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Transverse wall instabilities on a driven, damped two-dimensional lattice system
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Analytic and numerical studies are presented for the onset and saturation of transverse patterns
occurring on walls propagating in a two-dimensional, longitudinally discrete, underdamped, dc-
driven Frenkel-Kontorova model. For suSciently weak damping, transverse instabilities occur at a
series of critical field thresholds, where the wall velocity is of intermediate magnitude. Typically,
the transverse patterns saturate as counterpropagating kink-antikink pairs, whose nucleation sup-
ports the longitudinal wall propagation. The wall dynamics in a D-dimensional lattice is governed
approximately by a damped drive (D —1 j-dimensional sine-Gordon equation.

I. INTRODUCTION

Pattern formation and dynamics are central themes of
current research in extended dynamical systems, with im-
portant consequences for physical properties, especially
transport, in many diverse contexts. In this paper we
study the onset and nonlinear saturation of transverse
patterns occurring on walls propagating in a two-
dimensional, longitudinally discrete, dc-driven Frenkel-
Kontorova model. Results of a direct numerical simula-
tion are compared with an approximate analysis which
suggests that a moving flat wall in a two-dimensional
(2D) or 3D lattice should be unstable with respect to the
transverse fluctuations if the damping is small enough.

This is an excellent examp1e of transverse instability
and nonlinear saturation into dynamic patterns occurring
on a longitudinally propagating interface. A similar
phenomenon is manifested in many different contexts of
passive or active interfaces' —e.g. , commensurately
pinned charge-density waves; vortex lattices in supercon-
ducting films with periodically modulated thickness;
dislocations in atomic lattices, ferromagnets, fer-
roelectrics, large Josephson junctions, or junction arrays;
cellular patterns on moving fluid or frame fronts; dendri-
tic patterns on solid-liquid interfaces.

Some analytic results are already available, particularly
in Frenkel-Kontorova or N models, but the discreteness
effects are generally considered as small perturba-
tions. " On the other hand, studies of continuum ac-
and dc-driven, damped sine-Gordon systems have re-
vealed space-time pattern formation whose mechanism is
quite similar to that of the present work. ' ' This similar-
ity is because a moving wall in a lattice is subject to a
periodic Peierls-Nabarro pinning force. More precisely,
(see Section II) the location of the wall in the propagation
direction depends then on the time and a transverse
center-of-mass collective variable. Such a periodic pin-
ning force does not occur in purely continuum models
since the amplitude of the Peierls-Nabarro barrier ap-
proaches zero (exponentially) as a function of increasing
wall thickness relative to a lattice spacing. It is well
known that discreteness effects are responsible for quali-

tatively new phenomena, such as wall pinning and
structural chaos. ' ' As explained in Sec. II these insta-
bilities are parametric instabilities occurring beyond a
some critical amplitude of the Peierls-Nabarro barrier in
a range where the discreteness effects dominate. As
might be anticipated, transverse structure occurs when
the driving force is sufficient to depin the wall. Within
the 2D model considered here the instabilities appear as
nucleation of kink-antikink pairs propagating transverse-
ly and (for periodic boundary conditions in the tranverse
direction) persistently with a density determined by the
strength of the driving field. Related transverse instabili-
ties have also been observed in two componen-t displace-
ment Frenkel-Kontorova models supporting both edge
and screw dislocations. '

Section II established our central Frenkel-Kontorova
model with a uniaxial lattice displacement, including
damping and driving. Considering a single moving 2~
domain wall, an approximate stability analysis is
developed by mapping the D-dimensional problem to a
(D —I)-dimensional one for a local wall collective coordi-
nate. This effective problem has the form of a driven,
damped sine-Gordon equation. Numerical experiments
for the 2D case are presented in Sec. III for several com-
binations of the relevant parameters (domain wall thick-
ness and the strengths of damping and driving). The ap-
proximate analytic analysis is confirmed and additional
phenomena [e.g. formation of double (4m. ) walls] are
identified at large driving strengths, where the longitudi-
nal wall structure and bound-state oscillations become
important. Section IV contains a summary and discus-
sion.

