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Applications of the polarizability model to various displacive-type ferroelectric systems
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We apply the theory of ferroelectricity in the framework of the polarizability model, which has
been presented in a previous paper, to various classes of displacive-type ferroelectrics. We show
that the experimental data of temperature-dependent quantities like soft-mode frequencies and
dielectric constants can be well reproduced using a very limited set of parameters. We present re-
sults for ABO3 perovskites, IV-VI compounds, SbSI, K2Se04, hydrogen-bonded ferroelectrics, anti-
ferroelectric compounds, and their mixed isostructural ferroelectrics.

INTRODUCTION

In a previous paper a polarizability model was intro-
duced to describe the dynamical properties of displacive-
type ferroelectric compounds. ' The model is based on
the anisotropic nonlinear polarizability of the oxygen ion
and its homologues which dynamically has been taken
into account in terms of a local double-well potential.
The application of the self-consistent phonon approxima-
tion (SPA) to the nonlinear problem allows the calcula-
tion of temperature-dependent quantities as, e.g. , disper-
sion curves, soft-mode frequencies, dielectric constants,
and related quantities. As the model is pseudo-one-
dimensional considering only the ferroelectric direction, "
the few model parameters exhibit real physical meanings,
and changes caused by applications to various systems
can directly be related to the intrinsic properties of the
system under consideration. In this paper we want to
show the variety of applications of the polarizability
model which has been treated theoretically in the previ-
ous paper (hereafter called I). We will show that in-
dependent of structural differences, the model is applic-
able to displacive-type ferroelectrics, as only the fer-
roelectric direction is relevant from the lattice dynamical
paint of view. We rediscover the di6'erent temperature
regimes predicted in a previous paper and compare it to
experimental results.

I. PKROVSKITES ABO3

The ferroelectric properties of perovskites (ABO3)
were first discovered for BaTiO3 by %'ul and Goldman.
Shortly thereafter, the whole class of perovskites as well
as their ceramics and alloys were discovered by several
people, i.e., Matthias, Matthias and Remeika, and
Shirane et al. Because of their high stability, good

growing conditions, and high dielectric anomalies, the
applications of ABO3 compounds are many. At the same
time, the very simple structure of ABO3 compounds is a
challenging tool for theoretical investigations. A.s initial-
ly pointed out by Cochran, ' and discussed previously, '

the perovskite structure has some features in common
with the cubic CsCl structure. Therefore, the reduction
from a three-dimensional lattice to one that is pseudo-
one-dimensional could easily be accomplished. Within
the simple model we investigated three perovskite-type
crystals, two of which are incipient ferroelectrics SrTi03
and KTa03, and one with a classical soft-mode behavior
and high T„PbTi03. For all three compounds the
lowest transverse acoustic mode and the lowest trans-
verse optic mode have been calculated as a function of q
for the ferroelectric axis. The temperature dependence of
the soft-mode frequency coF was calculated self-
consistently. While for SrTi03 and KTa03 a rigid cation-
ic sublattice was assumed, i.e., g2 '=0', in PbTi03 the
lead polarizability had to be included in the calculations.
Simultaneously the cationic core-core coupling f Iz~ en-
tered the procedure (see paper I).

As can be seen in Fig. 1, good agreement could be
achieved between calculated and experimental"
dispersion curves.

For SrTi03, the TO modes lying in between have not
been taken into account in the calculation because of
reasons of symmetry. The dispersion curves of PbTiO3
exhibit, at small q values, an interesting peculiarity which
is also observed in other ferroelectric systems. The ex-
perimentally observed TA-phonon anomaly close to —', of
the Brillouin-zone edge can be reproduced theoretically
by including the coupling of nonlinear solutions of the
equations of motion to SPA phonons in the calculations
which have been discussed in Ref. 14. The temperature
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dependence of the squared soft-mode frequency is shown
in Fig. 2. Again, nearly perfect agreement between ex-
periment and theory could be achieved. Close to T„
T=O, all three compounds display, in their soft mode-
frequency, deviations from mean-field behavior, i.e.,
co =(T—T, )r, y = l. In SrTi03 and KTa03 these devia-

tions are we11 understood because of the enhancement of
dimensionality due to quantum Auctuations. ' In PbTi03
the first-order nature of the phase transition is responsi-
ble for the observed discrepancy.

The model parameters of the three compounds are list-
ed in Table I. Due to the same anionic cluster, f and fI, ~
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FIG. 1. Comparison of experimental and theoretical dispersion curves for (a) KTa03 at 20 K (straight line, solid circles) and at 300
K (dashed line, open circles). Experimental data (circles) have been taken from Ref. 11; (b) SrTi03 at 90 K (straight line, triangles)
and at 296 K (dashed line, full circles). Experimental data (circles and triangles) have been taken from Ref. 12; (c) PbTi03 at 510 C
(straight line: theory; circles: experiment Ref. 13).
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are of the same order of magnitude for SrTi03 and
PbTi03. The instability of the system under considera-
tion is mainly determined by g2". As can be seen from
the table, ~gz" ~

increases when going from KTa03 via
SrTi03 to PbTi03, thus indicating the increasing softness
and also the increase in T, .

