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Exact real-space renormalization-group approach for the local electronic Green's
functions on an infinite Fibonacci chain
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We present a new real-space renormalization-group (RSRG) scheme for finding exactly the lo-

cal Green's functions (LGF) for electrons in a quasiperiodic Fibonacci chain. It has been possible
to construct the RSRG transformation, which, apart from renormalizing the Fibonacci chain glo-
bally, also preserves the local environment around any chosen site at which the LGF is being
found. The relevant scale factor in this work is i, where i is the golden ratio. The present work
gives an alternative confirmation of the Cantor-set-like behavior of the energy spectrum of the Fi-
bonacci chain.

Following the experimental discovery of icosahedral
symmetry in the Al-Mn alloy by Shechtman etal. ,

' ex-
tensive research is being done to understand the structure
and stability of quasicrystalline systems. Such systems can
be thought of as being intermediate between a periodic
structure and a disordered one, where icosahedral symme-
try coexists with long-range bond-orientation al order.
The theoretical understanding of quasicrystalline struc-
ture is based on three-dimensional extensions of two-
dimensional Penrose tiles as discussed in the articles of
Mackay and Levine and Steinhardt. The basic sym-
metries of these structures are quasiperiodicity, self-
similarity, and local Penrose isomorphism; and these prop-
erties are common for quasicrystals in any spatial dimen-
sion. Therefore the study of quasicrystals even in one di-
mension should provide information about the spectral
properties of such systems in general.

A Fibonacci chain is a one-dimensional version of Pen-
rose tiles which has been the subject of extensive research
during the past few years. In particular, interest in study-
ing Fibonacci chains has increased considerably since
Merlin et al. succeeded in growing a quasiperiodic super-
lattice, which was then examined by x ray and Raman
scattering technique. Both analytic and numerical
methods have been employed so far for obtaining the
Cantor-set energy spectrum, critical wave functions, and
other exotic electronic properties, characteristic of such
systems. ' Among the analytic methods the real-space
re normalization-group (RSRG) scheme developed by
Kohmoto, Kadanoff, and Tang (KKT) (Ref. 8) has been
widely used by many authors. ' The KKT scheme main-
ly establishes a recursion relation between the transfer
matrices on a Fibonacci chain and obtains the exact wave
function only at zero energy (E =0). Another decimation
scheme was proposed by Niu and Nori'' on the transfer
model of a Fibonacci chain to explain the hierarchical
splitting of the energy spectrum. The theoretical calcula-
tions done so far mainly concentrate on the global struc-
ture of the energy spectrum and the scaling properties of
wave functions. Comparatively speaking, much less atten-
tion has been given so far to the local electronic proper-
ties' '" of such one-dimensional quasiperiodic systems,
such as the local density of states (LDOS). Because of

the lack of periodicity, each atom in a Fibonacci chain has
a diff'erent environment if one goes beyond the nearest
neighbors. This is reflected in the hierarchy of equations
for the local Green's function (LGF) corresponding to any
chosen site in the chain, the LDOS being easily obtainable
once the LGF is determined. It is found that every site is
characterized by a different set of equations for the LGF,
and this makes the LDOS different for every site. This
situation is to be contrasted with the corresponding case of
determination of the eigenfunctions of the Schrodinger
equation on a Fibonacci lattice, where we have just a sin-
gle hierarchy of equations. We shall presently discuss the
fundamental reason for this difference, which necessitates
the use of an altogether different RG scheme than that
used by Kohmoto et al.

Recently Ashraff and Stinchcombe (AS) (Ref. 13)
have proposed a decimation-renormalization group
scheme which relies on the mapping of a Fibonacci chain
onto itself through the elimination of a suitable selection
of sites. One must realize, however, that the requirement
for a RG transformation for finding the local Green's
function is much more stringent. While it is necessary
that the Fibonacci chain must go over to a renormalized
Fibonacci chain upon decimation, maintaining the global
nature of the transformation, it is also additionally neces-
sary that the local environment around the chosen site in
the chain must map into itself with the site remaining
fixed and undecimated. The equations for the LGF will
remain invariant only under such a combined transforma-
tion, which would then constitute a proper RG transfor-
mation. The AS work does not take account for this local
symmetry, and it can easily be checked that their decima-
tion scheme does not preserve the invariance of the hierar-
chy of equations for the LGF for any site. Furthermore,
they identify only three distinct sites in the chain, whereas
each site has a different environment, and therefore leads
to a diff'erent LGF.

