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sime, for example, if the carriers come from two
distinct portions of the Fermi surface. Bennett~
has studied the region of the Fermi surface of lead
which contributes to the tunneling current in the
[lj.0], [ill], and [100]directions (Fig. 9). Using
this information Rnd the Andex'son RQd GQM foul-
parameter model for the Fermi surface of lead,

the Fermi velocities of the different components
in the tunneling current were computed. The re-
sults do not agree at RQ well with the measured
values. In particular, one component has a vel-
ocity about twice the value of any of the computed
ones. This dlsc1 epancy remains unexplained Rnd

is worthy of further 'study.
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Quantized Flux States of Superconducting Cylinderss'
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We have measured the magnetic flux trapped in hollower superconducting cylinders (14-56-p,
i.d. , 0.1-5-p, vrails, 0.5—2.5 cm long) as a function of the applied magnetic fieM in vrhich the
cylinder vras cooled through its transition temperature. Fox most applied fields, the entire
cylinder is in the same quantum state; for some fields there is a mixed state vrith bands along
the cylinder in states differing by one flux quantum. In cylinders vrith vralls thick vrith respect
to the penetration depth, the trapped flux is an integral multiple of lie/Sea@&. We have meas-
ured the temperature dependence of the trapped flux in a cylindex containing a single flux
quantum and find a continuous reversible change by just the amount required to maintain the
constancy of the fluxoM, .

I. INTRODUCTION

London introduced the concept of the Quxoid 4

defined for any closed path within a superconductor

by

4= )(4x&/c) j ~ ds+ g A ds=nC',

where X is the penetration depth, j the supercurrent
density, and A the magnetic vector potential, Rnd he
predicted that 4'would be quantized. '3 This prop-

erty of superconductors follows immediately from
requiring that the macroscopic wave function be
single valued. The quantum 40 determined experi-
mentally and related to the pairing of electrons by
the microscopic theory: is

@0 =Ac/28 = 2. 07x10 ' Gcma.

For a hollow superconducting cylinder with wall
thickness large compared to the penetration depth,
a path can be chosen along which the current is ar-
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bitrarily small, and thus the first integral in Eq.
(1) can be neglected. Then the total magnetic flux
trapped by a persistent current in the cylinder is
precisely quantized in units of Co. The first exper-
imental demonstrations of fluxoid quantization were
obtained by measurements of quantized flux trapped
in superconducting cylinders. ' ' Immediately after
these experiments there were a number of theoreti-
cal papers dealing with fluxoid quantization using
both microscopic theories and various phenomeno-
logical theories. ' All relate the factor of 2 in the
quantum to the pairing of electrons in superconduc-
tors. Various properties of superconducting cylin-
ders are discussed including the periodic variation
of the free energy with flux in the cylinder, the sta-
bility of persistent currents, and the interpretation
of the state of the cylinder as a macroscopic quan-
tum effect.

Little and Parks measured the periodic varia-
tion of the resistance of small superconducting
cylinders (-1-p, diam) with enclosed magnetic flux
and thus exhibited vividly a consequence of the peri-
odic variation of the free energy by way of its effect
on the transition temperature T, and hence on the
resistance near T, . Kwiram and Deaver ' observed
the flux change as a superconducting cylinder was
cyclically varied through T, in an applied magnetic
field and obtained magnetization curves which were
periodic with enclosed flux with period @p.

Using an electron interferometer, Lischke ' and
Boersch and Lischke' have observed the flux trap-
ped in very small cylinders (0.3-0. 5- p, i. d. ) and
find it is nCO +4%. They observe that when several
quanta are trapped in a tapered cylinder, the flux
escapes in discrete steps of @0 along the length.

For a cylinder with walls thin with respect to X

there is current eveq at the outer surface and thus
the first integral in Eq. (1) cannot be neglected.
In this case the trapped flux can be less than the
full value n40 and was first shown by Bardeen to
be

