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Binding of holes in one-band models of oxide superconductors
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We have performed exact-diagonalization studies of the ground state of the one-band Hubbard
model and the related strong-coupling Harniltonian near half-filling. A tendency towards super-

conductivity, indicated by a negative "binding energy,
" is found to be greater for the strong-

coupling Hamiltonian. We find that two holes are attracted to each other for parameter values

where the binding energy is negative. The symmetry of the two-hole bound state of the strong-

coupling Hamiltonian is predominantly d„2 y2 in agreement with other calculations.

There is a considerable amount of experimental data
pointing out the relevant role that the copper-oxide planes
play in the high-T, perovskite superconductors. ' Obser-
vations such as the smallness of the isotope effect, anti-
ferromagnetism in related undoped materials, and the
strong electron-electron interaction in Cu sites, suggest
that a phonon mechanism alone cannot describe these su-
perconducting materials, and that the pairing mechanism
could be provided by spin fiuctuations. These facts have
motivated a great theoretical effort to study the properties
of two-dimensional correlated electronic systems and the
related nondoped insulating materials.

Following Anderson's initial suggestion, these models
are usually taken to be some variation of the Hubbard
model. Most commonly, the single-band Hubbard mod-
el ' on the square lattice or an eA'ective Hamiltonian
obtained from it in the limit of large Coulomb repulsion,
has been studied. Even for this well-studied case, the pos-
sibility of superconductivity remains controversial. Monte
Carlo variational studies on the strong-coupling Hamil-
tonian, find a stable superconducting state below half-
filling in the d„2 y2 pairing mode. On the other hand,
both quantum Monte Carlo simulations and exact diago-
nalization results on the Hubbard model showed that all
pairing susceptibilities are suppressed by the Coulomb
repulsion, which was interpreted as evidence that this
model does not exhibit superconductivity. It is therefore
of interest to understand whether this difI'erence could
arise from the different models that were being used; the

I

Hubbard model in the case of the quantum Monte Carlo
calculations, and the strong-coupling Hamiltonian, which
is only equivalent to it in the limit of very large Coulomb
energy, in the variational Monte Carlo work. Actually, in
more recent Monte Carlo work, ' which computed in-
teraction vertices, evidence for pairing, and hence possible

perconductivity, in the d, ~hann~l ivas obtaine
Nonetheless, it is clearly desirable to compare the behav-
ior of these models for realistic values of the parameters;
to our knowledge, this has not been done before.

We have therefore investigated the ground-state prop-
erties of the one-band Hubbard model and the strong-
coupling Hamiltonian near half-filling by exact diagonali-
zation. The Hubbard Hamiltonian is defined by

HH„bb= —t g (c;~J +cj c; )+Urn;tn;i (l)
(i,j),cr E

where (i,j) indicates nearest-neighbor pairs, each distinct
pair being summed over once, c;, c; are creation and an-
nihilation operators of an electron on site i with spin cr,

and n; =c;~; . In the limit of large U, one can use a
canonical transformation to eliminate the states with dou-
bly occupied sites, and thus the size of the Hilbert space is
reduced from 4 to 3 states, where % is the number of
sites. Following Ref. 11, the ensuing strong-coupling
Hamiltonian Hsc can be written

Hsc =0~~+0~~&,
where

4S
HNlV t g (Cl~~cjg +C~'~;~) + g (S; SJ)—U «j&

' ' 4

whe«ci =c; (l —n;, — ), the factor of (l —n; ) enforcing the constraint of no double occupancy, S; is the spin oii site
i, and n; n;t+n;~. HNNN is given by

2

Xf ~(cltcj~lcjtck i +cjtclick icjt )+ (cltcj ick jcjt +cjtct~fcj)ck1 ) ]+ (k~t ) (4)

where (i,j,k) indicates a sum over sites such that (i,j)
and (j,k) are nearest neighbors. HNNN represents a par-
ticle making a second-neighbor hop from i to k passing
through a virtual intermediate state with double occupan-
cy on j. The first and second terms of Eq. (4) describe
processes in which the spin on the intermediate site j

