing in Fig. 1(b),
but the sheet of diffuse scattering is still clearly
visible.

A more complete picture of the energy distribu-
tion of the diffuse scattering is obtained from en-
ergy scans at constant Q such as is shown in Fig.
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FIG. 2. Energy profile of diffuse scattering. Only the
portions of the curves corresponding to phonon creation
are shown. The solid points show the truly elastic nuclear
incoherent background which must be subtracted to ob-
tain the dynamical scattering profile. The peaks at 12
meV are due to TA phonons. Note the extreme similarity
of profiles with q along [100] and [110]. In both cases,
the phonon displacements are along a (100] direction.
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shift of the outer maximum by - 1 meV, is clearlynot
in agreement with these simple predictions. These
and other related observations which we will de-
scribe can be understood as arising from an inter-
ference between two one-phonon states (TA and TO}
with the same wave vector q. Closely related inter-
ference effects involving pairs of q= 0 optic phonons
have been inferred from infrared reststrahlen
spectra' and observed more recently in Raman
scattering. '~

The scattering intensity due to creation or annihi-
lation of a single phonon of wave vector q is pro-
portional to a Fourier-transformed correlation
function

B lo l2

PHONON ENERGY, meV si(~Q) =Z +~(Q) && (Q)

FIG. 3. Typical scattering profile such as is given in
Fig. 2 with incoherent elastic background removed. The
broad component centered about Ku =0 is due to the over-
damped soft TO mode. Both the deep minimum near
5+=7 meV and the pronounced asymmetry of the TA peak
are the result of anharmonic-mode interaction. The solid
line is the result of the mode interference calculation
described in the text.

though there is very clear evidence of overdamped
modes over the entire region. Those sharp fea-
tures which the authors noted were unusually weak,
are certainly spurious and probably were caused
by structure in the reflectivity of the analyzing
crystal.

Notice from the extreme similarity of Figs. 2(a)
and 2(b) that broad scattering peaks, attributed
here to overdarnped phonons, are not restricted to
the [100] propagation direction but appear in the
[110]direction as well. We shall see later that it
is likely that a branch remains soft for al/ propaga-
tion vectors which lie in [100]planes.

Figure 3 shows in addition to the broad over-
damped behavior of the soft mode, a pronounced
broadening and asymmetry of the TA phonon peak.
The corrections for instrumental resolution here
are small so that the resulting line profile is nearly
the intrinsic shape. An even more striking effect
is demonstrated in Fig. 4 which compares the in-
elastic scattering profiles for two different values
of the scattering vector Q, which reduce to the
same point in the first Brillouin zone (BZ), i. e. ,
q = Q —6 is identical in both cases. Since the pho-
non-frequency spectra depend upon q (not Q) we
should expect such related phonon groups to be
identical in position and shape, and to differ only
in their relative intensities one to another by virtue
of the neutron-phonon coupling (the inelastic struc-
ture factors) which does depend upon Q. The ob-
served behavior, involving the disappearance of the
deep minimum between peaks and the simultaneous
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FIG. 4. Interference effects between TA and TOmodes
cause a shift in the apparent position and shape of the TA

phonon when observed at different positions in the ex-
tended BZ. The change from a resonant to an antireso-
nant situation results from a change in the phase of the
neutron-phonon coupling constant (dynamical strucutre
factor).

where Q&~(t} is the normal coordinate of the phonon

belonging to the j'th branch and E,(Q} is the inelas-
tic structure factor. In the harmonic approxima-
tion each Q&~ is a statistically independent eigen-
state so that the only nonvanishing terms in Eq.
(1) have j = j'. This leads directly to the behavior
predicted in the preceding paragraph. However,
the presence of anharmonic interactions causes
mixing of the original phononeigenstates, and cross
correlations begin to appear among normal coor-
dinates belonging to the same irreducible represen-
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TABLE I. Mode frequencies, damping and interaction parameters, and inelastic structure factors.

q
(in units of a*)

G T AGTp
('K) (me V)

Ir«
(mev)

~~TA
(mev)

~rTA
(mev)

