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Quantum correction to the equation of state of an electron gas in a semiconductor
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In a recent paper [M. Cx. Ancona and H. F. Tiersten, Phys. Rev. 8 35, 7959 (1987)]a macroscopic
description of conduction electrons in a semiconductor was presented in which the equation of state
for the electron gas was generalized to include a dependence on the gradient of the density. This
generalization led to a new transport equation —often expressible as a generalized diffusion —drift-
current equation —which has been shown to accurately describe some important quantum mechani-
cal effects occurring in semiconductor structures. In the present paper sufficient microscopic condi-
tions under which the density-gradient —dependent equation of state does represent lowest-order
effects of quantum mechanics are established using methods of quantum statistical mechanics. A
microscopic derivation of the transport equation is also given.

I. INTRODUCTION —V(y+ y' ) +E'=0, (2.1)

In a recent paper' a macroscopic description of elec-
trons in a semicoriductor was presented in which the
equation of state of the electron gas was permitted to de-
pend not only on the gas density but also on its gradient.
The equation describing transport of such a gas was
shown (under certain assumptions) to take the form of a
generalized diffusion —drift-current equation, i.e., the usu-
al difFusion —drift-current equation plus correction terms.
In Ref. 1 it was argued and in subsequent work ' shown
that the generalized transport equation accurately de-
scribes some important quantum-mechanical phenomena
including quantum confinement effects and tunneling.
In this paper, the underlying reason for this is made evi-
dent by a microscopic derivation of the macroscopic
equation of state using Wigner function techniques. We
demonstrate that, on a macroscopic scale, the lowest or-
der efFect of quantum mechanics on an electron gas is to
make its equation of state density-gradient dependent.
Among other assumptions in this demonstration, effects
associated with quantum statistics and with many-body
correlations are neglected and therefore the results are
limited to "high" temperatures and "low" electron densi-
ties, conditions often characteristic of semiconductor sit-
uations. In addition, the electron gas is assumed to be
infinite in extent and thus effects due to boundaries (of
relevance to semiconductor device applications) are not
investigated.

where y is electric potential, E' is the drag force felt by
the gas as it Aows through the lattice and y' is a gen-
eralized chemical potential. As discussed in Ref. 1, for
(2.1) to be practically useful, specific (constitutive) expres-
sions for E' and y' must be given. For E' the lowest-
order form is

E'= —v'/p', (2.2)

which represents an assumption of linear drag where p' is
the usual electron mobility. This is equivalent to treating
scattering in a relaxation-time approximation and, for
this paper, we make no effort to justify it on microscopic
grounds. The constitutive expression for which we wish
to provide microscopic justification is that for y' ', this is
essentially the equation of state of the electron gas. In
Ref. 1 we asserted that, to include lowest-order quantum
effects, the equation of state must depend not only on the
gas density but also on the density gradient. In efFect, the
inclusion of both density and density-gradient depen-
dences means that the equation of state will contain some
"nonlocality" which, of course, is a primary characteris-
tic of quantum mechanics. Assuming the internal energy
density of the electron gas, e', to have these dependences,
i.e., e'=e'(p', Vp'), it can be shown from thermodynamic
arguments that the stress tensor ~' in the gas must be of
the form'

II. MACROSCOPIC THEORY
0E'z'= —p'I+ p'V p'

aVP'
(2.3a)

In this section we brieAy recount the key macroscopic
results which for this paper serve as targets for the micro-
scopic analysis. Reference 1 should be consulted for full
details and for additional references. The equation of
linear momentum balance in the electron gas under the
assumption of negligible inertia may be written as

p'=p' p', +Vp
imp' 0Vp'

(2.3b)

where I is the identity matrix and the gas pressure p' is
given by
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The expression for the generalized chemical potential y'
in terms of e'is'

(2.4)

b Vp'. Vp'
e'(p', Vp') = — ln

Pq qNc 2
(2.5)

where p—:I/k~ T, Nc is the efFective density of states in
the conduction band and the coefBcient b is a new rnateri-
al parameter measuring the strength of the gradient
effects in the gas. We term this the equation of state for
an "ideal gradient gas." For such a gas, from (2.3), the
stress tensor is given by

V 'V '
e P I—b VVe P P

qp p'
(2.6)

and from (2.4) we have the generalized chemical potential

p' +~ V p' 1 Vp'. Vp'
—qNC p' 2 (p')'

]
ln

pq

(2.7a)
which may be written more compactly as'

If we further assume that the functional dependences of
e' on p' and Vp' are both of lowest order, then the inter-
nal energy density (apart from constants) takes the expli-
cit form

$2
V g„(x)+U(x)1(„(x)=E„Q„(x),

2m*
(3.1)

the validity of such equations. In this section we find
conditions under which quantum mechanics leads an
electron gas to act as an ideal gradient gas. Among
these conditions are (1) the gas is infinite in extent, (2)
quantum effects associated with Fermi-Dirac statistics
are negligible, (3) many-body electron correlation effects
are negligible, and (4) effective-mass theory applies. To
some extent all of these conditions may be relaxed, how-
ever, since all but the first are typically well satisfied by
the semiconductor applications of most interest, we
proceed on this basis. Each condition is discussed further
below as it arises.