In this paper we present a new RSRG scheme which en-
ables us to determine the LGF exactly at any chosen site
on a Fibonacci lattice, while respecting both the global
and the local symmetry requirements of the transforma-
tions mentioned above. For this, we develop a variant of
the real-space decimation scheme first used by Southern

~9 9730 1989 The American Physical Society



EXACT REAL-SPACE RENORMALIZATION-GROUP APPROACH. . . 9731

et al. ' and da Silva and Koiller. ' We illustrate our ap-
proach by considering the tight-binding Hamiltonian

where the hopping matrix element has two values tL and
ts depending on whether a long (L) or a short (5) bond is
being considered, these being arranged in the Fibonacci
sequence. The general formulation of the RG transforma-
tion requires that we begin with three values of the site en-
ergies s, namely, s~, s2, and s3, corresponding, respectively,
to a L-L, L-S, and S-L vertex in a chain. Our method
therefore automatically includes both the on-site and
transfer models as special cases, apart from it being appl-
icable to the more general and realistic situation when a
combined model has to be considered. To fix our ideas,
consider a segment of the chain shown in Fig. 1. We
define first the elementary transformations

L+S~ L' and L~ 5'

and

S+L L' and L~ S',

calling them transformations of type I and II, respectively.
It is important to realize that these transformations are
not identical because of an implied handedness in the con-
struction of a Fibonacci lattice. This can also be checked
by explicit construction of these two transformations.
Transformation I is identical to the AS transformation.
The application of the transformation of either type I or
type II individually renormalizes the original chain to
another Fibonacci chain of a smaller number of degrees of
freedom, but fails to reproduce the exact bond-orienta-
tional environment around any arbitrarily chosen site,
keeping that particular site undecimated. The local topol-
ogy around any site now being completely diff'erent from
the starting configuration, one fails to obtain the recursion
relations for the parameters of the Hamiltonian. We ar-
rive at the solution of this problem in the following
manner.

An extensive examination of Fibonacci chains of vari-
ous finite orders has resulted in the discovery of the fol-
lowing remarkable facts. First of all, in any generation, it
is possible to identify one special site which we call the key
site. The key site has the property that it is always possi-
ble, through a judiciously chosen three-step combination
of the elementary transformations I and II listed above, to
maintain invariant the entire arrangement of the bonds

and sites around it, while itself remaining undecimated.
In Fig. I we show a part of the original chain and the sub-
chains that result after each step of decimation for the
case under consideration. This immediately leads to the
desired RSRG transformation for the key site. At every
stage of decimation the number of degrees of freedom is
reduced by a factor i in the asymptotic limit, where r is
the golden mean, so that the length scale factor in the
present RSRG scheme turns out to be z . On further in-
vestigation we have found that there are three types of key
sites altogether and, accordingly, have divided the Fi-
bonacci chains of diII'erent generations into three distinct
classes. Each class is characterized by a single type of key
site which is a unique selection for that class. No two suc-
cessive generations belong to the same class. These three
classes exhibit a closure property discussed below. In any
generation, the first operation of the three-step decimation
scheme maps the entire configuration around the key site
of a particular class onto the configuration around the key
site of the class characterizing its previous generation.
The second decimation step maps the resulting chain onto
the chain belonging to the remaining class and, the final
step reproduces the environment of the original class with
which we started. At each stage of decimation the key
site and its neighbors belonging to one particular class are
transformed into the key site and its neighbors of another
class with renormalized values of site energies and hop-
ping integrals.

Now, as far as the sites other than the key site in any
generation are concerned, we find that the application of
the elementary transformations I and II in a suitable se-
quence transform the entire configuration around an arbi-
trarily chosen site into the configuration around the key
site of the particular generation. The originally chosen
site now becomes the key site of that generation. The re-
sulting new chain has renormalized site energies and hop-
ping integrals. The problem thus boils down to that of
solving exactly the key site problem already discussed
with the above renormalized Hamiltonian parameters.
The number of decimation steps required for getting the
key-site configuration is not always three, but depends on
the position of the chosen site with respect to the key site
in that generation. Exhaustive search for appropriate de-
cimation schemes for such sites provides a most interest-
ing solution to this problem. If, in a long Fibonacci chain
belonging to a certain class we concentrate on a finite seg-
ment around the key site which represents the lowest-
order Fibonacci chain of that class, then all the other sites
in this segment can be transformed so as to have the key-
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FIG. 1. The central portion of a Fibonacci chain in tenth generation containing 89 bonds with the key site marked "0". We illus-
trate here the appropriate sequence of transformations I and II necessary for the RSRG scheme. The site energy at the key site in
this case is s3.
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site configuration of that class through a three-step com-
bination of schemes I and II. If we now concentrate on a
larger segment around the key site which represents the
next-higher-order chain in that particular class, then the
additional sites beyond the lowest-order segment can be
transformed to achieved the key-site configuration of the
same class through a six-step decimation and so on. Once
this is done, the RSRG operation may proceed in the same
manner as in the case of the key site. We have checked
these contentions to be exactly valid for chains containing
up to 46368 bonds. We may therefore conclude with
complete confidence that the RSRG scheme outlined
above is universally true for Fibonacci chains of any
length.

