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For acceptor doping levels such that indium anti-
monide is degenerate at liquid-helium temperatures, it

is expected that an "impurity band" is formed in which
there could be a conduction mechanism at least as effi-
cient as the hopping of electrons from one impurity site
to another. The carriers in this band, which for accep-
tor impurity concentrations above 2 && 10 cm overlap
the valence band [R. F. Broom and A. C. Rose-Innes,
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small conductivity which should increase with increased
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tionship between the o; . For the impurity band, the con-
ditions ql2 & ql~ and ~&2 & ~~~ yield 0.2' & 0~', and this may
give values of 0.

~ and 02 of comparable magnitude. It is
expected that in the present case 02 &0~, where index 1
refers to the heavy-hole band and index 2 refers to the
impurity band.
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We show that the donor density N, required for the Mott transition to occur in a many-valley
semiconductor is given by ap(&c) =0.25C(v), where ap is the radius of the first Bohr orbit in
the material, v is the number of equivalent conduction-band valleys occupied by electrons, and
C(v) = v in the Thomas-Fermi (TF) approximation. This result is identical to Mott's for
v=1 and is in good agreement with experiment for that case, but predicts an N, which is smaller
than the experimental results for Ge (v =4) and Si (v =6). This discrepancy is attributed to the
fact that the TF approximation does not include the result, predicted by the dielectric-screen-
ing theory, that only those Fourier components of the potential for which q & 2k~ are effectively
screened by the conduction electrons. This is of increased significance in the many-valley
case due to the decrease of kz for a given N. We have calculated the condition for zero activa-
tion energy assuming dielectric screening and find C(1) =1.14, C(2) =0.96, and C(4) = C(6)
=0.92 in good agreement with the available experimental results. We also note that it may be
possible to observe a metal-to-insulator transition when stress is applied to a degenerately
doped Ge crystal.

I. INTRODUCTION AND CONCLUSIONS

It is well known that as the density of donors in a
semiconductor increases, the activation energy de-
creases owing to the electron-electron interaction
and that for sufficiently high donor concentrations
the activation energy will vanish resulting in metal-
lic conduction. ' It was Mott who first pointed out
that this insulator-to-metal transition might be
abrupt with a definite critical density which experi-
mentally appears to be slightly smeared out because
of the variation in the local density of donors about
the average density.

In order to get an estimate of the critical density
S, at which the transition would occur, Mott as-
sumed Thomas-Fermi screening of the donor atoms
by the electrons and found the condition for zero

activation energy, i.e. , when the binding energy of
the electron to the donor is zero. The result was

a+,'~'= 0. 25,

where ao is the first Bohr orbit in the material.
Mott and Mott and Twose found that there was good
agreement between theory and experiment for heav-
ily doped Ge and Si, the constant on the right-hand
side of Eq. (1) being approximately 0. 2. More re-
cently Alexander and Holcomb have made a detailed
analysis of the transport data on Si:P, Ge: Sb,
Ge: P, Ge: As and found that the average v3lue of
the constant in Eq (I) is 0. .22. In each case, the
value of the effective mass appearing in ao was taken
as the one that gave the experimentally observed
binding energy of an electron bound to a donor in the
light-doping range for each particular dopant.
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Alexander and Holcomb' also show that the width
of the transition region can be understood assuming
a Poisson distribution of local donor densities in the
semiconductor. In fact, the width of the transition
region estimated in this way is larger than the ex-
perimental width because, as they point out, the
direct current requires a connected conduction path
through the sample, and thus, clusters of impuri-
ties with local concentrations above N, will only
contribute to the direct current if they are con-
nec ted.

Mikoshiba, ' assuming a Poisson distribution of
impurity concent:rations and Thomas-Fermi screen-
ing of the donors in the metallic density regions,
has succeeded in explaining, at least qualitatively,
the anomalous behavior of the magnetoresistance,
the spin susceptibility, and the static susceptibility
above the insulator-metal (Mott) transition for heav-
ily doped Ge and Si crystals. There thus appears
to be considerable evidence for the validity of using
the Thomas-Fermi screening theory to predict the
approximate critical density and, together with as-
suming a Poisson distribution of metallic density
regions, to gain an understanding of other proper-
ties of these materials.