Much of the microscopic derivation follows the
pioneering work of Wigner, although in detail we paral-
lel the development of Ref. 10. In order to simplify the
derivation we start from one-electron effective-mass
theory, the microscopic underpinnings of which are well
known, e.g. , see Ref. 11. Among other things this as-
sumes (self-consistent field approximation) that many-
body electron correlations are negligible as is usually the
case in "low"-density, "high"-temperature semiconduc-
tor situations. ' '

The effective-mass eigenstates g„and energy eigenval-
ues E„ for the system under consideration (assuming a
spherical constant-energy surface) are solutions of the
effective-mass Schrodinger equation,

ln
pq

p
qXc

p2
+2b

s

where s=( —p')'~ (2.7b)

where U(x) is the self-consistent electron potential ener-

gy and m' is the effective mass. In thermal equilibrium
at a temperature T the system may be described by the
density matrix (mixed state),

p"'(x, x')= ge "f„( x)g„( x), (3.2)
By inserting (2.2) and (2.7b) into (2.1) we obtain the new
transport equation

V2$J'=p'p'V y —D'Vp'+ 2p'bp'V
s

(2.8)

III. MICROSCOPIC ORIGIN OF THE
DENSITY-GRADIENT EFFECT

A microscopic derivation of macroscopic equations
serves to establish sufhcient microscopic conditions for

which is of the form of a generalized diffusion-drift
current equation. The first two terms on the right-hand
side are the drift and diffusion terms, respectively, of the
usual semiconductor current equation while the third
term represents current arising as a result of gradient
effects. This last component is a diffusion current in that
it originates from a gradient of a chemical potential and
it may be referred to as "quantum diffusion" since its in-
clusion in (2.8) yields a theory which contains both quan-
tum confinement effects and quantum-mechanical tunnel-
ing. ' In the present paper, this connection to quantum
mechanics is made more direct by presenting sufhcient
microscopic conditions under which the new terms in
(2.5)—(2.8) are explicitly quantum mechanical correc-
tions.

where, for the continuous spectrum, the sum is under-
stood to be an integral and we have assumed a classical
Boltzrnann weighting of the states. To include quantum
statistical effects in this one-electron picture a Fermi-
Dirac weighting should be substituted into (3.2). We do
not do this here because such effects on the equation of
state have previously been considered' and because of
our focus on low-density/high-temperature semiconduc-
tor situations. Choosing to employ a phase-space distri-
bution function approach we define the one-particle
Wigner function

fw,'(x p)=
3

f exp
1 2E p'y p'"(x+y, x —y)dy .

(3.3)

Now, as Wigner showed, it is possible to gain information
about a quantum system without solving (3.1), i.e. ,
without determining the eigenstates or eigenvalues of the
system. The technique is to obtain an asymptotic solu-
tion of an equation for (3.2) or (3.3) by using a perturba-
tion procedure in which the ratio of the thermal dearo-
glie wavelength A.D =A'[p/(2m*)]' to a characteristic
length scale d, e.g. , a screening length or a geometrical
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2
V2 P f (1)

graf
(1)

8m* 2m*

length, is assumed small. Such an approach will be valid
for "high" temperature (A.D~O). Following Ref. 11 we
employ the Bloch equation satisfied by (3.3):

gf (1)

(3.4)

e—:[kD/(2d)] and the variables are now dimensionless.
For the perturbation procedure, we take e«1 and

then, expanding f)I(, according to
0

(3.6)

where

8'f~(' = cos —
V~ V~ U( x )fg",fi

and equating like powers of e, we obtain

O(e ): $0= exp[ —P(p + U)], (3.7a)

and V„ is understood to operate on U(x) only. For pur-
poses of clarity below, we put (3.4) into dimensionless
form by rescaling P and U by a constant Po, p by h/A, D

