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In a recent work of Woo and Jha, the exchange correlations in a uniform electron gas were
calculated. They ignored the Coulomb correlations completely. To describe the physical
properties of an electron gas at metallic densities, we propose a variational method to cal-
culate the dielectric function which takes into account the local-field corrections due to both

Coulomb and exchange holes.

To consider electron correlations at metallic
densities, various attempts' have been made to
improve upon the high-density (r, «1) Lindhard
dielectric function which corresponds to the ran-
dom-phase approximation (RPA) or the self-con-
sistent Hartree approximation. In the language
of the diagrammatic perturbation theory, the
RPA is equivalent to the approximation in which
the proper polarization part is replaced by a bare
bubble (with the Hartree self-energy in the single-
particle Green's function) in calculating the effec-
tive interaction. It neglects local-field correc-
tions associated with both exchange and Coulomb
holes. These become increasingly important for
large momentum transfers (q-kz, ak» is the
Fermi momentum). Since the pair distribution
function is given by

g(r) =1+ —,e"'1 d Q ~

n „(2e)'

-S dc@ I
2we'4, 2v c(q, &u)

the RPA gives unphysical results at metallic densities
(2& r, &6) for this function at short distances. '
Although the phenomenological approach of Singwi
et al. to account for short-range correlations

gives acceptable results for g(r), a proper justi-
fication for this approach in terms of the many-

body theory is lacking. The effect of exchange
interaction in the proper polarization part can be
calculated by summing up all (exchange) ladder
diagrams (Fig. 1) self-consistently, in which the
single-particle Green's function contains the
Hartree- Fock self -energy with a statically
screened Coulomb interaction. Langreth pro-
posed to use a simple variational solution of the
resulting integral equation for the proper polar-
ization part. By solving this integral equation
numerically, Woo and Jha4 have shown that the
simple variational solution gives the dielectric
function which is extremely close to the correct
numerical solution. But the summation of ex-
change-ladder graphs is not enough to obtain sen-
sible results for g(r) = 0 at metallic densities,
since this leaves out the detailed correlations pro-
duced by interparticle collisions (t-matrix graphs).

The success of the variational solution in cal-
culating the exchange effects, as shown by Woo
and Jha, immediately suggests that one should use
a similar approach to sum both collision and ex-
change graphs simultaneously [Figs. 2(a) and

2(b) j. We show in this note that it is indeed pos-
sible to obtain a simple variational solution for
this problem. On physical grounds, our solution
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FIG. 1. Definition of proper polariza-
tion part and the summation of exchange-
ladder diagrams.
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is expected to give much more sensible results
at metallic densities.

From Fig. 1, one finds that the dielectric func-
tion e(Q) is given in terms of the proper polariza-
tion part L(Q) by the relation

G(K) = G(k, t)= [c'—Eg+i6g] (4)

theory we may also assume that the single-particle
propagator in polarization graphs is given by

~(Q)=
V

'& =I vL(Q), -v, = (2)
(6)

where Q stands for the four-momenta (q, )I+). In
obtaining L(Q) we want to keep both the exchange-
ladder graphs and Coulomb collision graphs. The
interaction V in these graphs has to be the self-
consistent effective interaction, which depends on
both q and z. However, since screening of the
Coulomb interaction is most important for co = 0
and q small, we assume it to be the statically
screened Coulomb interaction ' '

V(q) = V(q) = 4»e'/(q'+q, '),
where q, is the Fermi- Thomas screening length.
In the spirit of the self-consistent Hartree-Fock

(6)I (K, Q) =- —iG(K) G(K + Q)

Yc (K, K') —= V(K -K')

—2ig, . G(K+K" +-'Q) [G(K'+K"+ aQ)

+G(K' -K"+ gQ)] V(~Q -K")V(aQ+K"),

(7)

where f(E) is the Fermi function at T=O'K.
If we limit ourselves to the lowest-order contri-

bution to collisions, from Fig. 2(a) we obtain the
integral equation

Z(K, Q) = I (K, Q) —I (K, Q)Z» Yo(K, K') Z(K', Q),

iL(Q) ~ 2 i g g(K, Q)

-
i f„(K,Q) =-

p+
K' %2+ K"

K
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FIG. 2. (a) Diagr ams with collision contributions to the lowest order, in addition to exchange. (b) Diagrams with
collisions described by g-matrix ladder diagrams, in addition to exchange.
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where

implies
~

The new integral equation (14) is similar to Eq.
(6). However, we have to solve first the t-matrix
equation (17) to find Zo(K, K'). The appropriate
variational functional to solve (IV) is given by

For l(K, Q) & 0, let us define the vertex function

A(K, Q) = gK, Q)/l (K, Q);
then

(6)

-»(K, Q) A'(K, Q), (10)

because [5E/5(A(K, Q))] = 0 implies Eq. (9). If
we take the trial function A(K, Q) to be L (Q), con-
stant inE, we find

A-(Q} +l(K, Q)
E&i(K, Q)+E«i X, Q) Ye(K, K') i(K', Q)

which leads to

i(q)-2Z, M, Q)=~(q) 2Z, i(K, Q) .
Note that in RPA, X(Q) is 1, so that

I asi(Q) = 2+r i(Ki Q)

(12)

, I' d'k f(E .) -y(E.)
(2v)' (E„,-E, - 8'~ - i5 sgn&u}

where in E&, defined by Eq. (5), Z(k) has to be
put equal to zero.