II. PARAMETRIC INSTABILITY OF A MOVING
%'ALL IN THE DISCRETE SINK-GORDON MODEL

We consider a moving wall in a three-dimensional lat-
tice. [The following analysis extends trivially to a
(D —l )-dimensional wall in a D-dimensional lattice. ]
The motion of this wall can be derived from the following
Lagrangian:
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stant k between the lattice and the periodic potential is
also assumed to be small. With these conditions, the dis-
torted wall can reasonably be approximated by the ansatz
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where 4&; k is the displacement at lattice site (ij,k), KL
is the longitudinal lattice constant, K„and KT are the

transverse lattice constants in the x direction and y direc-
tion, respectively, and K is the strength of the potential.
Since the moving wall will be subject to a periodic
Peierls-Nabarro pinning force (see below), we may antici-
pate instabilities in the transverse directions. For the
purposes of an analytic approximation, we assume here
that the transverse Peierls-Nabarro barrier is weak. This
means that the characteristic lengths of transverse distur-
bances are large enough that the transverse directions
can be treated continuously. A finite Peierls-Nabarro
barrier in the longitudinal z direction is essential for the
following instability process. Taking the displacement
field e; k to depend continuously on transverse coordi-
nates x and y, the Lagrangian (1) can be rewritten as

g;=i —U(X, Y, ~),
@=[A,/(1 —V )]' (6c)

V(X, Y, r) = U(X, Y, r) .B

B'7
(6d)

Ansatz (6) is motivated by the well-known exact-wall (sol-
iton) solution to the one-dimensional sine-Gordon equa-
tion. The wall deformation is now described by a con-
tinuous function U(X, Y, r) which represents the position
of the wall along the lines parallel to the z direction at
time ~. In the continuum limit the wall, of course,
remains Oat and the wall velocity is therefore indepen-
dent of X, Y, and ~. The derivation of an approximate
equation governing the dynamic of the wall location
U(X, Y, r) is given in Appendix A. The result is

xx —+~r+»»+ = —I-+,—F
where

F=m G/2&A. , (8a)

, —K(1 —cos4, ) dx dy .

(2)

and

with

8m

&1,sinh( n. /&A, )
(8b)

+K& e, —K sine, —ye; —F . (3)

Here dissipation (strength y ) and a constant uniform
force have been included. Introducing the change of
variables

From the Lagrangian (2) we can deduce the equations
governing the displacement field e; which is continuous
with respect to (x,y) discretized in the z direction

@;=KL(N;+,+N;, —2@;)+KT4;„

4 =2~U . (8c)

From (7) we see that the wall location is described by a
damped-driven sine-Gordon equation for a two- dimen-
sional continuous system. The instabilities of the uniform
wall occur when the coeKcient B is large enough com-
pared to the damping constant I . This means that the
wall thickness in the discrete direction must be small
enough, producing a large Peierls barrier.

r=+KL t, X = Kl
Kz-

1/2
Stability analysis

KL

KT
V

and setting

1/2

(4a)
The uniform motion of the wall is described by a

space-independent displacement field which, for I =0
and F =0 can be written in the form

0'0(X, Y, r) =2~ur=g (2vru~),
X=K/K„r =y/QK„G =F/K, ,

Eq. (3) becomes

C';,„=e;+ i+e;—i
—2e;+e,xx

+e, z~
—A, sine; —I e, —6 .

(4b)

We now assume that I is a small damping constant and
6 a small dc driving force. In addition the coupling con-

%(X, Y, r)=%0(r)+E(X, Y, r),
the equation for c in linear order is

V. =exx+Err —a (2mur)e —I e,

(10)

where g(x) is some Zm. periodic function and u is the
average velocity of the wall. On considering small per-
turbations E(X, Y, r) about the solution %0,



9502 J. POUGET, S. AUBRY, A. R. BISHOP, AND P. S. LOMDAHL 39

where

a(x) =Bcos[x+g (x)] (12)

is a 2~ periodic function. Equivalently, in Fourier space
we have

E +«+[lql +a(2~Ur)]E~=0

with

E (r)= JE(r, r)e'~'dr .

(13a)

(13b)

For a given wave vector q, Eq. (13a) is a parametric
equation. The latter can be viewed as the one-
dimensional Schrodinger equation for a quantum particle
in the periodic potential a(2mur), where r represents a
space variable and lql is the eigenenergy. Stability re-
quires that the solution of Eq. (13a) remain bounded for
all time. The corresponding spectrum of the quantum
particle contains an infinite series of gaps (for I =0)
which are opened in the vicinity of the values

(isa)

q„=n~v .

