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Oscillator strengths of the transitions from S&~2 to some of the P, 6I, and D multiplets
at a C4„symmetry site in SrF2. Gd have been measured experimentally and compared with
calculations using the Ofelt-Judd theory. Calculations using crystal-field wave functions for
the Pqy2 and P&~2 spectra showed that J mixing is negligible and, in agreement with Zeeman
measurements, the transitions are predominantly magnetic dipole. The I transitions are
predominantly electric dipole and the intensities are in good agreement with theory. The
line-strength parameters Tz are 3.4+0. 1, 1.05+1'.05, and 12.2+0. 05 cm x10 for A, =2,
4, and 6, respectively.

INTRODUCTION OUTLINE OF CALCULATIONS

The alkaline-earth fluorides doped with trivalent
rare-earth ions offer a unique opportunity to test
line-strength calculations. The cubic site possesses
inversion symmetry and allows only magnetic
dipole or electric quadrupole transitions. This
site is formed when the rare earth, located at a
divalent cation site, is charge compensated by a
negative ion more than two lattice constants re-
moved. ' At a site of axial symmetry, which lacks
inversion, the odd components in the multipole
expansion of the crystal field introduce opposite
parity into the states of f", and electric dipole
transitions may occur.

Thus the magnetic dipole strength can be studied
independently of the combined electric and mag-
netic dipole transitions. An analysis of the P
transitions for the cubic site observed in CaFz..Gd '
has been reported. ~ ln this paper the electric
dipole contribution observed at a site of C4„sym-
metry in SrF2.Gd" is analyzed according to the
Ofelt-Judd theory. '

The calculations wiil be given in outline form
here since the original paper by Judd gives an
excellent description of the theory. The contri-
bution to the oscillator strength due to magnetic
dipole transitions is given by

The average energy of the transition is v, n is the

index of refraction, and the other constants have

a value of 4. 028x10 cm. The reduced-matrix
elements are given for &J=0 by

(«SJI
I

+gL, ll s«sz) = [J(z+ 1)) g,
where g is the Landd g value given by the formula

J(Z+ 1) —L(L+ 1)+ S($+ 1)
s 2Z(Z+ 1)

The gyromagnetic ratio of the electron, g„ is
2. 00327. For ~J= —1,
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(S+ L+ J+ 1)(J+L —S)(J+S —L)(S + L —Z+ 1)
4J

with an analogous expression for &J= 1. The 4J
selection rules obtained from the use of free-ion
state vectors are closely obeyed in the cubic site
spectra. ~

The electric quadrupole contribution is about
1% of the MD portion for the ~P levels studied.
This contribution is given by

P. =-'"x. T'I«'S7/a]l
I

&"'I
I
[~LSz])I',

where

@e=+[n(n'+ 2)']

T2is about 9.1V~10 cm for Gd
' if Free-

man and Watson's' (f I Ideal If 7) integrals are used.
The reduced-matrix element, which also enters
into the electric dipole calculation, will now be
defined.

The electric dipole contribution is given by

v (n'+2)'
ED 8 9

The reduced-matrix elements are

([«S&]
I I

&"'I
I
[~ 'L'S&'])

( 1) z +7+x[(J+ l)(J I+ l)]1/2

X, aI S U 0 'L'S

The doubly-reduced-matrix elements are found in
tables or computed from sums over fractional
percentage coefficients. ~

The selection rules are conveyed in part by the
curly brackets which denote a 6-j symbol. 6 In
the case off ~, all diagonal matrix elements in the
Racah basis are zero.

The parameter is given by

8 2
Z'„= (B.+1) Z (2k+1)A.':- (k, &),

Q odd

where the dependence on odd terms in the multipole
field expansion is

~~',
~

'/'(2k+1)
t&i&a

1 X jg:(k, X) = 2 Z (2l + 1)(2l ' + 1)(-1)'"
n'l'

l 1l' l' kl
(nl I I rl In'l)(nl I la I In'l)

OO0, 0 OO «.t, , ~r

The large curved brackets are 3-j symbols. 6

The parameter T~ is usually found by fitting to
experimental data. It may also be investigated
from first principles.

