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Effect of Scattering on the Attenuation of X Rays
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The contribution of scattering to the total attenuation coefficient for x rays is considered in
crystalline materials. Calculated values of the coherent-scattering coefficient for four com-
monly used wavelengths and for a number of cubic elements from Z=6 to Z=42 are presented.
Measured attenuation of MoKn radiation by single-crystal and polycrystalline forms of Mg and

Al are reported; the difference in attenuation between the two forms is in agreement with that
calculated for Bragg scattering only. The effects of the thermal diffuse scattering on the two
forms are comparable. The coherent-scattering contribution is several percent for short wave-
lengths and light elements, but it is also appreciable for longer wavelengths and for elements
immediately after an absorption edge.

INTRODUCTION

At the wavelengths used in crystallography, the
attenuation of x rays in matter is caused by photo-
electric absorption (true absorption) and by scat-
tering. Generally, both phenomena are described
in terms of a single atom. In crystalline materials,
however, this simple approach is replaced by the
interaction of an x-ray wave field with a periodic
atomic structure. In the case of a perfect crystal,
the photoelectric absorption may be drastically re-
duced at discrete directions of wave propagation
(Borrmann effect). Constructive interference, in
all forms of crystalline material, introduces a
structure to the scattering, which is subdivided
into components that cannot be described in terms
of independent atoms. Contributions of these com-
ponents to the total attenuation depend on the form
of the material, such as single crystal, rolled
foil, or powder. Although this dependence is mell
known, it has not been considered in several recent
diffraction studies involving this effect. Attenua-
tion coefficients measured from polycrystalline
materials have been used in connection with studies
on single crystals and conversely, without cor-
recting for differences due to scattering. This
neglect can significantly affect the interpretation
of the results and can even reverse the physical
conclusions. Furthermore, even in the case where
the attenuation coefficient is adequately measured,
the common practice of treating it merely as an
effective constant, characteristic of the material
being studied, is subject to some criticism. This
approach prevents a comparison with other pub-
lished values, and in many cases it is not possible
or feasible to make the absorption measurement
on the actual material used in the diffraction ex-
periment. Both of these situations suggest a care-
ful accounting of all the effects in the attenuation
process, which would permit a conversion of the
reported attenuation coefficient to an effective

constant corresponding to given experimental con-
ditions. The aim of this paper is to give a quan-
titative analysis of those effects and to discuss the
experimental details which must be known to define
a single-valued attenuation coefficient.

COMPONENTS OF THE X-RAY SCATTERING COEFFICIENT

The scattering contribution to the attenuation of
x rays in crystalline materials is comprised of
the incoherent or Compton scattering and the co-
herent scattering, which includes the elastic or
Bragg scattering and the almost-elastic thermal
diffuse scattering. The Compton- scattering com-
ponent depends only slightly on the crystalline
form, if at all, whereas the other components are
characteristic of the sample and are considered in
detail in the following.

Elastic Scattering (Bragg)

In a single crystal the Bragg scattering takes
place only at certain orientations of the crystal
with respect to the incoming x-ray beam. At those
orientations, the attenuation coefficient includes
the effect of the Bragg scattering and it depends
on the degree of perfection of the crystal. A
single- valued attenuation coefficient can be mea-
sured only at an off-reflection orientation, and this
is taken to be the case in the following.

In a randomly oriented extinction-free powder,
the fraction of the incident power which is scat-
tered coherently at a length dx of traversed ma-
terial can be written as'

Pe"" = -dx Q cos8j, Q
0 AIL

In this expression

Q~, = (V X /isn2 )8rKo(plo)F ~e

where 8 is the Bragg angle, j~, the multiplicity,
N the number of unit cells in unit volume, X the
x-ray wavelength, ro=e /mc the classical electron
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in attenuation measurements is questionable, at
least in principle. Because of strong preferred
orientation, a foil might be expected to lie some-
where between a single crystal and a powder,
giving an unpredictable amount of Bragg scattering.
This is discussed in connection with the experi-
ments described in this paper.
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radius, F», the structure factor, and e "the tem-
perature factor. The polarization factor is

K(pol) = (1+k coss28)/(1+k),

FIG. 1. Calculated values of the relative coherent-
scattering contribution &rz agni and os~~, ms /p are shown
as a function of atomic number Z for AgKo.'radiation.
These values and those of Figs. 2 and 3 have been calcu-
lated using atomic-scattering factors, dispersion correc-
tions, and attenuation coefficients listed in the International
Tables for X-ray Crystallography, Vol. III (Ref. 6). The
corresponding Debye parameters B used in the calcula-
tions are from a variety of recent sources. The value
adopted for the polarization ratio is k(AgKO. ) =0.95.