Thus most solutions of the eigenvalue problem (13a)
diverge when ~ becomes large. In conclusion, we can say
that in the absence af damping the uniform motion of a
wall is always unstable against transverse Auctuations
with wave vectors q of modulus close to q„given by Eq.
(14).

When the damping is nonzero. the stability analysis is
more complicated and a perturbative treatment for the
Floquet analysis for Eq. (13a) is necessary. For I &0 but
small, the main instability of the moving wall is obtained
in first order [see Appendix B, Eq. (B10)for the wave vec-
tor

A special case: moving wall in 2D lattice

In preparation for performing numerical simulations,
we present the basic equations for the 2D lattice system.
Then Eq. (3) reduces to

KL(4 +i, +4 —i 24,")

+Kr(@, +, +@, i
—2@; )

—E sinN; —y4, —F, (17)

where now Ez is the single transverse lattice parameter.
The wall location depends only on X and ~ and satisfies

%rr —Vxx+ sin% = —f 4r J', —

where we have introduced

(18)

(19a)

(19b)

0 =2~U,
and the effective coefficients are defined by

(19c)

(19d)

sitions. The saturated patterns are either standing waves
(breather wave trains) or bifurcations into transversely
propagating kink-antikink pairs, whose density decreases
in steps as the driving force is decreased. %'e will find in
Sec. III that the nucleation of transverse kink-antikink
pairs is indeed a common mechanism for supporting lon-
gitudinal wall dynamics —as in models of dislocation dy-
namics. ' In higher dimensions, the saturated transverse
patterns will be determined similarly by the transverse
geometry and boundary conditions.

when

r(la, l/m-u, (15b)

mF
2KL 8QKKL

(19e)

where a, is the first Fourier coefficient of a(x) (see Ap-
pendix B). Since g(x) in Eq. (13) approaches zero as v

tends to zero, the first Fourier coefficient of a(x) has
modulus 8/2. Therefore, we find that for large velocity
the Hat wall in the discrete lattice is stable. Conversely,
we expect from Eq. (15b) that the wall is always unstable
below some critical velocity. Nevertheless the perturba-
tion analysis [see Appendix B, Eq. (Bll)] gives the re-
striction

v ))
2vr&2

This means that below a certain critical velocity v„at
which the instabilities occur, the wall becomes "wrin-
kled" and the moving wall can exhibit complex patterns
and bifurcations.

Elsewhere' we have studied the 1D reduced problem
arising from an original 2D problem. This is of interest
in its own right, e.g., for studying zero-field steps on an-
nular Josephson junctions, ' and provides examples of
pattern formation and competition and of hysteretic tran-

The strength of the Peierls-Nabarro barrier 8 is given by
Eq. (8b). Equation (18) is a normalized damped-driven
sine-Gordon equation for a one-dimensional system
which describes the dynamics of the kink location in the
transverse direction. In this way, we have established an
approximate mapping between the full equation (17) and
an equation for the kink location.

III. NUMERICAL SIMULATIONS

The two-dimensional system used for our numerical
simulation consists of a square lattice with 30X 30, lattice
points and anisotropic lattice constants. The initial con-
dition is given by Eq. (2) and is shown in Fig. 1. Howev-
er, in order to break the ideal symmetry of the initial con-
dition, we have added small amplitude random noise.
The transverse instabilities can thus be excited more easi-
ly. Periodic boundary conditions (modulo 2m) are im-
posed in the longitudinal direction. The typical parame-
ters [see Eq. (17)] are chosen with respect to those of the
normalized equation (18). For our numerical studies, we
take K =1 and KL and Kz- control the characteristic
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FIG. 2. Contour plots of 4;J.. The dashed line indicates
mod(m) displacement (i.e., the center of the wall). The size of
the dots and arrows indicate the particle velocity. With the ini-
tial condition of Fig. 1, damping f'=0.085, and force F= 1.1, a
single transverse kink-antikink pair is nucleated, as shown at
the three successive times t (a), (b), and (c).

FIG. 1. Perspective plot of a Oat Zm-wall initial condition
with KL =0.335. Periodic boundary conditions (modulo 2m in
the longitudinal direction).

and KT similarly controls the width of transverse struc-
ture. The single wall corresponding to a solution of Eq.
(18) has a width defined by

KT

K~B

1/2

(21)

In the present study two values of KL have been con-
sidered leading to two di6'erent wall thicknesses. The
value of KT is chosen such that 5 is of the order 5. We
have taken f' =0.09—0.08 and F lies in the range
0.75 —1.1. KL is such that 5 is the order of 1.8 yielding
KI =0.335. With this value we estimate the Peierls-
Nabarro barrier to be B =3.