(3)

for a cylinder with radius r and wall thickness zo.
For a cylinder with walls so thin that the current
density is uniform this result follows from Eg. (1)
if the current and flux are related by y = zL, ,
where L is the inductance of a current sheet with
the mean radius of the cylinder. 3' This result and
expressions for the flux trapped in cylinders with
walls of arbitrary thickness (which reduce to this
result for very thin walls) have been obtained from
microscopic theory, Ginsburg-Landau theory, and
from various other models ' ''8' ' ' From
Eg. (3) it is evident that even at very low tempera-
ture, for sufficiently small thin-walled cylinders,
the trapped flux will differ from n40; for any cyl-
inder near T„as X becomes large, the flux y

should ~ie less than n4~.
Mercereau and Crane and Hunt and Mercereau

have verified the constancy of the fluxoid by ob-
serving the reversible variation of the Qux with
temperature in rings containing 10'-10' Qux quanta.
They find agreement with the temperature variation
expressed through X(T) in Eq. (3). Using an elec-
tron interferometer to observe the flux in very
small cylinders containing one of a few quanta,
Lischke'~ finds no reduction due to very thin walls
and no variation from nC 0 with temperature.

Recently Goodman and Deaver3' reported experi-
ments using a superconducting magnetometer to
measure the flux trapped in small cylinders. For
most values of the initial applied magnetic field the
entire cylinder was found to be in the same quantum
state with 4 =n4, + 1'%%uo. For some initial applied fields
the cylinder was found to exhibit a mixed state with
bands along the length of the cylinder in states dif-
fering by one Qux quantum. Pierce 6 has proposed
a model consisting of domains with alternating cir-
culation along the length of the cylinder to account
for these observations. He shows that the domains
are metastable once they are established and dis-
cusses mechanisms for nucleating them.

Vfe report here refinements of the measurements
of Goodman and Deaver along with new results on
the temperature dependence of the trapped flux. The
domain structure has been observed with much bet-
ter resolution; the total magnetic moment of the
cylinder is shown to vary almost continuously with
applied field, thus accounting in detail for the
apparent contradiction of precise quantization posed
by obServed trapped flux values other than n40 when
the average flux in the whole cylinder is measured.
Also the flux is measured as a function of tempera-
ture when the entire cylinder is in the same quan-
tum state and reversible variations in good agree-
ment with Eq. (3) are found.

II. TOTAL FLUX MEASUREMENTS

In the original experiments of Deaver and Fair-
bank and of Doll and NKbauer. &

' the average flux
trapped in small superconducting cylinders or the
total magnetic moment of the cylinders was mea-
sured. Our initial experiments essentially repeated
these measurements with a magnetometer of very
much higher sensitivity. Most of the superconduct-
ing cylinders were formed by evaporating Sn or In
onto a copper wire insulated with Formvar. The
end of the wire was connected to a copper block
cooled with liquid nitrogen during the evaporation
to obtain more uniform films than resulted when the
substrate was not cooled. Cylinders 14-56-p, i.d. ,
with walls 1000-5000 A thick and 0.5-2. 5 cm long,
were used. A few cylinders with walls up to 5 p.
thick were made by electroplating Sn directly onto
copper wires.
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FIG. 1. Diagram of electronics used for operating
superconduc ting magnetometers.

Measurements were made with a superconducting
magnetometer similar in concept to the one des-
cribed by Silver and Zimmerman. A niobium ring
with an adjustable point contact was coupled to the
inductor of a tank circuit tuned to about 30 MHz and
driven with a constant-current source (see Fig. 1).
A small audio-frequency magnetic field was applied
to the Nb ring producing a modulation of the rf
which was phase sensitive to the flux linking the
ring. The audio signal was fed to a lock-in ampli-
fier whose output was fed back to a long solenoid in-
side the Nb ring. When the feedback loop was
closed, the flux within the ring was constrained to
remain constant, and the current flowing in the
solenoid became a direct measure of flux changes
through the ring.

The configuration used for total Qux measure-
ments is shown in Fig. 2. The solenoid marked
"calibration coil" was used for the feedback cur-
rent from the lock-in amplifier. The aluminum
cylinder surrounding the sample was many skin
depths thick to shield the sample irom rf fields.

A few centimeters above the magnetometer and
coaxial with it was mounted a long solenoid within
which a known field could be applied to the sample
cylinder. The sample cylinder was enclosed in a
small glass or quartz tube mounted at the tip of an
aluminum rod used to move the sample from the
solenoid into the magnetometer. One end of the
copper wire on which the sample cylinder was de-
posited was connected to a carbon resistor mounted
in a cavity inside the aluminum rod. This resistor
was used to heat the sample and to monitor its
temperature when it was not being heated.