The intensity of thermal diffuse scattering (TDS)
is nonzero in the whole reciprocal space, and ac-
cordingly some contribution of TDS to the total at-
tenuation is found in a single crystal as well as in
a powder sample. In this work the simple point
of view is adopted that the total TDS is equal to
the scattering lost from the Bragg reflections due
to thermal vibrations. This has been proven using
certain approximations, ' but it will be seen that
the conclusions are not affected by this convention;
it is only a matter of convenience. The total co-
herent-scattering contribution o»«„r ns /it for
randomly oriented polycrystalline materials is cal-
culated on the basis of this assumption, and the
results are shown in Figs. 1-3.

In the powder case, TDS intensity from the Bril-
louin zone surrounding a reciprocal-lattice point
is an average of TDS intensity within that zone,
and the total intensity is the sum of contributions
from all the zones intercepted by the Ewald sphere.
In the single-crystal case, the reciprocal lattice
has a fixed orientation with respect to the Ewald
sphere, and the total TDS is found by adding up the

O. IO—

where k is the intensity ratio of the m component
to the o component of the incident beam.

By substitution, the Bragg-scattering contribu-
tion a&,~, to the linear attenuation coefficient
p. for the case of a powder with cubic crystal struc-
ture becomes

'"&o&o s &(pol) a -as
B 2y g )hJ2l ~l e

c hkl hkl

0.05-

0.02—0

O~ D
Oy

MOKa'. ~ Bragg + TDS
o Bragg

where Xia, = (k'+k + 1 )"', ao is the lattice parame-
ter, and V, the volume o~ the unit cell.

Calculated values for os„„/tt for four commonly
used wavelengths and for a number of cubic ele-
ments are depicted with approximating smooth
curves in Figs. 1-3. As expected, the scattering
contribution to the total attenuation coefficient is
several percent for short wavelengths and light
elements, but it is also considerable for long
wavelengths and for elements immediately after
an absorption edge. The irregularities close to
the absorption edges are due to large dispersion
corrections.

The use of rolled foils as substitutes for powders
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FIG. 2. Calculated values of o~~~~/p and o~~NN+Tos/P
as a function of g for MOKa radiation. The sources of
the parameters involved in these calculations are noted in
the caption of Fig. 1. Polarization ratio k(MOKot) =0.90.
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Equation (5) has been evaluated for the three
principal crystallographic directions of aluminum

irradiated by AgK+, MoK&, CuK&, and CrK&
radiations, and the results are given in Table I.
They show a maximum difference between the total
amount of TDS from a single crystal and a powder

to be 0. 2%%ug of the total attenuation coefficient. This
negligible difference indicates that the same kind

of averaging which takes place in a powder sample
is effected in a single crystal through the great
number of Brillouin zones intercepted by the Ewald
sphere.

Incoherent Scattering (Compton)
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intensities from the "slices" cut from the contri-
buting Brillouin zones by the Ewald sphere. Using
the simple model by Warren, 3 the TDS contribu-
tion in the cubic system for a powder is

X xoao ~ K(pol) .
2~a ~ ~ i sa& &~g(I e )

c hk l hh l

and for a single crystal is

X roao + K(pol) z
TDS y2 ~ cosg hhl

c hhl hhl

(4)

In these eauations X =aog, where g is the radius
of the sphere equal to the first Brillouin zone in
volume, n the number of atoms per unit cell,
R =ao/X the radius of the Ewald sphere, and Ro
the distance of the lattice point from the center of
the Ewald sphere. The summation in Eq. (5) is
extended over all the combinations of hk/ which
give !Ro-R I (X

FIG. 3. Calculated values of o.~~~/p and a~a~, TDS/p
as a function of Z for CuK~ and CrK~ radiations. The
anomalous behavior at the absorption edge for CrKg ra-
diation is due to the large dispersion correction for vana-
dium. The sources of the parameters used in these calcu-
lations are noted in the caption of Fig. 1. The polariza-
tion ratios are k(CuKu} =0.80 and k(Cr Kg) =0.60.