52K,2

(me V)'
+TO~+TA

Q. 2

0.3

(22Q)
' l5.0 +3

(221)

(220) 12.7+3
(221)

(400) 150 9.8 +0.9

(400) 150 13.9 +0.5

29+ 5 8.47 1.1 +0.9 61.0

22+2 8.50+0.9 0.2+0.1 44. 0+5.2

33.2+1 11.7 +0.2 0.3+0.2 80.0+1

34 + 6 8.47 + 0.07 1.1 + 0.9 61.0 + 2. 9 —2.34 + Q. 29
1.87+ 0.14

—2.34

—2.16+0.4
—2.47+ 0.15

tation of the space group of the lattice. As an al-
ternative more intuitive description, one may con-
sider the one-phonon excitations as intermediate
states which decay into more complicated multi-
phonon final states. But inasmuch as two or more
one-phonon states feed the same final states, one
observes a true quantum-mechanical interference
between two competing scattering channels. The
result of the off-diagonal interference terms in
Eq. (1) is to render nonadditive the intensities of
the wings of the one-phonon scattering profiles of
such coupled phonon pairs, and the profiles thus
take on an asymmetric appearance. The fact that
behavior of this kind is to be expected in neutron-
scattering experiments on anharmonic crystals has
been discussed by several authors, most notably
by Cowley, ' but has not been observed. Note that
neutron scattering offers the additional possibility
of altering or even reversing the sign of the inter-
ference by making observations at different but
equivalent values of Q, thereby changing theneutron-
phonon coupling constants F,t(Q). We will show that
this accounts for the changes noted in Fig. 4.

In order to demonstrate the degree of quantita-
tive agreement of these ideas with our observations,
we evaluate in the Appendix an explicit form for
Eq. (1) for a single pair of interacting modes.
The result is

do kT
dQdw A +&@ B

+ 2&BF,F2+ [(Q, —(u ) B —I',A]Fp ~ ~ ~ (2)
where

A = (Qq —u ) (Q2 —&u ) —u I'ql'q —& ~ ~ ~,2 2 2 2 2 2

B= I'g(Q2 —~ ) + I'2(Q, —(u ) ~ ~,2 2 2 2

and Q, and I', represent the renormalized (quasi-
harmonic) phonon-frequency and mode-damping
parameters, respectively.

Analysis of the observed scattering cross sec-
tions was carried out by least-squares adjustment
of the parameters in Eq. (2). Some of the results
are shown in Table I, and the quality of the result-
ing fits, shown in Figs. 3 and 4, is quite satisfying.
The parameters themselves, particularly QTp and
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FIG. 5. Phonon-dispersion curve for the TA and soft
TO branches along [100]. For the acoustic branch (solid
line) the observed mode frequencies are given. For the
optic branch the quasiharmonic frequencies deduced from
optical (Q) or neutron-scattering (X) experiments are
given. The dotted line is of the form (I'co) =(I'co )2+Aq

FTp are of interest, since they offer the best esti-
mate, to date, of the projected behavior of the soft
mode free from damping and mode interaction ef-
fects. (In this analysis, we neglected corrections
due to instrumental resolution and mosaic spread
of the crystal because, in general, the observed
scattering cross section is very much broader than
that of the resolution function. There is one pa-
rameter, however, namely, FTA which could be
substantially affected by a more careful considera-
tion of the crystal mosaic spread. It seems likely,
in fact, that the difference between FT„reported
at 150'C and at higher temperatures is principally
not a temperature effect at all but reflects the dif-
ferent mosaic structures for the two different scat-
tering geometries in which the data were taken.
Hence the large error limits. ) It is, for example,
presumably the quasiharmonic frequency QTo which
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must be compared with any lattice-dynamical cal-
culations which ignore dissipative effects. The
estimated behavior of QTo is indicated in Fig. 5.
Notice that the mode overdamping condition 1 To
~ 2QTp is weakly satisfied at all temperatures and

q values listed in Table I. In fact, we find the
empirical relation I'»/P»= 2. 3 holds rather well
over the range of q and temperatures investigated.