For crystal-field states described by linear
combinations of the J, quantum numbers, the
polarization dependence is given by

8 On p- q+p 0

x-=(k, ~)
i
([c/LSZZ, ] I l/„",'i [«SZZ,]'))'.

When summed over the quantum numbers J, and

J,' for the excited and ground multiplets and over
all polarizations the results given above are ob-
tained.

The matrix elements required to compute the
line strengths are given in Table I. These values
were calculated from the free-ion vectors obtained
by diagonalizing the Hamiltonian due to Judd et
al. ' using the complete set of the 119 Racah states
as a basis.

The effects of crystal-field J mixing were in-
vestigated for cubic' and C4„symmetry. " In a
site of cubic symmetry the transitions are purely
magnetic dipole and require no adjustable param-
eters. Using the crystal-field state vectors of
Ref. 11 the total P~~z and P,~& oscillator strengths
are 6. 41 and 3. 53&&10, respectively. The values
computed in the free-ion basis, neglecting crystal-
field J mixing, are 6. 35 and 3. 58&&10, respec-
tively. The effects of J mixing on the 6P multiplets
in a cubic field are therefore negligible. Calcu-
lations for the C4„basis showed similar results;
the strengths are 6. 59 and 3. 62&&10, respectively.
The agreement is within experimental error and
the effects of crystal-field mixing are negligible
for the C4„site.

Even when transitions to individual crystal-field
levels cannot be computed, the application of f
sum rules to the I.SJ multiplets allows the line-
strength calculation to proceed with some reliability.

The calculated oscillator strength for the tran-
sitions between the S~~~ ground states to all of the
crystal-field levels belonging to a given [nLSJ]
multiple t are

Peal c PE D + PMD + PE Q

with PED found by applying a least-squares-fitting
procedure to the determination of the T, param-
eter. This assumes that PMD and PE& are equal to
the calculated values. The quantity minimized is
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TABLE I. Line-strength matrix elements for transi-
tions from the intermediate-coupled [ S~/2] ground state
of Gd3'.

Final state (L+ 2S) (U{4))

['Pv/2l
[ Pg/2]
['P3/2]

['I, /2]
[ Ig/2]

1

[ Iin/2]
[ Ii3/2]

['Ds/2]
['Di/2]
['Dg/2]
[ D3/2]
['Dg/2]

-0.520
0.387

0. 034
-0.022

0. 004

0. 0023 0.00073
0. 00056 -0.000 04

—0. 00023

0. 007 09 0. 00009 -0.0018
0.00089 -0.001 5 —0. 0033

0. 000 09 —0. 003 7
~ ~ ~ 0. 0012

—0. 0028

-0.066
-0.105
-O. 151
-0.137
-0.169
-0.160

0. 042 3 —0. 078

-0.068
-0.030
-0.051

0.148
~ ~ ~

0.107

—0.008 8
0. 0006

-o.oo54
0. 00057

—0. 0015

0.0023

0.0005
~ ~ ~

0. 000 06

xED &.
I (I.'&vi 21l I

&"'
I I

r&LsJt) I
'7

The statistical weight is the reciprocal of the
square of mean deviation of the integrated absorp-
tion- coefficient measurements. The results de-
pend on how the experimental data are employed
in the fitting process and will be given after a dis-
cussion of the measurements.

LINE-STRENGTH DATA

Integrated absorption coefficients for the multi-
plets Pv&2, P5&2, v&3, (I9&3 and I&v&2), (Is&&3

6 6 6 6 6

I»~2, and I»~3), D9&z, and Dv~,, are given in
Table G. The seven entries for each of four cry's-
tals in the table result from the fact that certain
free-ion multiplets are so perturbed by the crys-

tal-field interaction that they cannot be experi-
mentally assigned to a particular J level. There
are J+—,

' crystal-field levels per half-integral J
multiplet at a site of axial symmetry, according
to Kramers's theorem. The absorption values
are the sums of these transitions to the crystal-
field levels.