I

remains fixed and is Hipped, respectively.
Note that Eq. (2) includes only the first terms in an ex-

pansion of the Hamiltonian in powers of t/U Neglected.
terms are of order t /U or higher, so Hsc and the Hub-
bard Hamiltonian should agree for sufficiently small t/U
Since HNN and HNNN are the same order in t/U, they

9697 1989 The American Physical Society



J A. R[ERA AN& A. p YOUNG

I
a

9698

ed by

E)—2(E—i
—EpEti 2=(E2 —

p (sa)

ith m holes.of the system withgo

ve therefore a sofhl Wh
ct to splittinger of three o eshl h

}11 dfi dbd a single o e,into a pair an

) —(E —Eo) (E-E» =(E3 Eo 2
— Ep, (Sb)

res ct to form-r of ourf f r holes with respand the binding ene gy f r
'rs defined bying two pai

Es 4=(E4 —Ep) —2 E2 —Ep (5c)

Hpwevei, HNNNed fPr consisten y
esults for

ld both be includ
1 o computed r

shpul o
d so we have a so

'
H miltonian, a

is pften g
I the strong-co p

f hples ng is

~

ne lecte s

ling a.mitself " .
, p the number o

HNN y
mpty site so

mber of sites
"hple i j

=N —n, where N "
lf filled case,

" js 'ust an em
is the numdefined to

ber of electrons. I
alent tp the

n the hais the num e
d l becomes eq

tions, the larg
We only includ

th s not

r est sizes eing
'

ded configurathe Hubba
m onent of tpta p

ible values

ard model.
al s in, but t '

s anall ppssi evreally a restr o"
For the 4X4 latt '

b two
al s in itself

'
(translations

pf the tota p '
1 symmetries

nd two
ometrica s

rections an
d n reversal symm

t}1 t dthge largest m
n'u ate gra

'
on 60060.had dimensio

the minimum e'g o

space o i
te and, if so, wtate is degenera eground sta e

'
e

rmine the possibility o p
ty in this model, we study the in
defin

HNN

Hsc

HHubb

EB,2/t

0.0 O. i 0.2
I s

0.3 0.4 0.5

changes from positive toThe value of t 8,2

ith increasing size an i
13 Nd

negative
hether this va ue e

a netic, i.e.,
for very large , ip

For the 4Xa's theorem.
& 0.025, in agred' ears for t/U

Fo t o hol
etism disapp

les we n
is always a sing e .

'esof the mode wi
E E dE "hOur resu

lattice. It is see
f t/U con-

0
at about the samhan e sign a a

above, that t ey
hen phase sep

t with the i ea,
aration o oene ative w e

f values o t
gative whileU~O 16 h

at there is a
E 2 is negae range 0.06 t

and Eg 4 are positive, in
'

ossib e su

f t}1Another indication o

t./v

les added to the half-2, of two holes a e
ts are

g " SY
d JS&J8 lattice Re .for the tilted

model, HH„bb, t e sh Hbb dgo
iltonian, Hs(-, an e

ho o l, Han wit ne a rest-neighbor opp'

ive if phase separation

E dE bive and

d od1,f r the Hubbarx J8 lattice or
o - '

Hamiltonian, qs
lin Hamiltonian

o p g

3) We see that w i eonl, Eq.
odel, there is a ath H bb d od

h strong-coupling
1 the nearest-neigh oect if on y

in regime corh t ong coup gNotethat t es r
e results of t e2 showt e

dd d to h lf-fill
. In Fig.

d ban ord' ~f t/U obtained w'

2X2 lattice which is clear y

0.0
I i I

0.3 0.40.1 0.2
t./v

0.5

round state of theEg, 2, in the grou
the half-

FIG. 2. in
'

dd dHami tonian,strong-coupling ian
for various sizes.filled ban, or



BINDING OF HOOLES IN ONE-B AND MODELS 0F OXIDE. . . 9699

1.5

1.0

I I
'