This can be compared with the value I'/0= 4-6 at
q= 0 deduced from optical measurements in the

same temperature regions and I'/0= 9 at q = 0.08@".

Correction for mode-coupling effects discussed here
will lower this latter figure somewhat. From esti-
mates of the soft-mode eigenvector, derived from
the tetragonal structure, we may calculate in the

limit q- 0, FTo(400)/FT„(400)= Fro(220)/FrA(220)
= —1.V and Fro(221)/Fr„(221)= 4. 0. Since the

values given in Table I are deduced for finite q, the

qualitative agreement is satisfying. This analysis
gives the first experimental determination of the
relative polarity of phonon structure factors.

A few remarks are in order concerning the rela-
tionship of the anharmonic mode coupling discussed
here with another source af abnormal acoustic dis-
persion in materials with soft optic modes discussed
in a previous paper. ' In this latter case, the fa-
milar anticrossing behavior of two modes of the
same symmetry type was formulated as a "mode-
coupling" problem. This was done by choosing q
= 0 eigenstates as basis states for the dynamical
matrix at small but finite q. Normal harmonic
forces provide the coupling of these "bare" (i. e. ,
q=0) modes at finite q. The only important anhar-
monicity in this problem is that diagonal part which

provides a temperature-dependentq = 0 optical-mode
frequency. Although this proved to be a conve-
nient and physically satisfying description, it is
"fictitious" in the sense that the new coupled modes
are independent normal modes of the finite q dy-
namical matrix in the quasiharmonic approxima-
tion. However, after this essentially harmonic
coupling of q= 0 basis states has been carried out
there may remain anharmonic forces coupling the
two harmonic modes together through multiphonon
excitations. In the limit of small damping, the
anharmonic coupling simply produces an additional
repulsion between the two levels. The unique inter-
ference aspects observed in the present experi-
ments become important only if at least one of the
interacting modes becomes sufficiently broadened
to allow appreciable overlap of the spectral response
of the two excitations.

IV. ANISOTROPIC DISPERSION AND DESCRIPTION OF
SOFT OPTIC MODES NEAR(= 0

In contrast to the very soft and heavily damped
behavior of the phnnans which we have just dis-
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FIG. 6. Constant energy scans taken in a [t;f0] path
about the reciprocal-lattice point (220) cut both sides of
the TO phonon branch which rises sharply from its mini-
mum at the reciprocal-lattice point. Conventional energy
scans at constant Q yield very broad peaks indistinguish-
able from the background in these instances.

cussed, most other phonons in the lowest TO bran-
ches have energies which increase rapidly with q
to normal values. The dispersion is in fact so
large that satisfactory intensity peaks could not be
detected by the usual constant Q scanning technique.
The behavior was better studied by constant E scan-
ning, as shown by the typical intensity profiles of
Fig. 6. The relatively weak signals are a direct
consequence of the steep dispersion which results
in a small density of modes within the experimen-
tal resolution function. In such scans instrumental
resolution effects can also result in broadened peaks
shifted somewhat from that of the true excitations.
The corrections required for such instrumental
shifts can be calculated numerically, convoluting
the instrumental resolution function with the dis-
persion surface, provided that a suitable analytical
form for the dispersion surface is known. The
present data have been corrected in this manner
and in the process simple approximate analytical
expressions for u (jq) near q= 0 were developed.
These expressions, first of all, form a convenient
representation of our experimental results, and

second, may be useful in discussing any of the
many physical properties which depend upon the
soft-phonon density of states. A short discussion
of this topic is therefore of interest.

There are in fact two soft TO branches near q
= 0. The branches coalesce along the high-symme-
try [100]and [111]directions but are, in general,
distinct for other directions of q. In the [110]di-
rection one branch is polarized along a cube-face
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diagonal (T, or Zz), the other is polarized along a
cube edge (T2 or z4), and we shall consequently re-
fer to them as branches 1 and 2, respectively.
Technically, the critical point at q= 0 is an example
of a fiuted critical point, ' i. e. , although &u (jq)
cannot be represented in a simple Taylor expansion
about q = 0, it can be expanded in the form

K'+'( jq) = n~1d'(0) + A~(q) ~
~ q~

'+ Oq'+ ~ ~ ~, (4)

or, in other words, A& may depend upon the direc-
tion q= q/I ql of q.