Nevertheless, the present work demonstrates that
when the Thomas-Fermi theory is correctly applied
to many-valley semiconductors such as Ge and Si,
the predictions of the critical density are different
from that given in Eq. (1) and are substantially in

disagreement with experiment. In Sec. II we show
that the Thomas-Fermi theory predicts that the
critical density satisfies

aors,'~:—0. 25 C(p}, (2)
with

-2i 3

where v is the number of equivalent va11.eys in the
conduction band. Since v=4 for Ge and v= 6 for Si,
this result lowers the predicted critical density by
a factor of 16 and 36, respectively, for these mate-
rials. The physical reason why the critical density
is lowered in the many-valley Thomas-Fermi case
arises from the fact that by spreading the electrons
over more than one valley their Fermi energy is de-
creased and they move more slowly. Since slow
electrons can linger in the vicinity of the impurity
longer, they tend to screen more effectively and
hence the critical density decreases.

However, the Thomas-Fermi theory does not take
into consideration the fact, predicted by the dielec-
tric-screening theory, that the Fourier components
of the potential V(q) are not effectively screened for
q &2k+, where k+ is the magnitude of the Fermi
wave number. This has a small effect on the con-
ductivity of a degenerate electron gas interacting
with screened ionized impurities because in the
first Born approximation the transition rate depends

only on V(q) for 0 & q & 2k~. However, the calcula-
tion of the binding energy requires the use of V(q)
for all q. Furthermore, since distributing a given
number of electrons over several valleys lowers

kF, then the difference between the potential pre-
dicted by the Thomas-Fermi theory and dielectric-
screening theory increases as the number of valleys
increases and the attraction to the donor atom be-
comes progressively larger than the Thnmas-Fermi
theor y would suggest. This effect thus requires
heavier doping to obtain zero binding energy than

that given by the many-val1ey Thomas-Fermi theo-
ry.

In Sec. III, assuming dielectric screening, we
calculate the binding energy of an electron bound to
a donor as a function of the electron density in the
conduction band at T=O'K for v=1, 2, 4, and 6.
We find that C(1)= 1.14 which is similar to the value
predicted by the Thomas-Fermi theory (but larger,
as expected) and agrees well with a numerical self-
consistent calculation performed for InSb by Li
et al. ' Furthermore, C(4) = C(6) = 0. 92, which
yields a predicted value of N, in better agreement
with experiment' than that given by Eq. (1).

II. CALCULATION OF BINDING ENERGY AND
CRITICAL DENSITY: THOMAS-FERMI

APPROXIMATION

where g(e~,'is the electron density of states at the
Fermi energy and K is the static dielectric constant
of the host crystal. The broken curve in Figs. 1
and 2 is a graph of the results. The critical density
corresponds to

aors =]
which is precisely Mott's result.

Now for electrons occupying ~ equivaLent valleys
in the conduction band,

g(eF) = v gg(eF), (5)

where g, (&~) is the density of states for the e1ee-
trons in any one of the valleys and for parabolic
bands is given by

g, (e p) = 3n,/2eF.

Here n, is the electron concentration in a single
valley. Thus, from Eqs. (5) and (6} we have

Using a simple hydrogenie wave function with a
single variational parameter, Krieger' has calcu-
lated E/eo as a function of aors, where .-' is the bind-
ing energy in the presence of Thomas-Fermi
screening. Here &0 is the binding energy for zero
screening, ao=h x/m*e is the radius of the first
Bohr orbit in the material, and X is the Thomas-
Fermi inverse-screening length which at T= 0 'K
is given by

x' = (4ve'/x) g(e~),
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FIG. 1. E/&0 vs P for v=1, 2, 4, and 6, assuming ap-
proximate dielectric function given by Eq. (14). The
dotted curve is the result for all v given by the Thomas-
Fermi approximation.

g (2/ ) = 3N/2er,

where X is the total electron concentration. As-
suming each equivalent valley has an isotropic band
structure, then

~~ =h'kF /2~n*,

(8v2n )1/3 (8v2~/v)1/3

Then from Eqs. (3) and (6)-(8) we have

[a f1/1/34 2/3(8/ )1/3]1/2

which yields, using Eq. (4),

aoN = 0. 25p

(8)

for the critical density which, as noted above, is
different from the usual result by the factor v

and yields results for the critical density which are
no longer in agreement with experiment for Si and
Ge.