If the force is too low the wall does not move and
transverse structures are not generated. If the force is
too high, nucleation of an additional wall-antiwall se-
quence behind the primary wall can occur, resulting in
the formation of a "double layer". ' ' Figure 2 gives the
contour curves of the wall at level m. A perfectly Aat wall
(without transverse structure) then appears as a straight
line. In Fig. 2(a) (where F= 1.1, an intermediate value) a
transverse kink-antikink pair is evident. This pair col-
lapses during collision and then reappears after collisiori.
Because of the periodic boundary conditions in the trans-
verse direction, the kink-antikink pair propagates around
the contour line and the process can persist indefinitely,
except for intrinsic dissipation because of transverse
discreteness which can slowly transfer energy to phonon
modes.

Impurities in the lattice can also trigger the transverse

lengths in the longitudinal and transverse directions, re-
spectively, KL is associated with the wall thickness

1/2

(20)

patterns. Figure 3 (F= 1.1) shows the transverse struc-
ture developed in the presence of three impurities lying
on the lattice diagonal. The impurities were introduced
as enhancements of local potentials, viz. , K =10 at the
three impurity sites. In this case, the structure seems to
evolve symmetrically in the transverse direction. Note
that the transverse structure does not interact again with
these impurities after the kink-antikink nucleation. The
arrows placed at each lattice point denote local velocities.
During the nucleation process the velocities at the lattice
points near the nucleation center are high. The evolution
of the total energy is slowly oscillating and decreasing,
this is due to the discretness efT'ect and the dissipation
contribution. Figure 4 (F= 1.1) gives a perspective plot
of the square lattice, where the transverse structure is
clearly exhibited on the wall; some phonon radiation is
also propagating in both directions, presumably caused
by the discretness. The phonon radiation in the longitu-
dinal direction emitted when a particle jumps from one
stable position of the substrate potential to the next one is
now a well-understood phenomenon in the 1D Frenkel-
Kontorova model.

When the force F is increased beyond =1.1, large in-
stabilities are generated which, in turn, create loop nu-
cleations moving and collapsing behind the kink. This
process generates new walls and is illustrated in Fig. 5.
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FIG. 3. Transverse structure in the presence of local impuri-
ties (see text). Here three impurities of strength K =10.0 are
spaced equally along the diagonal. Other conditions are as in
Fig. 2. In this case the impurities do not seriously inhibit trans-
verse kink-antikink pair propagation and do not nucleate addi-
tional pairs.
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FIG. 6. A less discrete longitudinal lattice (KL =0.405) and
P= 0.9. Here two kink-antikink pairs are nucleated and sustain
persistent transverse propagation.

IV. CONCLUSION

FIG. 4. Perspective plot of a representative propagating wall
showing. (1) Nucleation of transverse instability (which will sat-
urate as a kink-antikink pair); and (ii) associated phonon field
initiated at the nucleation site and propagating in the wall's
wake.
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FIG. 5. Same conditions as Fig. 2. except that the driving
force is P=1.2. For P 1. 1 large-scale instabilities result in

loops (i.e., the dashed line indicates 3m displacement here) nu-
cleating in the wake of the propagating wall (a). The loops grow
transversely (b) eventually forming a double layer behind the
primary wall.

Finally we have considered a less discrete case, viz. , a
larger El such that 5x =2. In this case the results are
somewhat different —although the effective damping is
the same as in the previous case and the forces are in the
same range, the Peierls-Nabarro barrier is smaller. Here
we have been able to nucleate two persistent kink-
antikink pairs. Figure 6 (where P=O 9) show. s two such
pairs moving in opposite directions. The pairs collide al-
most elastically and continue propagating transversely.
In this case the Peierls-Nabarro barrier is 8=1.85 which
is a little more than half its value in the previous case.
Coorespondingly, the anisotropic ratio ET/El is 7.S and
3.8 in the first and second cases, respectively.