TABLE I. Calculated relative contribution of TDS to
the total attenuation coefficient of powder and single-
crystal forms of Al for four different wavelengths atroom
temperature. The reference values of the attenuation
coefficient are taken from the International Tables for
X-ray Crystallography, Vol. III (Ref. 6). The direction
of the incident beam in the sample is denoted by So. All
values are in percentage.

Ag K~
Mo K~
Cu Kof
Cr Ko

Random

2. 3
1.8
0.3
0.1

(100)

2. 2
1.9
0.4
0. 2

(110)

2. 2
1.9
0. 5
0. 2

2.1
1.8
0.4
0.2

As mentioned before, Compton scattering does
not give rise to differences in the total attenuation
coefficient between various forms of crystalline
material. However, it is considered here in order
to give a comprehensive view of the total scattering
contribution and to facilitate evaluation of the photo-
electric absorption coefficients from the measured
total attenuation coefficients of Mg and Al with
MoK& radiation. For the latter purpose, the in-
coherent scattering was calculated using the for-
mulas and the tabulated Compton intensity functions
given by Weiss; unreported values for Mg were
approximated by those for Al'. The resulting val-
ues, which are shown in Table III, are comparable
in magnitude with the respective coherent-scattering
coefficients. This is in contrast with the statement
by Weiss that the Compton contribution is signi-
ficantly smaller and could be neglected.

Extensive calculations of the Compton-scattering
cross section have been recently published by
Veigele et al. ' On the basis of those calculations
and the present findings, the following remarks
can be made of the relative importance of the dif-
ferent components in the total mass-scattering
coefficient o/p: In the wavelength region consid-
ered, the Compton-scattering coefficient is rel-
atively constant, only slowly declining with in-
creasing Z and X. As stated above, the coherent-
scattering component is comparable with the in-
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coherent one at MoK& radiation for Mg and Al,
but being proportional to X and F, it becomes
dominant at longer wavelengths and for heavier
elements. The total scattering coefficient is often
approximated by the free-electron scattering,
given by the Klein-Nishina formula. It is valid
for very short wavelengths (X&0. 1 A) where the
coherent- scattering contribution is small. The
Klein-Nishina value is almost independent of Z
and X, and it could be used as an upper estimate
for the incoherent-scattering coefficient at the
crystallographic wavelengths, but not for the total
scattering.

MEASUREMENTS ON MAGNESIUM AND ALUMINUM

The main features of the experimental arrange-
ment were as follows: Radiation from a Mo-target
x-ray tube was monochromatized by a singly bent
LiF (200) crystal; the tube was run at 32 kV 18
mA to avoid excitation of the half-wavelength ra-
diation. The reflected beam passed through two

pinholes, and the cross section of the beam at the

specimen site was approximately 0. 5x0. 5 mm.
One Zr foil, with an attenuation factor of 10, was
used for reducing the power of the beam to 10
counts, ~sec. Spectral analysis with a Ge single
crystal showed that the beam consisted of about
90% MoKot and 10/p MoKoz, the pinhole arrange-
ment effectively eliminates the continuous scat-
tering of the monochromator crystal. The specimen
was mounted on a holder which could be moved
along the diffractometer axis and in which the speci-
men could be rotated in its own plane. The face
of the specimen was aligned to be normal to the
incident beam within 1'. The scintillation counter
was placed about 15 cm behind the specimen. The
dead time of the counting chain, which included
energy discrimination, was determined by the
techniques described by Chipman, ' and it was found
to be 2. 4+0. 1 p, sec. The counter was examined
and its counting efficiency found to be constant over
the entire surface of its Nal(Tl) scintillating crys-
tal.

The solid angle of the counter window as seen
from the specimen must be small enough to exclude
the Compton, diffuse, and ordinary Bragg scat-
tering from the detected radiation. On the other
hand, in some light materials there is the addi-
tional component of small-angle scattering. It is
strongly dependent on the sample form, and for a
well-defined attenuation coefficient it is easiest
to include this component in the detected beam.
This holds particularly for a diffraction measure-
ment, where the small-angle scattering component
is included in the diffracted beam. The effect may
be quite large, as demonstrated in the case of
graphite by Chipman. For the polycrystalline
forms of Mg and Al, no difference in attenuation

TABLE II. Impurities contributing to the measured
attenuation coefficients of the various Mg and Al samples.
The values are given in weight percentage.