The magnetometer and solenoid were mounted
inside a copper can filled with He gas. A super-
conducting magnetic shield made of 0. 25-mm Pb
foil completely enclosed the copper can and the
assembly was immersed in a temperature-controlled
helium bath. Glass Dewars were used and a two-
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FIG. 2. Magnetometer configuration used for total
flux measurements.

layer Mu-metal shield enclosed the entire cryostat
reducing the ambient magnetic field to about 1 mG.

Although the magnetometer could detect flux
changes of -10 Co, the absolute value of the flux
change was known only to within + —,'%. This ab-
solute calibration was obtained from the known
geometry of the calibration coil. It is necessary
to take into account the difference in coupling of
the calibration coil to the magnetometer ring and
the sample to the ring. Also there is a small cor-
rection due to the diamagnetism of the sample in
the small field produced by the feedback current.
The calibration was checked by using the fact that
when the feedback loop was opened, the output of the
lock-in was a periodic function of the flux through
the Nb ring with period 40. The two procedures
yield calibrations consistent within + 1%.

Trapped-flux measurements were made using the
following sequence: The sample cylinder was
placed inside the upper solenoid in a known uniform
magnetic field, cooled below the transition temper-
ature T„ then removed from the field and inserted
into the magnetometer ring. It was then heated
above its transition temperature and allowed to cool
below T, again. The change in magnetometer read-
ing was a measure of the trapped flux. Some re-
sults are shown in Fig. 3. Several conclusions can
be drawn from this data: For most values of the
field the trapped flux is an integral multiple of'40
within +-,%. The sizes of the steps are identical
within —,'%. The product of the incremental mag-
netic field between two steps and the cross-sec-
tional area is @0.

The measured values of trapped flux lying between
integral multiples of 40 are repeatable and indepen-
dent of temperature from about 0.010 K below T,
to 2. 0 K below. (Figure 4 indicates typical repeat-
ability. ) Further, the flux trapped at a given tem-
perature is unchanged if the temperature is subse-
quently lowered, provided the wall thickness is
much greater than X for both temperatures.
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FIG. 3. Trapped flux as a function of the magnetic field
in which the cylinder was cooled below its transition tem-
perature. These data were taken with a tin cylinder,
56-p i. d. and 24 mm long, with walls about 5000 A. thick.

Essentially identical results were obtained for
cylinders with walls from 0.V-5 p, thick. A de-
pression of the trapped flux by 3. 5% from @a was
observed for a cylinder with walls 0. 14 p, thick.
Since for this cylinder the assumption that the wall
thickness is large compared to g is not valid, the
first integral in Eq. (I) is not negligible and a de-
pression given by Eq. (3) would be expected. Con-
sidering the uncertainties in both the penetration
depth and the film thickness the agreement is rea-
sonable.

Initially the points lying between full quantized
values in Fig. 3 were very puzzling. However,
after more detailed measurements revealed the
domain structure (which will be discussed in Sec.
Ill) the interpretation of these points became clear
Since bands along the cylinder can exist in different
quantized Qux states, appropriate distributions of
the bands along the length of the cylinder can permit
the average flux in the cylinder to vary almost con-
tinuously. The large Nb ring magnetometer used
for these measurements senses the net Qux linking
the Nb ring, so it measures essentially an average
of the flux in the cylinder over a length approxi-
mately equal to the diameter of the ring.

By a second kind of measurement using this mag-
netometer we were able to determine that the par-
ticular distribution of bands was chosen when the
cylinder was cooled through its transition temper-
ature in the presence of the applied field and the
distribution was not changed when the field was
turned off. For these measurements a uniform
field was applied within the Nb ring by means of the
calibration coil. The sample cylinder was cooled
through T, in zero applied field outside the magne-
tometer and then inserted into the magnetometer
ring. The resulting Qux changes corresponded to

Prompted originally by the suggestion of Pierce
that a domain-type structure might exist, we modi-
fied the large ring magnetometer by adding a pair
of superconducting coils connected in a continuous
circuit to transfer flux from a small sensing coil
into the magnetometer. The small coil gave much
better spatial resolution and permitted measure-
ments of flux as a function of position along the cyl-
inder. These measurements gave compelling evi-
dence for the existence of just such a domain struc-
ture. "