An interesting property of the C4„sites in the
fluorite lattice that has proven very useful is that
the group- theoretical polarization selection rules
predict no polarization effects. This result fol-
lows in part from the three mutually orthogonal non-
equivalent directions that the charge compensating
ion may define. If the incident radiation is polar-
ized along one axis (and excites the w spectra), it
is perpendicular to the other sites and excites
their o spectra. It is easy to show this for light
propagating along one of the fourfold axes and is
also true for an arbitrary orientation of the crys-
tal and radiation. In effect, the three orthogonal
axes perform a spatial integration over the radia-
tion field. It is assumed in the group-theoretical
argument that the m and o spectra have equal in-
tensities. In the case of Gd

' in SrF& the weakly
split ground state further reduces the polarization
effects since the observed spectral lines are com-
posed of unresolved transitions from each of the
four ground levels. It was experimentally verified
during earlier Zeeman studies that no detectable
polarization effects exist in the absence of a mag-
netic field. The small ground-state splitting'
(0. 14 cm ') satisfies the spectroscopic stability
criterion even at 77 K and the data may be com-
pared directly to theory.

The experimental details concerning these data
are described elsewhere. ' The mean deviations
of the absorption coefficients are also found in
Table II. The accuracy of these data is not solely
a function of experimental spread. For the I and
D multiplets there is some difficulty in assigning

TABLE II. Integrated absorption coefficient data for the C4„site in SrF2. Gd3' from Qef. 13.

Concentration
(mole/percent)

Nominal Fitted 6P 6
P5/2

f 0-'(v) dv and 4n (cm )
6 6
IQ /2v f7/2 Iii /2s i5/2» 13/2

6
De/2

0.1 0. 071 0.85
+0.057

0.47
+0. 042

0.38
+ 0. 033

3.57
+0.23

7.53
+0.155

0. 136
~ ~ ~ +

0. 211
~ ~ ~

0.23

0.36

0.5

0. 176

0. 233

0. 242

2. 12

2. 8

2. 92

1.14

l. 52

1.56

0. 96
+0.004

1.36
+0.06

1.45
+0. 07

7.64
+0.174

9.94
+0.246

ll. 16
+1.16

18.07
+0.392

23. 76
+0. 173

24. 8
+0.94

0.417

0.471
~ ~ ~

0.43

0.772
~ ~ ~

0.762

0.771
~ ~ ~

Adequate statistics were not developed for these entries.
statistical weights).

The mean deviations were assumed constant (equal
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TRANSVERSE
OBSERVATION

cr POLARIZA

LONGITUDINA

OBSERVATIO

UNPOL

I

52 7' I

32 750 32 780
WAVE NUMBER (cm ')

measured lines to the C4„site spectra.
Errors in absolute measurement of integrated

absorption were not discussed in Ref. 13 since only
relative values were of interest. Uncertainties in
measurement of plate contrast y (5%), in the
gradient of the densitometer wedge (5/p) and in
sample thickness (2/p) contribute about 8% to the
over-all absolute accuracy. In addition, the spread
in measurement of area using a K and F- planimeter
contribute to the values given in Table II. The
effect of the instrument slit width, less than —,

'
of the linewidth, on area measurements was con-
sidered negligible~ compared to those introduced
by the integration process. Errors introduced
by the slit are less than 2. 5% in the worst case.
It is possible that some lines (up to 4 or 5 in the
I multiplets) are incorrectly included in the C4„
spectra. The effect of such errors is assumed
small in comparison to the mean deviations.