In this study we have used numerical simulations to ex-
amine the transverse structure generated on a moving
wall in a 2D, longitudinally discrete Frenkel-Kontorova
model with uniaxial displacements. The structures we
have observed are generated by the nucleation of kink-
antikink pairs. The Peierls-Nabarro barrier (arising from
longitudinal lattice discreteness) plays a dominant role
in the nucleation of such structures. Clearly the
phenomenon does not occur in a continuum model since
then the Peierls-Nabarro barrier vanishes. In addition,
the driving force is important for the phenomenon, since
this must be su%ciently strong to place the wall dynamics
in an inhomogeneous depinning regime. Similarly, dissi-
pation must be sufFiciently weak. Too large a driving
force nucleates additional (4') kink-antikink pairs
behind the primary wall, arising from longitudinal wall-
shape oscillations.

In the present model, two characteristic lengths are im-
portant: The first is the longitudinal wall thickness,
determined by the magnitude of the Peierls-Nabarro bar-
rier via the longitudinal coefficient KL [see Eq. (&b) for
the definition of the strength of the Peierls-Nabarro bar-
rier]; the second length characterizes the width of the
transverse structure and is determined by the transverse
lattice coefficient It. T [see Eq. (21) for the definition of this
width]. Note that if KT is too small, resulting in narrow
transverse thicknesses, the transverse structure may itself
be trapped on the lattice and inhibit transverse (and
therefore longitudinal) dynamics. As shown by our col-
lective coordinate reduction (Sec. II), the ratio of the ap-
plied force to the strength of the Peierls-Nabbaro barrier
is important in order to place the effective force I' in the
right range for transverse instabilities. Thus, the anisot-
ropy of the medium (via KT/K~) is essential within the
present system. However, other circumstances creating a
periodic potential in which the wall moves will also in-
duce similar transverse instabilities —e.g., periodic, spa-
tially homogeneous ac driving' ' or parametric space
variations. Similarily, whereas 1D models' (see Sec. II)
appear to be good pardigms for wall propagation in 2D,
the same argument generalizes to general D, although
with different saturated nonlinear patterns. Thus, trans-
verse nucleation on walls propagating in a 3D lattice are
expected to appear as 2D patterns.

Related instabilities are also to be expected with other
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transverse boundary conditions, e.g., periodic modulo a
fixed phase difference. Examples include the under-
damped motion of incommensurate arrays of discommen-
suration walls (e.g. , in incommensurate lattices of
charge-density-wave systems) where depinned discom-
mensurations (Ref 20) will move by transverse propaga-
tion of kinks; nucleation and growth of new incommensu-
rate structures by transverse modulation; ' instabilities
on odd zero-field steps (e.g. , one fiuxon), in annular
Josephson junctions. ' Similar problems occur in hydro-
dynamics, as in the convection of anisotropic fiuids (e.g.,
nematic liquid crystals). There convective fiow can give
rise to spatio-temporal structures, including transversally
modulated patterns, zig-zag shapes and chaotic patterns,
as the control parameter is slowly changed. Applications
to these and other contexts mentioned in Sec. I will be ex-
amined elsewhere.

is one periodic [F(U+1)=F(U)], so that this function
can be expanded in a Fourier series. After some manipu-
lation we obtain

8 oo

g(g; ) =—1+—,
' g I ( n) c os( 2m n U)

n=&
(A4)

where I(n) is given by

8' nI(n)=-
@,sinh(~ n /p)

We keep only the first-order term in (A4). Then, if the
wall velocity is suKciently small, we can write the La-
grangian to second order in the wall velocity. This yields
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with

—A ( 1 —cos2m. U) ]dx dy,

4mA=
&1,sinh(m /&A, )

(A6a)

(A6b)

(A6c)

APPENDIX A: EQUATION FOR THE WALL
LOCATION

In this appendix we derive an approximate equation
for the wall location in the case of a wall moving in a
three-dimensional lattice with damping and dc driving.
We start with the Lagrangian defined by Eq. (2) in which
the change of variables and notations given by Eqs. (4a)
and (4b) have been used. The Lagrangian is I p U, g(g; ) 5U=QD5U, (A7)

E(0) represents the rest energy of the wall.
In the presence of dissipation and driving, the varia-

tional principle must include the generalized force associ-
ated with the damping and the driving force. The total
virtual work connected with the damping force is

5w, = —pre„5e,

1

2

Be,
'

By

where 6N, - and 5U are the variations associated with the
displacement field 4, and wall location U, respectively.
QD is the generalized damping force associated with the
motion of the wall location