Subsequently, we used another configuration of

CV

E 2.0— X~ W % X 5 X X X

O
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O

1.0—X

tL

X

o a—a&a- +
2.0 4.0 6.0 8.0

M4GNETIC FIELD (10 3 Oe)
10.0

FIG. 4. Trapped flux as a function of the field in which
the cylinder was cooled through its transition temperature.
These data were taken with the same cylinder used for
the data in Fig. 3. The dots and crosses are data from
two different runs at 3.68 and 3.60 K, respectively.

the expulsion of the applied field from the total
cross-sectional area of the sample and yielded the
straight line in Fig. 5. (This provides still another
means of calibrating the magnetometer and is con-
sistent with the two previously mentioned ones
though not as accurate since the area of the sample
is not so precisely known. ) The sample was then
heated and allowed to cool again through the transi-
tion temperature in the applied field. The flux
change then observed yields the lower curve in Fig.
5 and corresponds to the magnetization of the cyl-
inder in the applied field. Finally, the applied field
was turned off, the sample heated above the transi-
tion temperature, and the corresponding flux change
measured, giving the trapped-flux curve shown in
the upper part of Fig. 5. The difference between
the straight line and the lower curve gives exactly
the trapped flux curve, indicating as stated above
that the particular mixed state is chosen when the
cylinder is cooled through T, in the field and is un-
changed when the field is turned off.

III. DETAILED FLUX MEASUREMENTS
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FIG. 5. Upper: Trapped flux as a function of the
magnetic field in which the cylinder was cooled below
the superconducting transition temperature. Lower:
Flux produced by the cylinder in the field in which it
was cooled below the transition temperature. The
straight line shows the flux produced by the cylinder
when it is inserted into the applied field already super-
conducting and with no flux trapped.

the magnetometer, shown in Fig. 6, for improved
spatial resolution. This magnetometer is similar
to one described by Zimmerman et a/. It was op-
erated using the same circuits (Fig. 2) as for the
Nb ring magnetometer and was mounted similarly.
For these measurements the sample cylinders were
not enclosed in glass tubes so that the pick-up loop
could be as close as possible to the cylinder. As
before, flux was trapped in the cylinder by cooling
it through its transition temperature in an applied
field, and then the field was turned off. The cyl-
inder was then passed slowly through the small
loop and the magnetometer output was recorded as
a function of position.

Many cylinders (14-, 26-, or 56-p, i.d. , with wall
thickness 1000-5000 A) were mapped in this way
and all showed the same general behavior. A rep-
resentative set of maps is shown in Fig. 7. These
data were obtained with a cylinder approximately
the same diameter (56 p. ) as that used for the data
in Fig. 3. The map at the bottom of the figure
shows the output of the magnetometer when the cyl-
mder is completely normal. The curve shows ran-
domly distributed magnetic impurities in the normal
cylinder and the pattern is completely reproducible
when the mapping is repeated several times. (We
estimate that 0. 1-1 ppm of ferromagnetic impurity
in the wire would account for this background. )

~COAX

NIOBIUM POINT
CONTACT SCREW~

{000-120)
SPRING ~COP P E R WIRE

DR I V E LOOP
(1.1 mm diam)

r f DRIVE COIL

SUPPORT SCR

MYI. AR SHEET

POXY BOND

EVAPORATED~T I N C Y L I ND E R

NIOBIUM
SAMPLE LOOP
(0.075 mm diam)

FIG. 6. Magnetometer configuration used for meas-
uring flux as a function of position along the cylinder.

Each of the maps above this one is labeled with the
value of the applied magnetic field in which the
cylinder was cooled through the transition tempera-
ture.

The map for H=0. 84 mOe shows that almost the
entire cylinder is in the zero quantum state. The
trace is much smoother indicating that most of the
magnetic impurities are inside the superconducting
cylinder and are screened from the pick-up loop;
the extent of the cylinder is clearly evident from
4-19 mm. The two sharp spikes probably result
from two bands in the n=1 quantum state that are
too small to be completely resolved by the pick-up
loop. The small offset of the curve in the negative
direction indicates that the ambient field at the
pick-up loop is not zero and is producing a small
diamagnetic signal.

The sequence of maps for 2. 52-4. 62 mOe cor-
responds to total flux values lying on the curve be-
tween zero and the first step in Fig. 3. For this
range of trapping fields there are some regions
with trapped flux and others with none. Small
field changes cause large changes in the flux pat-
tern (cf. curves for 4. 20 and 4. 45 mOe). For fields
less than approximately 4 mQe, bands exist either
in the zero-flux state (n= 0) or with one flux unit
trapped (n= 1), with most of the cylinder having
n= 0. For fields slightly larger than 4 mOe, the
pattern is inverted with most of the cylinder having
one flux unit trapped.