A comparison of unpolarized longitudinal Zee-
man spectra in which the incident radiation (both
electric and magnetic dipole) is oriented perpen-
dicular to the magnetic field and may excite only
the o spectra and the transverse observations made
with the electric vector polarized parallel, m, and
perpendicular, o, permits the determination of
the multipolarity of the transitions. Since the
transverse w spectra agree with the longitudinal
observations, the transitions are predominantly
magnetic dipole. The Zeeman patterns are
shown in Fig. 1. A quantitative estimate of the
percentage of the transition which should be
assigned magnetic dipole character may be inferred
from these spectra. The lower limit of this value
is about. 90/&.

FIG. 1. Longitudinal and transverse Zeeman absorp-
tion spectra of the C4„crystal-field P5/2 multiplet of
SrF2. Gd . The magnetic field is 6. 1 kOe along the t001] .
The sample is at 77 'K. In the transverse experiment, ra-
diation is incident normal to the magnetic field and polar-
ized with the electric vector perpendicular (0) or parallel
(~) to the field.

TABLE III. Experimental oscillator strengths deter-
mined by a linear least-squares analysis of absorption
data versus concentrations obtained from fitting the well-
known Pv/2 and P5/2 multiplet spectra at a site of C4„
symmetry.

Multiplets

6

P5(2
6
Iv (2

6
19/2s i?/2
Iii/2 i5/2 i7/2

'Ds(2
6
Dg/2

Energy
(em-i)

32166.2
32 758.4

35 933.2
36 317
36 641

39 693.4
40707. 8

Oscillator
strength (x 10 )

6. 68 + 0. 01
3.60+0. 01

3.03 +0.02
24. 1 +0.5
56. 8 +0.4

1.1 +0. 1
1.9 +0. 2~

Estimated values for the uncertainty. The other
values are the standard error in the slopes obtained from
the Least-squares analysis.

The usual procedure in comparing measured line
strength to calculations requires a knowledge of the
number of ions contributing to the observed absorp-
tion. In this problem it is not enough to merely
determine the total Gd ' concentration in each
sample. The number of ions in the tetragonal site
is the quantity required. Spectrochemical analysis
(total Gd ') is limited in accuracy to + 10% for these

.samples and EPR measurements on the ratios of
ions in specific sites could not be relied on to
accurately determine the C4„concentration. It is
possible, however, to obtain a set of concentrations
that fall within the experimental uncertainty by a
least-squares analysis of the absorption coefficients.

The well-defined "I'~(3 and 'I', /2 transitions are
used to fix the four concentrations and two oscil-
lator strengths, a total of six parameters, by min-
imizing the residues with respect to the eight data
(two transition groups in each of four samples).
Additional details are given in Ref. 13. Although
this procedure possesses only two degrees of
freedom, it has the advantage of containing no

spurious lines or excluding transitions that proper-
ly belong with the C4„site spectrum.

Using the oscillator strengths obtained by as-
suming the concentrations that result from fitting
only the I' data, the "experimental" values in'

Table III were found. These seven oscillator
strengths were then used to obtain the T, by a
numerical simplex minimization routine based
on the method of Nelder and Mead. '7 The param-
eters are found in Table IV. Figure 2 shows the
results of the calculation.

It is possible to simultaneously fit all 28 data
to obtain the best values of the four concentrations
and three T& parameters. This procedure has 21
degrees of freedom but is derived from data con-
taining unknown systematic errors and is not in-
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FIG. 2. Integrated absorption at VV K versus fitted
C4„site concentrations for the four samples and seven
distinctly observed crystal-field multiplets. The slopes
of the lines are proportional to the oscillator strengths
and constrained to intercept the origin. In most cases
the experimental uncertainty is within the symbols used
to designate the data. From top to bottom the groups are
6 6 6 6 6 6
I&&/2, &5/2, &~/2, Is/2, &7/2, Pv/2, P5/2, I7/2, DY/2, and

6Ds/2.