We now proceed to obtain the recursion relations for
the Hamiltonian parameters. We start by explicitly writ-
ing down the Green's function equations around a chosen
key site of site energy s3 corresponding to the chain de-
picted in Fig. 1 and obtain the following hierarchy of
equations for the Green's functions:

(E 83)6 —3p
= tLG —2p+ ts 6 —40,

sl)6 —20 tLG —10+ tLG —30

(E —s2)6 —]0 tsG pp+ tL G —20,

(E &3)600 1+tL610+ tSG —10

(E 81)610 tL GOO+ tLG20

(E 82)620 t L G l 0+ tSG 30,

(E —s3)630 ts620+ tLG40,

where

&L+ts tI. tsX E — @3+— +
(E —s2) '(E —v)

iL
2

V s)+ E —sp
'

2

The recursion relations reveal that the hopping terms tL
and ts Aow to zero on successive iterations so that after
infinite iterations we are left with a single "pseudoatom"
having a site energy c3. We then obtain the LGF at the
chosen key site as

Gpp 1/(E —s3 )

and the LDOS can be easily obtained. We illustrate in
Figs. 2-3 the LDOS at the above site. In Figs. 2 and 3 we
present the results for on-site and transfer models, respec-
tively, while the LDOS for the combined model is given in
Fig. 4. We have checked the results for the on-site and
transfer models using an alternative method based on the
cluster Bethe lattice framework' and also with the nu-
merical works. The four-subband structure in Fig. 2
shows the characteristics of the on-site model. " These
subbands arise from the electronic levels of isolated A
(s~ =1) and B(hatt = —1) atoms and from the bonding
and antibonding levels of the AA cluster. Niu and Nori"
pointed out that in the transfer model the three global
subbands correspond to the energy values E 0 and
E + ts. The hierarchical splitting of each subband both
in the on-site and the transfer models is a characteristic of
the Fibonacci chain.

The sequence of transformations for the two other key
sites with site energies e~ and eq are I-I-II and II-I-I, re-

and so on.
We obtain the following recursion relations:

tL t Z i'
8~ =83+Z+ + +1, (3)E —Y X(E —s2) (E —y) '

iLZ
Gp =83+Z+ +

E —V X(E —&2)
'

Vl
O
Cl

3

l iLZ
c3 = c3+Z+ + tLE —Y E —ep

2-

tLZ

X(E —s2)(E —v)' ' (s)

iLZ
X(E s, )(E V) '—— 0,

w3

Li i IJ
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0

tLtsis=
(E —s2)(E —v) '

E

F16. 2. The LDOS (arbitrary units) at the key site with site
energy s& in the on site model. a&

= —e2 s3=1 (in units of tL),
tS/tL -1.
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FIG. 3. The LDOS (arbitrary units) at the key site with site
energy s3 in the transfer model. e& s2 s3 0 (in units of tt. ),
tsltL =1.5.
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FIG. 4. The LDOS (arbitrary units) at the key site with site
energy s3 in the combined model. sl —s2=s3 1 (in units of
tL), and ts/tL 1.5.

spectively. It is then straightforward to obtain the LGF
for them by applying the appropriate sequence. The
LDOS will be diA'erent in each case.

We have studied the behavior of tL and ts under the
RG transformation in some detail. As expected, the be-
havior is quite diA'erent from that in a periodic system. In
a periodic system if a small imaginary part is added to the
energy, the hopping integral under renormalization goes
to zero inside the band. For real values of the energy the
hopping term oscillates within the band without showing
any sign of convergence. ' Outside the band the t's how-
ever flow to zero whether the energy contains an imagi-
nary part or not. But for a Fibonacci lattice we have ob-
served that tL and tq flow to zero under RSRG operation
for all values of energy, real or complex. This clearly
shows that for such systems all the energy levels are
discrete, that is, the spectrum is a Cantor set having zero

Lebesgue measure.
In conclusion, we would like to emphasize that we have

been able to discover a new decimation scheme for an
infinite Fibonacci chain which correctly brings out the lo-
cal features exactly. The present formulation is suf-
ficiently general that the results for the on-site and
transfer models come out as special cases. This scheme
enables us to study various local properties which depend
on the local topology of such quasiperiodic systems. A
novel feature of this scheme is that it involves an irrational
scale factor z . We have found that the oft'-diagonal
Green's functions can also be exactly calculated by this
method, and hence, it is possible to study the conductivity
for the Fibonacci chain, both for the pure system and also
in presence of impurity. A study of all these problems, to-
gether with a detailed RG analysis of the scaling of the
Green's functions will be published elsewhere.
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