In the contribution to the proper polarization
part we can also consider collisions to higher or-
ders in V by summing the ladder diagrams (t ma-
trix) as shown in Fig. 2(b). This would become
necessary at lower densities. In this case, we
find

Z(K, q) =i(K, q) -l(K, Q)Z, . Z, (K, K') Z(K', q),
(14)

Zo (K, K ) = V(K -K ) —2S(K, K, Q},

S(K,K', Q) = T(K, K', Q) —V(Q),

T(K, K', Q) = V(Q)+go. g(K, K', Q')

(15)

(16)

x V(q-q'}T(K, K', Q'), (17)

g(K, K', Q) =iG(K+Q) G(K'+Q} .

A(K Q) = 1 —Qr Yo(K K ) l(K ~ Q) A(K, Q) . (9)

Since Yo(K, K') = Yo(K', K), the appropriate varia-
tional functional E(A(K, Q)) is

Z(A(K, Q})= —Z A(K, q}l(K, q) Y,(Z, K')
E,E's

x l (K', Q) A(K', q) + 2 Z l (K, Q) A(K, q)

&(T(Q)) = & T(Q)g(Q) V(Q -Q')g(Q') T(Q')
QQ'

+2+ g(Q) V(Q) T(Q) -Qg(Q) T (Q), (19)

where the K and K' dependence of g(K, K', Q) and

T(K, K', Q) has been suppressed. As a trial func-
tion if we choose T(K, K', Q}= V(Q)t(K, K'), it
leads to

s(K, K', q) = v(q)

@,. v(q) g(q) v(q —q') g(q') v(q')
Q V (Q)g(Q) —Qo. V(Q)g(Q) V(Q —Q')g (Q') V(Q')

'

(20)

The approximate Zo (K, K') thus obtained can now

be used in Eq. (14). The variational solution of
this equation gives

I(q) =2K.~(Z, Q) =A, (q) 2Z, i(K, Q),
(21)

A (q) Xrl(K, Q)
Eri(K Q) +Err ~ i(K Q) Eo(K K')l(K', Q)

We are thus able to obtain analytic expressions
to calculate the effect of exchange and Coulomb
holes not only to the lowest order in collisions,
but to all orders by finding the t matrix. How-
ever, solution (11) obtained to the lowest order in
collisions is perhaps better in the sense of con-
serving approximations discussed by Baym and
Kadanoff. e We may note that after the screening
of the long-range part of the Coulomb interaction
has been taken into account, the electron gas at
metallic densities would behave like a low-den-
sity system since the average distance between
particles is larger than the range of the screened
interaction. In this sense our solution (11) should
be sufficiently accurate at metallic densities.

One important question which one would like to
ask is whether our variational approach gives an
acceptable solution to integral equations. Since
Ql(k, c; Q), for +=0, is proportional to 5(k —kz)
as q-0, Eq. (6) or Eq. (14) can be solved exact-
ly in this limit, if one neglects collisions. One
can verify that this leads after summation over
k to the same L or E as the variational solution.
Similarly, we can show that for co = 0 and q- ,
variational solutions (12) or (21) give the same
L or E as would be obtained by solving these in-
tegral equations exactly in this limit. Moreover,
the numerical work of Ref. 4 gives us confidence
to believe that the va, riational method provides a
good approximation to calculate electron corre-
lations at metallic densities.
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ERRATA

Comments on Effects of Electron-Electron Interac-
tions on Nuclear Spin-Lattice Relaxation Times in

Aluminum, F. Y. Fradin and T. J. Rowland
[Phys. Rev. B 3, 1781 (1971)]. Some lines of this
article were misplaced during the page makeup
procedure.

(i) The last three lines in the second column of
p. 1781 "

~ ~ the apparent values of & found in a
number of experiments on aluminum are consider-
ably greater than 2' " should appear at the end
of the text on p. 1782.

(ii) The first four lines at the top of p. 1782 "of
magnetization ~ ~ ~ measured by Pifer'" should be
omitted, since they belong to the following paper.

Comments on Effects of Electron-Electron Interac-
tions on Nuclear Spin-Lattice Relaxation Times in
Aluminum-A Reply, D. P. Tunstall and D. Brown
[Phys. Rev. B 3, 1783 (1971)). Some lines of this
article were erroneously inserted in the preceding
article during the page makeup procedure. The
paragraph preceding the note added in proof should
read;

The value of 5 that FR quote as measured by their
technique, 2. 65, as compared to our value of 2. 15,
is more worrying. It seems to us, from our argu-
ments in the preceding paragraph, that the size of
the quadrupole bath in thermal contact with the
dipolar bath in the FR measurements will vary (a)
during a single measurement, a fixed H„of mag-
netization against time and (b) with the amplitude
of H„due to the mixing effect of the presence of
H&. As further support for our value we may note
the value of 6=2. 07 measured by Pifer. '