I
lation matrix d fila

'
e ne by

I
&tm T &A~m+~m~t&

where

0.5

0.0

—0.5

—1.0
0.0 0.1

t/U

0.3 0.4 0.5

is given by the hole-he- ole correlation fu, e yn u ction, definedbyn

C(r) = ~& —; n;~,~~ (1 —n;)(1 n;~, )—)

which gives the probabilit given
a t cori in

a oeatr
'

hb
( oMI d hid
extra s

d i hbo ) q

h /USO 05
bl' '" 'h'1e attice. As t/U in

o eas far as

1 od o ds u ypairin wg, we compute thee pairing corre-

FIG. 3. Eg

e results are for diffe

E
e x 4 lattice. For

& erent values of t

b
'

d

otU
dE dE t bg, 4 o e positive.

(s)Q( mm
1

g JCi+tl,

are the usual pairin og op
ponding to th

f 8-10 Bo hR

n particular

one has avera
erms wher

ges o four f
re the sites of tw

fermion

idc spond to spin or char e

quantity to stud
sites are diffw ere all fo

u yis the

is restriction
i erent. Note a

e; ii doubl
erms in E .

idi d'

1p rep ace the c by regular e e
ors y

y iagonalizing th
we

p g oe xN

n the

g

in at

y

~ ~

g"
il 1

metr y, though the

0.14 symbol neighbor
1

0.12

0.10

0.08
C(P)

0.06

0.04

0.14

0.12

0.10

0.08

0.06

0.04

0.02

0.02

0.00 I i I I I I

0.0 0.1 0.2 0.3 0.4./''
FIG. 4. A

defined by Eq. 6
A plot of hol-o e-hole correlation

6) of t e text for all
'

(fi i bg or second nei hb
e strong-cou lin

eig or, etc.) for the

of /U

e ground
an on a 4x4 lattice, as a

0.00

—0.02
0.0

I

0.1 0.2 0.3

FIG. 5. A plot of

t/U

po o the largest eigi, defined in Eq. (7)

different Th

, with the

e results a
ur ermion o er

attice.
rong-



9700 J. A. RIERA AND A. P. YOUNG

2 y 2 eigenvalue is the next largest. we feel, however,
that information about pairing is better contained in the
results with restriction to diferent sites because these are
uncontaminated with charge and spin Auctuations. This
argument is supported by the result that the d„2—y2 mode
begins to dominate very close to the value of t/U where
Eq 2 becomes negative. For H~~, however, we find that
the d„2 y2 fluctuations dominate even if one includes
terms where sites are the same.

To conclude, we have provided evidence suggesting, but
by no means proving, that the one-band strong-coupling
Hamiltonian has a d-wave superconducting phase for
small concentrations of holes below half-filling. This is in

agreement with earlier studies using a Gutzwiller-type
variational wave function for the nearest-neighbor
strong-coupling Hamiltonian and recent Monte Carlo
simulations of the Hubbard model. ' We feel that our
work is complementary to these studies in that, although
we work with smaller lattice sizes, we do not have to guess
the form of the wave function, as in Refs. 6 and 7, and we
can work at T 0 whereas the results in Ref. 10 are re-
stricted to moderately high temperatures. We have also
given a more detailed study of the behavior as a function
of t/U It is .interesting to note that the spin-bag model'
also predicts a pairing wave function with d 2 y2 symme-

try in real space. Although we have been unable to study
the 4 x4 Hubbard model we do find, for the tilted J8 && J8
lattice, that two holes are attracted to each other in real
space for t/U values where Eg 2 is negative, just as oc-
curred for Hs& on the larger lattice. It would be very in-
teresting to compute the pairing functions of the 4x4
Hubbard model, to see if there is a dominant d„2 y2 mode
there too. Imada, Hatsugai, and Nagaosa' have studied
a somewhat more general model than ours and also con-
cluded that there are parameter values where two holes
bind. They do not, however, report in detail how the re-
sults depend on the parameters of the model and do not
look at the symmetry of the bound state.
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