The map labeled II = 2. 52 mQe already indicates
a large band in the n= 1 quantum state near the left
end of the cylinder along with some smaller bands.
Ay the applied field is increased, more of the cyl-
inder is in the n=1 state until, in the map for
H= 6.30 mQe, all of the cylinder is in the n= 1
state except for two small bands corresponding to
two of the large magnetic impurities in the bottom
maps of the normal cylinder. The top curve is a
map with all of the cylinder in the n = 2 state ex-
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By integrating the curve of flux versus position,
the average flux trapped in the cylinder can be
determined. We have done this for a sequence of
41 maps corresponding to applied fields from 0 to
25 mOe and to trapped. flux values from 0 to 3@0.
The results are shown in Fig. 8 and they agree
very well with the trapped flux curve determined
with the large Nb ring magnetometer (Fig. 3).

It is possible to have the cylinder exhibit more
complicated flux patterns by trapping flux, slowly
warming the cylinder, then quickly recooling as
the flux begins to change. In one map following
this procedure we found bands corresponding to
n=1, 2, and 3.

For a perfectly uniform cylinder in a completely
uniform field along its axis, we might expect that
the bands would be randomly distributed, being
determined by fluctuations as the cylinder is cooled
through 7,. The fact that the flux is trapped re-
peatably in the same patterns in our cylinders in-
dicates that nucleation in a particular state is
determined largely by the nonuniformities, partic-
ularly the magnetic impurities, in the substrate.

IV. TEMPERATURE DEPENDENCE OF TRAPPED FLUX

With the same magnetometer configuration used
for mapping the flux distribution, we were able to
measure the trapped flux as a function of temper-
ature. The cylinder was cooled well below its
transition temperature in an applied field which
produced a flux distribution like that for H= 6.30
mOe in Fig. 7, with essentially the entire cylinder
in the n = 1 quantum state. Then the loop was posi-
tioned well away from the end of the cylinder and
from the intense magnetic impurities, and the
magnetometer reading was plotted as the temper-
ature was increased.

As the temperature approached T, there was in

I I I I I I I I I I

I I I
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I
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—6.0-
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E
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FIG. 7. Magnetometer output as a function of position
of the pickup coil along the length of the cylinder. The
curves are labeled with the values of applied field in
which the cylinder was cooled through its transition
temperature.
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cept for the same two small bands. We have made
sequences of maps up through 12 Qux units trapped
and find that this pattern repeats regularly. In
general, we find that for trapping fields correspond-
ing to points between the n and n+1 steps in Fig.
3, the Qux maps indicate regions with no less than

0.0 —-"
0 4.0

I I I I I I I I

8.0 12.0 . 16.0 20.0 24.0
MAGNETIC FIELD (10 & Oe)

FIG. 8. Average flux in the cylinder as a function of
applied field. Each point corresponds to the area under
a corresponding flux distribution curve (Fig. 7).



1536 GOODMAN, WILLIS, VINCENT, AND DEAVE R

1'00
I

0.90—

0.80—

0.70—

I

092
I

0.94
'I

0.96 0.98

I

I

I

l.

I
I

I

1.00

FIG. 9. Trapped flux as a function of temperature.
The points are data for a tin cylinder (14-p i.d. , 6000-A
walls, 1 cm long), in a state with I=1. The curve is a
fit to Eq. (4). The dashed line indicates a jump to the
zero flux state.

(4)

with

x= [l —(r/r, )'] '"
and a=to/X, ,

general a continuous decrease in flux followed by
an abrupt jump. Often the jump was to zero flux;
in these cases remapping the distribution showed
that a part of the cylinder 0. 1-1 mm long, directly
beneath the original position of the loop, had

changed to the n=0 state. Sometimes there were
smaller abrupt jumps; in these cases remapping
showed that a band within a few hundredths of a
millimeter of the original loop position had changed
to the n= 0 state. Usually it was possible to ob-
serve the trapped flux decrease by -

20%%uc before
a jump occurred. For one cylinder a continuous
decrease of about 30'%%uc was observed The m. ea-
sured flux as a function of reduced temperature
for this cylinder is shown in Fig. 9, where the
points indicate values read off the continuous flux
plot.