III. CALCULATION OF BINDING ENERGY AND
CRITICAL DENSITY: DIELECTRIC-SCREENING

APPROXIMATION

In this case we seek the ground-state energy of
the Schrodinger equation in the effective-mass ap-
proximation, i. e. ,

—(k /2m~) qq' g(r)+ V(r) g(r) =E P(r),

where the Fourier transform of the potential is given
by

V(q) = V(q)/&(q). (ll)
Here s(q) is given in the Hartree approximation by

The latter is obtained by summing the contributions
to e(q) from all v valleys which leads to a factor
n, v=N in the second term. The factor x in e(q)
arises from the fact that the impurity is imbedded
in a medium with a static dielectric constant differ-
ent from unity.

As in the case of the Thomas-Fermi potential, no
analytic solution of the Schrodinger equation has
been found for this potential. Furthermore, it is
not possible to obtain an analytical function for V(r)
by taking the Fourier transform of V(q). The first
difficulty is eliminated by employing the variational
principle for the energy with the usual hydrogenic
wave function

1)1( r) (&a3)-1/2 &-r/4

where a is a variational parameter. The second
difficulty is circumvented by taking the Fourier
transform of g g and then finding the average poten-
tial energy by performing an integration in q space.
The result is

I 32e " 1 dq
2mq'a xva' (q + 3)') &(q)

0

where 1)= 2/a.
However, it is not possible to perform the re-

quired integration analytically. Since we require
the a that minimizes E for a range of electron con-
centrations and for several different p, it is useful
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FIG, 2, E/E'p vs p for v = 1, 2, 4, and 6, assuming dielec-
tric screening given by Eq. (12). The dotted curve is the
result for all v given by the Thomas-Fermi approximation.
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to perform the calculation first with an approximate
e(q) which permits Eq. (13) to be evaluated analyt-
ically. Examination of e(q) shows that

e(q)-1+X /q, q«2kp

e(q)-1, q » 2k@

and that the transition between these two regions
occurs over a small range of values around q = 2kF.
We thus take as our approximate dielectric function

&(q) = 1+Xw/qw, q & 2k'

e(q}=1, q & 2k~.
(14)

The result for the energy with this approximation is

E 16o.—= Qf —2Q-
Cp 'lr

ap g mp

2( I PR}w

PR(3+2 P3) wP~

+, 'p. . . , (»)
4vo (u'- p')[a'+ (wp'/v')]

where we have defined the dimensionless quantities
& andPby

and

n=- ao/a, p= [(v/w) awk+]' =a&/2

to ——PPl 8 /28 K .

(16a)

(16b)

For a given number of valleys, v, it is easy to com-
pute numerically the minimum value of E for a given
P. Figure 1 shows a graph of the results obtained
in this way for v=1, 2, 4, and 6. Furthermore,
substituting Eqs. (16) into Eq. (13) we find

w'p' J, (x'+ v'a'/w'p')' &(x) '

where

v2
e(x) =- 1+px

1 4(1 —x ) 1+x—+ -ln
2 x

The broken curve in Fig. 2 gives the result of
E/eo as a function of p = —,'aors in the Thomas-Fermi

which, when minimized for a given v, yields a func-
tion of P. Since the approximate dielectric function
given by Eq. (14) is close to the Hartree dielectric
function, we expect the results of the two calcula-
tions to be nearly the same. The minimization of
the energy is thus easily accomplished by varying
the value of ~ about the value that made E a rnini-
mum when the approximate dielectric function was
employed. Figure 2 shows a graph of these results
which are indeed closely approximated by the curves
in Fig. 1.

IV. DISCUSSION OF RESULTS

approximation for all v. ' lt is clear that when the
dielectric-screening theory is employed, the binding
energy is greater for any given density of conduction
electrons and any number of valleys, the difference
between the Thomas-Fermi results and the latter
increasing as v increases. In the low-density limit
the binding energy changes much more slowly than
predicted by the Thomas-Fermi theory and for v=1
the results are similar to those obtained by Li
et al. "using a self-consistent Hartree potential.