Sample Cr ill n cu
I ffcct
On p./ &

lllg crystal
%11g polycr
Al crystal
Al foil
Al powder

0. 125
0.057

0.005.
0.010

0.032
0.040

0.0~0
0.220

0.003 0 027 1.9
0.03'

~ ~ ~

1.2"

0 22
l. ()0

was found between the use of a wide-open counter
window or a pinhole in front of it.

Attenuation of x ray in a powder sample is af-
fected by porosity, which gives rise to statistical
variations in the absorption path length. It has
been shown that the measured attenuation coeffi-
cient of a porous sample is reduced by'

—nv/p = $(1- &)'Vd, (8)

where e is the relative density of the sample and

d the length of the mean intercept of a straight
line inside the particles. This decrease in the
measured attenuation coefficient should not be con-
fused with the increase of absorption suffered by
diffraction from a porous sample. ' These ej,"fects
do not cancel each other, and in fact, if both were
ignored in a diffraction measurement, the error
would be twofold. In the present case of Al,

p,d was of the order of 10, and the porosity effect
was therefore negligible.

The impurity concentrations of the various sam-
ples, which are listed in Table II, were determined
by x-ray fluorescence analysis by making use of
standard samples. The estimated accuracy of the
quoted values is 10%.

The thickness of a sample was determined by a
direct measurement with a calibrated micrometer
at about 20 points over the used area, or through
the weight and total area of the sample. Where a
comparison of the two methods was possible it
showed excellent agreement.

The attenuation measurement on each sample
was made at 40 evenly distributed points. This
was shown to be a dense enough mesh by comparing
the results of 20- and 40-point meshes on the
sample exhibiting the largest fluctuations in at-
tenuation; doubling of the number of the points
changed the result by 0. 1/g. The measurements
were quite straightforward except on the Mg crys-
tal, which had to be rocked slightly to avoid a re-
flection; the effect of rocking on the absorption
path length was insignificant. The results, which
are corrected for impurities and reduced to cor-
respond to the natural intensity ratio of the Kn&
and Ko.& components of the incident radiation, are
given with some subsidiary parameters in TableIII.
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TABLE III. Experimental attenuation coefficients
(cm~/g) for different forms of Mg and Al with MoK~
radiation. The values are corrected for impurities and
they are reduced to correspond to the average wavelength
A, =O. 7107 A. 0.~~/p is the calculated relative contribu-
tion of the Bragg scattering to the attenuation coefficient,
tTTDs/p that of TDS, 0'&Ic/p that of Compton scattering;
is the photoelectric absorption coefficient. The predom-
inant factors which determine the quoted error limits are
the accuracies of the thickness and impurity determina-
tions.

Element
Al

Density (g/cm3)
p(meas), single crystal
Orientation
p, (meas), powder or

polyc rys talline
p, (meas), foil
(~,&„-p )/p &, Fk)

o-& ~/p%)
~m s/I P.)
0'iac /p (%

T

l.737
3.850 + 0.011

11.0

2. 697
4.883 +0.014

110

3.983 + 0.011 5.015 +0.020

3.3

1.7
2. 9

3.668+ 0.011

5.014 +0.015
2. 6
2. 9

1.8
2. 4

4.659 +0.020

Comparison with the calculated values shows that
the differences between single-crystal and poly-
crystalline samples, within experimental error,
are attributed only to the Bragg scattering, which
confirms the conclusion based on the model calcu-
lation that the total TDS is essentially the same in
both cases. In light of the previous comment about
the effect of strong preferred orientation, the close
agreement between Al foil and Al powder is some-
what unexpected, and to substantiate this agree-
ment, the total scattering from the foil was com-
pared with that from a powder sample of corre-
sponding thickness. The intensity was measured
in the region 5'-~5' in 28, where the changes due
to preferred orientation are expected to be largest.
The samples were kept normal to the incident beam,
and they were spun for averaging the intensity.
The observed intensities were corrected for slit
height and for attenuation in the specimen. Although
the intensity distribution from the foil was strongly
altered by preferred orientation, the total intensity
remained the same as that from the powder sample.
Additional checks made on Cu foils exhibiting dif-
ferent degrees of preferred orientation confirmed
the conclusion, namely, that preferred orientation
does not appreciably affect the total amount of
scattering.