For any point before the abrupt jump, lowering
the temperature again restored tI.e full original
flux value and remapping indicated the same uni-

form distribution of flux.
There have been several calculations

of the magnetic flux in a long superconducting
cylinder. When x» ~,

where Xo is the value of the penetration depth at
T= 0, x is the inner radius of the cylinder, zo is
the wall thickness, and T, is the transition temper-
ature. This result is etiuivalent to Eq. (3) for
r/r, =1.

The curve plotted in Fig. 9 is a best fit of Eq. (4)
to our data using T, and n as parameters. A value
of Xo is obtained from the slope of 4y versus x/
[sinh(n/x)]. The values r, =3.745 K, o.'=4. 0, and

~0= 1200 A, obtained from this fit, are consistent
with the measured T,=3.V5 K, the estimated wall
thickness of -5000 A, and the penetration depth
found in similarly prepared Sn films.

V. SUMMARY AND DISCUSSION OF RESULTS

The results of our experiments can be summa-
rized by several general statements about the
quantized flux states of these superconducting cyl-
inders. For most values of the applied magnetic
field the trapped flux is distributed uniformly
throughout the entire cylinder and is nC'o+ —,'%. For
some values of the applied field a mixed state oc-
curs with bands along the cylinder in states dif-
fering by one flux quantum. These bands are dis-
tributed in such a way that the average flux in the
cylinder appears to vary almost continuously as a
function of applied field. The particular distribution
of bands is determined as the cylinder cools through
the transition temperature in the presence of the
applied field and is not significantly altered when
the field is turned off. The distribution is inde-
pendent of temperature from about 0.01 K to several
kelvins below T,.

When the cylinder is in a uniform state with one
flux quantum in the entire cylinder, the trapped
flux is found to vary reversibly with temperature
in just the way required to maintain the constancy
of the fluxoid.

Pierce first suggested that superconducting cyl.-
inders might exhibit a reasonably regular domain
structure with small grain size (for example, bands
of length comparable to the diameter of the cyl-
inder). He hypothesized that superconductivity
nucleates in a number of regions along the cylinder
as it is cooled through the transition temperature,
and that these regions may nucleate in different
quantum states. They subsequently grow to fill
the cylinder and, where two regions of different n

meet, a vortex is formed. He used the Landau-

Ginsburg theory to show that even for temperatures
very near T, the vortices are very strongly pinned

for even slight inhomogeneities in the cylinder
wall; thus the domain structure is stable against
changes in field and temperature. He also con-
sidered the problem of nucleation in different states
and showed that ultimately thermodynamic fluctua-
tions should produce a random distribution of
domains along the cylinder.
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Since the spatial distribution of the domains in
our cylinders is very reproducible, it is most
likely that the large biases produced by the mag-
netic impurities in the copper wire determine the
domain pattern. Also, slight inhomogeneity in the
field and nonuniformity of the cylinder tend to cause
nucleation in the quantum state of larger n prefer-
entially at one end of the cylinder.

The distribution of bands of alternating quantum
number separated by pinned vortices can be pic-
tured as a quantized flux line weaving in and out
of the wall of the cylinder. The possibility of a
flux line leaking through the wall at a normal spot
was cited as a possible explanation for measured
values of flux lying between quantized states in the
original measurements. ' Our experiments show
that it was very likely that a domain structure
existed in cylinders used for those experiments
and accounts for the intermediate values since
the average flux or total magnetization was being
sensed.

Individual quanta trapped in the walls of super-
conducting cylinders have been observed in other
experiments. Lischke has used an electron inter-
ferometer to exhibit the escape of flux in single
quanta along the length of cylinders of about l- p.

diam. He has observed a quantized band only 8 p,

long. Some time ago Zimmerman and Mercereau"
used a method very similar to the one used for our
experiments to observe flux pinned as localized

single quanta in solid Nb wires.
Although we always observed a domain structure

in our cylinders, it seems possible that for suf-
ficiently small thin-walled hollow cylinders the
current density required to trap one flux quantum
might be so large, and the pinning so small, that
the structure would be unstable. Lischke has, in
fact, observed flux creep in his small cylinders;
however, there is a small heating of the cylinder
by the electron beam in his experiments.