—
A, (1—cosC&, ) dx dy . (A 1) Q, = —rz(0)U, . (AS)

Now, we force the ansatz defined by Eqs. (6a) —(6d) to
satisfy the variational principle associated with the La-
grangian (Al). Assuming the existence of the function
N;(x) of the discrete variable i and continuous variables
x, and y, we can rewrite the Lagrangian density in the
form

The virtual work from the driving force is

5WF = — Gpgg; 5U (A9)

and the effective force acting on the motion of the wall lo-
cation is given by

with

X=
—,
' p [( U, )

—( U, ) —( Uy )

—1 —A/p ]g(g;)

BN;

cosh(pg, ) B(pg; )

(A2)

(A3)

QF= 2~G . — (A 10)

U, U„—U +sr—A sin(2+U)= —I U, — —G .
4 A,

(Al 1)

The variational principle associated with the wall loca-
tion U leads to the following equation:

The function

F( U) =g(g;)' Then, using the notations (Sa)—(Sc), Eq. (Al 1) transforms
into Eq. (7).
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APPENDIX B: FLOQUKT ANALYSIS OF THE
PARAMETRIC INSTABILITY

Equation (13a) can be rewritten as

x =v

u = —2bu —[co, +b +a (coot)]x,
(81)

where it is straightforward to establish the connection
with the notation used in Sec. II. a(x) is a 2m. periodic
function with zero average and is supposed to be small.
Let x (t) be a solution of Eq. (Bl) then x (t + T) with
T =2m/coo is also a solution. Since the space of solutions
of Eq. (Bl) is a two-dimensional vectorial space, there ex-
ists a linear operator F, independent of t, such that

x(T) x(0)
u (T) — u (0) (82a)

The matrix of this operator is called the Floquet matrix
which maps the solution at 0 onto the solution at (nT) for
integer n,

x (nT)
u (nT) (82b)

x (0)
u(0)

If the eigenvalues of F both have modulus smaller or
equal to one, the solutions of Eq. (Bl) are stable. Con-
versely, if one of the eigenvalues of Fhas modulus greater
than one, the solution of Eq. (Bl) is then unstable.

The procedure to estimate the eigenvalues of F is to
consider a perturbation with respect to a (x). For
a (x)=0 it is easy to obtain the Floquet matrix since the
system (Bl) reduces to a linear system of equations.
When a (x)%0, the Floquet matrix can be calculated by
considering the system (Bl) with discretized time, and we
can write

D =detF = ljm 1 —2b-T
N

(85)

It is suNcient to calculate the trace of the Floquet matrix.
We expand the Floquet matrix [to second order in a (x)
with N~ oo] around the zeroth-order Floquet matrix Fo
obtained for a (x)=0 After some calculation we arrive at

S=TrF=e " 2cosu, T

T ana+ z sincot TQ2' ) n ncoo+2co,
(86)

where the a„'s are the coefFicients of the Fourier expan-
sion of a a(x). Since we are interested in an instability
condition, we suppose that

2' ) =p+c
COp

(87)

where p is an integer and c is a small parameter. This
means that we are very close the parametric resonance
condition. On substituting (87) and (86) and taking the
limit e~O we obtain

S= (
—1)t'2e " 1+ la (88)

Then, the eigenvalues of the Floquet matrix are both real
and are the roots of the equation x —Sx+D=0. The
latter must be negative for x =( —1)P in order ot fulfill
the instability condition. Thus 1 —S( —1)t'+D (0. Us-
ing Eqs. (85) and (88) for small b, this condition becomes

b 2T2 2~2
4 2 P

(89)

where I is the 2X2 unit matrix. From Eq. (84) the deter-
minant of the Floquet matrix is

N

=[I+3tP(nest)]
Vn+r Vn

where we have set

(83a)
The instability condition at the order p in Eq. (81) is
satisfied when the damping constant b satisfies

—[co, + b +a ( t ) ] 2b— (83b) b&
lpl~o

(810)

and x„=x(nb, t) with At= T/N. , Now the Floquet ma-
trix can be obtained as the limit of an infinite matrix
product

Validity for this perturbative scheme requires that the
perturbation of S with respect to e in comparison to
2( —1)e, viz. ,

T nrF= lim Q I+ P-
N N

(84) la'l «1 .
CO(P

(811)
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