The photoelectric absorption coefficients given
in Table III are obtained by subtracting as„«,T~
and the Compton-scattering contribution from the
measured values for the polycrystalline samples.
The large contribution of the total scattering to

the attenuation coefficient, about 8% in Mg and 7%
in Al, reemphasizes that this total scattering must
be excluded from the detected transmitted beam to
avoid a significant error.

DISCUSSION

For studies where a detailed description of the
scattering coefficient is necessary, the available
quantitative estimates of that contribution are not
adequate. The Klein-Nishina formula, which is
suggested to give the total scattering, fails for
crystallographic x- ray wavelengths, yielding es-
timates that are comparable to the incoherent part
of the total scattering alone, Previous calculations
of the coherent-scattering coefficient are based
on the independent atom picture. The crude estimates
which can be extracted from Bearden's tabulated
values" are in qualitative agreement with our val-
ues for the total coherent scattering. Weiss re-
ports an approximate expression, which gives val-
ues that are comparable with the present results
except in the vicinity of an absorption edge. Ob-
jections to each of these estimates are that they
do not separate the ro&es of the scattering com-
ponents (t. e. , Bragg, TDS, Compton). Moreover,
even in the polycrystalline case where all the scat-
tering components are active, the calculations
based on the assumption of independent atoms are
not adequate, at least in principle, because the
scattering cross section of a given element increases
stepwise with increasing x-ray energy, as the
number of contributing Bragg reflections increases.
This corresponds to the cutoffs in neutron elastic-
scattering cross sections. '

The salient points of this study are summarized
as follows: The difference in attenuation of x rays
between a single- crystal and polycrystalline ma-
terial is due predominantly to Bragg scattering.
The TDS contribution for the single-crystal and
polycrystalline cases are considered identical.
The contribution of the Bragg scattering to the total
attenuation coefficient is not only appreciable for
short wavelengths and light elements but also for
conditions immediately after an absorption edge.
Our results suggest that in measuring an attenua-
tion coefficient, polycrystalline foils may be used
as substitutes for powders of the same material
regardless of the degree of preferred orientation,
with the provision that the total irradiated area be
large compared with the average grain size.

No comparison with previously published attenua-
tion coefficients of Mg and Al is made, because
the information of the samples and measuring con-
ditions are not sufficient in most cases to make a
conversion to a well-defined attenuation coefficient
possible. Generally, if this conversion is not
made, reporting the effective attenuation coeffi-
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cient is meaningless without including at least the
following details: For weakly absorbing materials
a list of impurity concentrations is needed, not

just the commonly quoted minimum purity. Sim-
ilarly, sufficient details of the wavelength distribu-
tion must be given. Finally, information regarding
the form of the absorber (single crystal or poly-

crystalline) and the measuring geometry are nec-
essary to estimate the effect of scattering.
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Fermi Surface of Antimony: Radio-Frequency Size Effects
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Radio-frequency size-effect measurements have been performed on high-purity single-crys-
tal antimony plates approximately 0.15-0.36 mm thick. Extremal calipers of the Fermi sur-
face which were obtained from the data were fit in an internally consistent manner to a Fermi-
surface model consisting of three electron pockets and three sets of doubly degenerate hole
pockets. The tilt angles and shapes of the pockets basically confirm the general features of
the Fermi-surface model arising from a previous pseudopotential calculation. The sizes of
the pockets, however, differ somewhat from the predictions. Comparisons between the pres-
ent data and previous de Haas-van Alphen and ultrasonic geometric-resonance measurements
are made.

I. INTRODUCTION

In the past, the Fermi surface (FS) of antimony
has been investigated through several experimental
techniques. They include the galvanomagnetic
effect, ' ~ ultrasonic attenuation, ~ de Haas-
Shubnikov effect, ' cyclotron resonance, and the
de Haas-van Alphen (dHvA) effect. " " The in-
terpretation of these experiments was confusing
and often in conflict until an energy-band calcula-
tion by Falicov and Lin (FL)' was performed. In
this calculation FL showed that (a) there are three
electron pockets and six hole pockets and (b) the
electrons are located at the L point in the Brillouin
zone (BZ) while the hole pockets are in the mirror
plane at the point H in the BZ (Fig. I). While this
calculation resolved the situation concerning the
sign of the carriers, number of pockets of each,

and their location in the BZ, it did not have suffi-
cient accuracy to predict the detailed shapes of
these pieces of the FS. The data which are re-

iW

FIG. 1. The BZ for Sb.