Our results for the variation of the trapped flux
with temperature are in good agreement with theory
and correspond to the adiabatic variation of a
quantum state with n= l. A possible explanation
for the disagreement between our results and
Lischke' s results which show no temperature de-
pendence could be the rearrangement of the domain
structure as the temperature is raised. At a given
cross section of the cylinder the flux may retain
almost its full low-temperature value while the
distribution of domains is changing at other sections
of the cylinder. It may be that the net reversible
change was too small to be observed before an ir-
reversible shift of quantum state of the particular
band being observed occurred. Another alternative,
of course, is that although we expect both experi-
ments to respond to A ds along the path enclosing
the cylinder (defined by the electron beam in one
case or the pick-up loop in the other), this may
not be true.
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This paper presents an experimental study in bismuth of the acoustic plasma wave at mic-
rowave frequencies. We have studied the coupling, in the presence of a dc magnetic field,
of this wave to the Alfvdn mode; experiments have been performed at two frequencies: 10
and 3 GHz. The 3-GHz transmission spectrometer devised by the authors shows very
clearly the presence of the magnetoacoustic mode, while at 10 GHz hybrid and cyclotron
resonances are mixed with the phenomenon studied. The electromagnetic theory of this
phenomenon in the case of a collisionless isotropic plasma is recalled; the case of bismuth
is then fully analyzed and compared with experiment. From the coupling of the two modes,
n&0 is obtained, where n is the carrier density and &0 the band overlap.

I. INTRODUCTION

Alfven-wave propagation in bismuth has been
extensively studied' since the original work of
Buchsbaum and Gait. ~ Using compensated solid-
state plasmas, McVfhorter and May have tried,
unsuccessfully, to discover evidence for acoustic
waves, in the electron-hole gas. Yokota has
studied the theoretical coupling of the compression-
al Alfven mode with the magnetoacoustic wave in
the presence of a magnetic field; this effect has
been observed experimentally in bismuth by Lupat-
kin and Nanney' and, more recently, by D'Haenens
and Libchaber.

In this paper a theoretical and systematic experi-
mental study of the magnetoacoustic mode in bis-
muth is presented.

In Sec. II, the electromagnetic theory of this
phenomenon allows the analysis of the effect of
temporal and spatial dispersion on the wave spec-
trum. In the same section, the dispersion equation
of the compressional Alfven wave and of the mag-
netoacoustic mode is obtained in the complex case
of bismuth, from the knowledge of the conductivity
tensor for an ellipsoidal Fermi surface in the spa-
tial-dispersion regime (Appendix 8). An important
result is derived: The quantity neo (where n is the
carrier density and &, the band overlap energy) can
be obtained experimentally.

In Sec. III, the experimental apparatus used is
presented, in particular, the two-strip-resonators
transmission spectrometer used at 3 GHz.

In Sec. IV, the theoretical and experimental re-
sults are presented and compared at two frequen-
cies: 9.65 and 2. 80 GHz. It is shown that at 2. 8

GHz the magnetoacoustic mode appears very clear-
ly, while at 10 GHz hybrid and cyclotron resonance
are mixed with the phenomenon studied.

In Appendix A, it is recalled that the magneto-
hydrodynamical model of the propagation and cou-
pling of the compressional Alfven wave with the
acoustic wave can be applied to the collisionless
plasma, when the direction of wave propagation is
perpendicular to the magnetic field. This approach,
a classical one for gaseous-plasma physicists does
not yet seem to be widely known to solid-state phys-
icists.

II. ELECTROMAGNETIC THEORY OF PROPAGATION OF
COMPRESSIONAL ALFVCN MODE AND ITS COUPLING

WITH MAGNETOACOUSTIC MODE

In Sec. II A, we review the electromagnetic theory
of the Alfven and magnetoacoustic modes for an

isotropic compensated plasma. In Sec. II B we

study the limits of these results in the cyclotron-
resonance (e - ~,) and nonlocal-dispersion (qR - 1)

regime, where q is the wave vector and R the cy-
clotron radius. Finally, in Sec. IIC we present
the theory of these modes for an anisotropic plasma
like bismuth.

A. Electromagnetic Theory of Coupling of the Compressional
Alfven Mode with the Magnetoacoustic Mode

The electromagnetic theory of the coupling of the
compressional Alfven mode with the magnetoacous-
tic mode has been described by Yokota. Let us
recall it briefly. Consider an isotropic degenerated
compensated plasma gas with an electron (hole)
Fermi energy er, (e») and carrier density
n(n, =nz). The conductivity tensor, in a small spa-