Whereas &o (0) exhibits a strong temperature de-
pendence, A should be nearly temperature indepen-
dent. Exploiting the symmetry properties of cubic
BaT10~, A(q) was approximated in terms of the
lowest-order cubic harmonics. By determining the

A&(q) coefficients from the experimentally mea-
sured values of A along the three principal direc-
tions, we find that

A&(q) = [2A&(110) —A(110)] —2[A~(110) —A(100)]

x (qt+ q~+ q~) -[36A~(110)-9A(100) —27A(111)]

dispersion in PbTiO~, with seemingly similar dipo-
lar forces, is much more nearly isotropic.

Finally, we have extended our measurements to
large q to complete the dispersion of the lowest-
energy branches along the principal symmetry di-
rections. Data h"ve been previously reported for
the [100]direction and are in good agreement with

Fig. 5 with the exception noted previously concern-
ing the spurious sharp peak attributed to the soft
TO branch. In view of the extreme breadth of the
true soft excitation, the only meaningful single
frequencies for the TO branch which can be given
are the estimates for the quasiharmonic frequen-
cies shown in Fig. 5. For the remaining propaga-
tion directions, the data are summarized in Figs.
8 and 9. Also, not shown in Fig. 8, we have determined
the frequency of the triply degenerate I'zs modes
at the BZ center, + which are neither infrared or
Raman active. The mode assignment was made
by comparison of calculated and observed structure
factors at various reciprocal-lattice points. The
frequency was found to be (39+ 2) meV.

x (q~qyYg) + ' ' (5)

where (q„,q„,q,) are components of the unit vec-
tor q. See also Fig. 7.

Computed intensity profiles based upon a con-
volution of frequencies based upon Eqs. (4) and (5)
with the known instrumental resolution were com-
pared with the experimentally observed profiles.
For this purpose the dynamical structure factors
were assumed to be independent of the direction
of q. The parameters were then adjusted for self-
consistency. The parameters finally arrived at
in this way are

@~0--(3+1)meV at T=150 C (Ref. 20),

A, (110)= A(111)= (4750+ 300) (me V A)',

A(100) = (972 + 50) (me V A)',

A2(110) = A(100) .
The values of A(100) and Aa(110) come from the
analysis of the coupled-mode problem discussed
in Sec. III. An example of the fit of the resultant
calculation to the observed intensity profile in a
"hard" direction is shown in Fig. 6. In contrast to
the situation described in Sec. III, the linewidth is
fitted in a reasonably satisfactory way without in-
voking additional intrinsic phonon lifetime broaden-
ing.

Strong anisotropy in the soft branches of BaTi03
has been predicted by Huller to arise from the
harmonic contribution of polarization-enhanced di-
polar interactions. While the present results do
in fact confirm his predictions to a remarkable ex-
tent, it should be pointed out that the soft-mode
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V. CONCLUSIONS
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FIG. 8. Experimentally determined low-lying phonon-
dispersion curves for cubic BaTi03 along the principal
symmetry directions. With the exceptions noted on the
figure the lines have no theoretical significance.

The data of the preceding sections establish both
the extreme anisotropy of the low-frequency optical-
phonon dispersion and the overdamped inelastic
character of the pronounced diffuse scattering
sheets in cubic BaTiO& observed by x rays. Both
of these results serve to clarify certain aspects of
the order-disorder model introduced by Comes
et al. ' to explain their x-ray results. They con-
sider cubic BaTi03 to be intrinsically disordered,
being the result of chains of displaced atoms, the
chains lying along the principal cubic axes. How-
ever, as Huller has shown in detail, an aniso-
tropic distribution of optic-phonon frequencies such
as is shown in Fig. 7 also leads to sheets of diffuse
scattering and to atomic displacements strongly
correlated along (100) directions but in an instan-
taneous, not a static sense. If we add the reason-
able possibility of the lowest-frequency optic modes
becoming overdamped, this picture of dynamical
phononlike correlations seems to fit our observa-
tions in all details. It is therefore our opinion that
it is somewhat misleading to consider cubic BaTi03
as a disordered phase. For it is correct only in a
dynamical sense, and, of course, all crystal lat-
tices are dynamically disordered by vibrational
motion.