If P, (v} is the critical density for v valleys, then
from the definition of P we have

[(v/w)aokr, ]'~'= p,
and therefore

aoNC = P~(p)/p = 0. 25C(p),

where

C(p) = 4P,'(v)/v' '.
From the graph we have C(1)= 1.14, C(2) =0.96,
C (4) = 0.92, and C (6) = 0.92, which yield for both
Ge and Si

f2pN, = 0. 23,

which is in excellent agreement with the experimen-
tal results' given by

apNcil3 0 22

The fact that the derivation of the correctequation
for the critical density in the many-valley casecan-
not be obtained from the Thomas-Fermi theory,
but instead requires the introduction of dielectric
screening, indicates that a quantitative theory of
other anomalous effects' in these materials will
also require similar considerations.

Finally, we note that when uniaxial stress is ap-
plied to a many-valley semiconductor, the degen-
eracy of the equivalent valleys in the conduction
band can be removed. ' In Ge it is possible to
lower one or two valleys relative to the others.
The present calculation indicates that the critical
density in the two-valley case is only about 15%
higher than in the four-valley case which is small
compared to the smearing of the critical density due
to the random distribution of the impurities. How-
ever, if stress is applied such that one valley is
lowered relative to the other three, then the critical
density is increased by about a factor of 2 over the
four-valley case and it may be possible to observe
an inverse Mott transition, i.e. , the unstressed de-
generately doped crystal can make a transition to
the nonconducting state when stress is applied. In
Si, this effect is expected to be unobservable be-
cause the degeneracy of at least two conduction-band
valleys cannot be removed by the application of
stress and the change from six to two occupied val-
leys increases the critical density by only approxi-
mately 15%.
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We show, for sufficiently high temperatures and sufficiently weak majority-carrier binding
energies, that the dominant radiative transition at an isoelectronic acceptor (donor) in p-type
(n-type) material consists of the recombination of singly trapped minority carriers (bound by
central-cell forces) with free majority carriers attracted by a Coulomb interaction. There
are two reasons why the radiative recombination rate of the free-to-bound process is greater
than the bound exciton process, which dominates at lower temperatures: (i) The population of
free majority-carrier states greatly exceeds that of exciton states at higher temperatures,
and (ii) the oscillator strength of the free-to-bound transition is greatly enhanced by the Cou-
lomb attraction between the free carrier and the charged isoelectronic impurity. This en-
hancement is important for isoelectronic centers and is easily calculable from existing exci-
ton models. We show that the free carrier attracted by a Coulomb interaction can be viewed
as a continuum excited state of the bound exciton. When we apply the results of our calcu-
lations to the GaP(Zn, 0) system, we find that the major part of the room-temperature lu-
minescence from nearest-neighbor isoelectronic Zn-0 complexes results from free-to-bound
recombination and not exciton recombination as has been thought previously. Recent experi-
ments on impulse excitation of luminescence in GaP(Zn, 0) are reevaluated in the light of our
calculations and are shown to be consistent with a strong free-to-bound transition. For deep
isoelectronic centers with weakly bound majority carriers, we predict an overwhelming
dominance of the free-to-bound process at 300'K.

I. INTRODUCTION

Isoelectronic impurities have three distinct and
coupled occupation or charge states, i.e. , empty
(neutral), singly occupied (charged), and exciton
occupied (neutral). The three-state nature of iso-
electronic impurities greatly complicates the re-
combination processes occurring at these impuri-
ties, as discussed in detail elsewhere. It has
been amply demonstrated over the past several
years that isoelectronic impurities are important
radiative recombination centers in many wide-band-
gap semiconductors. At low temperatures, where
free carriers are absent, the luminescence from
isoelectronic centers is due principally to excitonic

recombination. However, at high temperatures,
where thermally generated free-carrier concentra-
tions are large and where thermal dissociation of
excitons occurs, we find that excitonic recombina-
tion becomes less probable, while at the same time
free-to-bound recombination originating from the
singly charged state becomes increasingly more
probable. As a result, we anticipate that the high-
temperature emission from isoelectronic centers
will in general be made up of a combination of exci-
tonic and free-to-bound emissions. These two pro-
cesses are manifestations of the same basic inter-
action. That is, the excitonic process involves ra-
diative recombination of Coulomb-attracted bound
electron-hole pairs, whereas the free-to-bound pro-