[where i' ——1)1(po/2m *)'~ ] and x by d so that (3.4) be-
comes

(3.5)

where

6'f(((,) = cos(&eV V, )U(x)fi(v',

O(e'): P)=(()0 —P V U+ (VU VU+2p VVU p)

(3.7b)

and so on. As seen from (3.7a), when e is vanishingly
small (high-temperature limit), f)i". goes to the classical

0
(unnormalized) Boltzmann distribution fc,'( =go). The
quantity P, in (3.7b) represents the lowest-order quantum
correction to f)((,). In dimensional form, the expression

0
for f)i", valid to O(e) is

0

g2 2

N'=fc')', 1 — V'U — VU VU —pVVU —p +O(e')
3m

(3.8)

g2 2

e ~ 1 — V U ——VU. VU +O(e )
12m* 2

(3.9)p'(x) = ~ i'"' (x, p)dp = —
q

(2~)ri)'
" ~ 2~ph'

As a Wigner function, this approximate expression can now be used to compute various (approximate) expectation
values by performing classical phase-space integrals. In particular, we have for the charge density

' 3/2

and for the stress tensor

r'(x) =

1 m*
13 2~13%

3/2

e ~ I VU ———VU VU —VVU +O(e )
))1 P 2 P 2

12m 2
(3.10)

The equation of state of the gas, i.e., the relation between
r' and p', can now be obtained by combining (3.9) and
(3.10) to eliminate the self-consistent potential U to order
e. We find

e A2

gl3 12m *q

ey e

VVp' — +O(e )

P

(3.11)

This equation is of the same form as (2.6), Ref. 6, thus
demonstrating that to lowest order the quantum system
does behave as an ideal gradient gas. ' Moreover, a mi-
croscopic formula for the macroscopic coeScient b can
now be identified:

g2b=
12m *q

(3.12)

fi l3 „1.1 X 10 ' cm K « 1
8m *d Td

(3.13)

where m, is the free-electron mass, and thus lowest-order

That (2.6) and (3.11) are identical in form shows explic-
itly that the density-gradient correction introduced ma-
croscopically into electron transport theory in Ref. 1

represents the lowest-order correction of quantum
mechanics. To what extent does the lowest-order theory
represent full effective-mass quantum mechanics? From
our density-gradient expansion, the requirement is that e
be small, i.e.,
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density-gradient theory is best when the characteristic
length is large, the temperature high and the effective
mass close to its free-electron value. As a quantitative ex-
ample, if the effective mass is 0. 19m, (silicon conduction
band), the temperature is 300 K and the length scale is 10
nm, then e is about 0.02 and one would expect the
lowest-order theory to be useful. This is consistent with
results from illustrative calculations made previously us-

ing the theory' and indicates that density-gradient
theory should have a significant range of applicability. '"

The derivation of (3.11) and the identification (3.12)
achieve the main objective of this paper. Given these
results —that the equation of state of an electron gas in
which lowest-order quantum effects are considered is that
of an ideal gradient gas —the macroscopic development
of Ref. 1 then implies that the transport equation for this
gas must be of the form (2.8). Nonetheless, it is of in-
terest to provide a microscopic justification for this equa-
tion as well. This can be achieved in much the same way
as the standard diffusion-drift current equation is derived
from the Boltzmann transport equation (e.g., see Ref. 15).
We start from the Wigner-Boltzmann transport equation
which is the lowest-order equation of a quan-
tum Bogoliubov-Born-Green-Kirkwood- Yvon (BBGKY)
hierarchy. In a relaxation-time approximation and under
near-equilibrium conditions this equation can be linear-
ized to yield

where

Of~~'= ——sin( —V V„)U(x)f~~p x

ra, is the relaxation time and again V„operates on U(x)
only. Inserting (3.8) into (3.14) then gives a first approxi-
mation to the nonequilibrium, one-particle Wigner distri-
bution function f~~I From this, the current density is
readily calculated to be identical to (2.6) with (3.12),
thereby completing the demonstration.

Finally, we return to the point that these derivations
are for an electron gas of infinite spatial extent [condition
(1) above]. This would appear to be a significant restric-
tion because semiconductor device situations in which
quantum effects are important are typically strongly
bounded, e.g. , a quantum well. To relax this condition
and give a microscopic treatment of a confined electron
gas is not straightforward particularly when transport
is involved. ' Not only is the derivation of the differential
equations more complicated but boundary (or interface)
conditions must be derived as well. This work is left to
future investigation. For now, we note only that similar
difficulties do not arise in the macroscopic approach'
wherein boundary conditions arise naturally.

, .Vf~~' ( x, p ) +Of ~~' (x, p )

(3.14)
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