Having said this, we must go on to admit that it
is becoming increasingly clear that the terms "dis-
placive" and "order-disorder" really describe only
limiting behavior and that physical systems may be
distributed more or less continuously between
these extremes. Suppose, for example, we con-
sider the form of the collective potential experi-
enced by an optic-lattice distortion of a driven wave

I I
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I I

Q =(2.2, 1.8,0) 0
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FIG. 9. Typical energy profile of an inelastically
scattered neutron group in BaTi03, demonstrating the
general quality of the phonons which are not affected by
abnormal damping. The solid line is the shape predicted
as the result of finite resolution for undamped phonons.

vector in BaTi03. Has it but a single minimum,
or multiple minima for some values of q (e. g. ,
along (100)) but not for others? This is quite logi-
cal and a conceptually important question for which
there are no answers at present. In defense of the
phonon picture, we do find that, even insofar as the
details of the anharmonic coupling of modes is con-
cerned, the behavior of the soft branch seems to be
adequately described in terms of the simplest sort
of anharmonic phonon theory. Yet it is known
from investigations of the solidified gases that very
anharmonic potentials can, nevertheless, give
rise to excitations which upon observation behave
very much like normal harmonic phonons.
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APPENDIX: TWO-PHONON INTERFERENCE

Several authors' have given implicit expressions
for the indirect coupling of single-phonon excita-
tions through the multiphonon continuum by Green's-
function techniques. We sketch here an explicit
formulation for two interacting phonons based upon
the equation-of-motion method of Lax which
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closely parallels a simple classical description. '
The Fourier-transformed correlation function is

first rewritten, making use of one form of fluctua-
tion-dissipation theorem,

X 11 Xl(1 b12 b21X1X2)

X12 = b12XIX2(1 b12b21XIX2) i

where

(A4)

J dte'"' (A(0) B(t)) = 2h[n(ld)+1]lmX2„(~),

(Al)
where X»(&u) defines the linear response (B(t))
= X2+„e'"'to an applied forcing potential V

= Af 2„e' '. The most general motion of a normal
phonon coordinate (limited to the required linear
response) is of the form

&Q, (t))=-(o', &Q,(t)) Z,-f «B.;( )I

x&g„.(t —I))-f „e'"', (A2)

X'. -=—[(IC —~')+ t~l'. ] ',
(d~+ Reb~ui cot'~-=tmb2= 2

b„»((o)-=f d7e I"'B„„,(I) .
0

(A5)

X22 and X21 are obtained from (A4) by permutation
of indices.

While the anharmonic self-energies b„„.(&o) can,
in principle, be evaluated by knowledge of the an-
harmonic lattice potential, it is sufficient for the
present purpose to use the low-frequency asymp-
totic expressions

where p—= (j, q) and —p=—(j, —q), ld„is the harmonic

frequency. The kernel B„».(~) specifies the cou-
pling of two modes via fluctuations in the reservoir,
which in this case, are the remaining modes. Us-
ing lower-case letters for Fourier transforms we

flQd

Z[(~'. —~')5..+b..(~)]&q'(~)&=-f-'.

which for the case of two coupled modes (p, = 1, 2)
leads to the following expressions for the general-
ized susceptibilities &q„(&u))=-X„„.f „.:

Reb„„.(Id) = b2»„,+ O((g ) +. . . ,

IIII b»»l (Q1) = (0[I »»e + O(»1 ) + ~ ]
(As)

which follow from the fact that Reb and Imb are,
respectively, even and odd functions of (d. In par-
ticular, we expect that Imb&2 «Reb» at low fre-
quencies and thus we may approximately set b&2

= b» = —&, a real constant. Combining these rela-
tions with the high-temperature approximation
n(&u) = tIT/tt&u) 1 we arrive finally at the explicit
expression given in Eq. (2).
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