The inclusion of crystal-field J mixing between
the 15 lowest free-ion states showed that although
a slight improvement was obtained, it is within
experimental uncertainty to assume J mixing
negligible. The use of sum rules allowed the suc-
cessful application of the Ofelt- Judd theory for
calculating electric dipole line strengths for the
4f-4f transitions.

The electric dipole contribution to the 'P7/, and
6P, &2 strengths is dominated by the second-rank
reduced-matrix elements (see Table I). The 'D

spectra are also dominated by the second-rank
terms; however, the D&/& transition, could it be
observed, would uniquely define the parameter

eluded here.
These procedures have one drawback —the pa-

rameters are poorly conditioned, i.e. , the oscil-
lator strengths are not independent of the concen-
trations. Several local minima have therefore
been observed in the course of this work. The re-
sults shown in Fig. 3 are for the fit with smallest
X,
' which also agrees with the small electric dipole

contribution observed for the P multiplets.

DISCUSSION

10IO IO

LOGio (OSCILLATOR STRENGTH)

FIG. 3. Observed (open) and calculated (shaded) oscil-
lator strengths for Gd ' in SrF2 at a C4„site.

TABLE IV. Calculated line strengths and experimental
data. The parameters used are T2 ——3.4+0. 1~10
T4=1.05 +1.05 &&10, andT6=12. 2+0. 05&10 ~ . Thefitis
insensitive to T4 and a value equal to half of the uncer-
tainty is given. The calculation employed T4= 0.

Crystal-
field

multiplet
Oscillator strength (x 10 )

Calc Expt

P7/2
P5/2

6
Ig/2

6Is/2,
1i /2» 15 /2» 13 /2

6
De/2
Dg/2

Average deviation

6.58
3.70

3.16
24. 6
53.6

1.54
1.83

0. 17

6. 68
3.60

3.03
24. 12
56. 82

1.11
1.92

T4 (in the approximation of negligible J mixing).
The 'I& transitions are nearly pure electric dipole
in origin and dominated by the sixth-rank terms
and, therefore, afford an excellent test of the
Ofelt-Judd theory since the ratio of their intensities
depends exclusively on the ratios of the squares of
the matrix elements involved.

An attempt was made using the C,„basis to cal-
culate the strength of the I& crystal-field multiplet
spectra line by line. The results were inconclu-
sive because of the approximations that had to be
made. In the absence of polarized absorption data
and due to uncertainty concerning the site origin
of some transitions observed in the I spectra, it
was not possible to fit the additional parameters
[the A'„for odd q and (k, A)]. For the 8P multi-
plets the calculation is simplified by the dominance
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I

52 IOO

WAVE NUMBER (crn ')

I

52 200

FIG. 4. I'&y2 crystal-field multiplet of Gd in SrF2
at a C4„symmetry site. The calculated values are shown
as vertical bars whose length is proportional to the rela-
tive strength. The 77'K absorption spectrum shown at
the top is of a sample with 0. 1 mole percent nominal dop-
ing. The crystal-field quantum numbers, according to
Ref. 11, are 2, $, 2, and s in order of increasing wave
number.

intermediate-coupling basis of Ref. 9 as zero-or-
der wave functions. Hence, crystal-field interac-
tions between the 15 lowest free-ion states are in-
cluded to all orders of perturbation. The crystal-
field states contain 33 and 34 terms of the form

I nI SZJ,) for the p, = a and a representations,
respectively.

There is some difficulty in assessing the quality
of the fit of the three parameters T2,, T4, and T6.
The 'I'~~, and 'I', ~2 transitions are predominately
magnetic dipole and therefore the determination
of T~ from these data is not particularly good. The
calculation is insensitive to the T4 parameter using
the data available here. The T6 parameter is de-
termined with the greatest reliability. In spite of
these difficulties the parameters were of reason-
able magnitude and the fit to the experimental data
is quite good.

This study neglects the high-lying sextets ob-
served by Crosswhite et a/. ' in CaF2.' Gd '. At
the present time we have not observed the charac-
teristic site spectra in that region needed for a
suitable analysis.
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