II. IV-VI SKMICQNDUCTQRS

The IV-VI compounds have ten electrons per unit cell
as do the group V elements and the III-VII compounds.
All of these systems crystallize either in the rock-salt
structure characteristic of ionic compounds, or in a dis-
torted rock-salt structure where covalent bonds can be
formed. ' GeTe and SnTe become ferroelectric at
T, =670 K and T, =98 K, ' respectively. Their low-
temperature rhombohedral structure can be obtained
from the NaC1 structure by displacing the two sublattices
relative to each other along the ( 111) axis and by
stretching the unit cell along this axis. ' The nonfer-
roelectric rock-salt structure compounds PbS, PbSe, and
PbTe can be transformed into a rhombohedral structure
by hydrostatic pressure. ' As has been shown for
perovskites, the layer-type model works well for the so-
called diagonally cubic direction, which in IV-VI corn-
pounds is equivalent to the (111)direction. As before,
the lowest TA and TO modes have been calculated for
SnTe, PbTe, PbSe, and PbS. The temperature depen-
dence of co& has been calculated for SnTe and PbTe,
while for the two other compounds no experimental data
are available.

The model parameters g"', g' ', f, f It), and fIz) have
been determined by fitting the theoretical data to the ex-
perimental curves. The nonlinearly polarizable sublattice
with mass m, is given by the chalcogenide ion mass while

m2 was given by Sn or Pb. Figure 3 shows the experi-
mental dispersion curves for PbS, ' PbSe, PbTe, and
SnTe (Ref. 24) compared to the calculated curves. Start-
ing with the parameter set of PbS, the substitution of
sulfur by another chalcogenide ion mass mainly lowers
the frequencies of the transverse optic mode at the zone
center and the zone boundary. Additional slight adjust-
ments of the model parameters lead to the resulting
theoretical curve. The model parameters of the lead
chalcogenides and SnTe are listed in Table II. For all
compounds the second-nearest-neighbor core-core cou-
pling constants fi, ) and f Iz) are of the same order of
magnitude. As the cationic polarizability is rather small,

TABI.E I. Mode1 parameters of ABO3 ferroelectrics.
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FIG. 2. Comparison of experimental [circles (Ref. 11),
crosses (Ref. 12), and triangles (Ref. 13)] and theoretical temper-
ature dependences of co+ for (a) KTa03, (b) SrTi03, (c) PbTi03.

m, (10 "g)
m2 (10 g)
f (10 gs )

fIi) (10 gs

g"' (10 g s ')
"' (10' gs-')

g4 (10' gs cm )

SrTi03

1.549
1.461

14.405
1.268

—2.629
0.904

KTa03

2.88
0.649
4.067
0.581

—0.828
0.255

PbTi03

1.65
3.44

13.00
0.912

17.27
28

—5.171
4.606
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FIG. 3. Comparison of calculated dispersion curves (lines) with the experimental data (dots) for (a) PbS (Ref. 21), (b) PbSe (Ref.
22), (c) SnTe (Ref. 24), and (d) PbTe (Ref. 23).

the core-shell coupling constant g' ' has large values,
which is the same for all compounds. The main parame-
ter changes come up in the next-nearest-neighbor cou-
pling f and the temperature-dependent anionic polariza-
bility g"'(T). The increase in f with increasing cationic
mass is a consequence of the more and more repulsive
forces between neighboring atoms, i.e., the growing over-
lap between anion and cation. As has been pointed out
before for perovskites, g"'(T) is a measure of the "soft-
ness" of the system under consideration. Consequently
the anionic core-shell coupling decreases when going
from PbS to PbTe and exhibits the lowest value for SnTe
which undergoes a ferroelectric transition. Again, it
should be noted that the experimentally observed TA
mode of SnTe exhibits a dip at qa =-m/3 which cannot be
reproduced by the simple model. A possible explanation
of this phonon anomaly has been given in another pa-
per. The temperature dependence of the soft mode in
the paraelectric phase has been calculated for PbTe (Ref.
26) and SnTe, and for SnTe the ordinary and extraordi-
nary modes of the ferroelectric phase could be calculat-
ed too.

Figure 4 shows the temperature dependence of coF for
PbTe. Again, deviations from a mean-field behavior, i.e.,
y =1, can be observed. It is iriteresting to note that as an
outcome of the SPA, PbTe will never become a ferroelec-
tric, as it's harmonic electron-phonon-coupling term g2"
is repulsive, i.e., it does not exhibit a harmonic instability.
The temperature dependence of co+ of SnTe in the

TABLE II. Model parameters.

III. SbSI

The crystals of SbSJ belong to the family of V-VI-VII
compounds (where V =Sb, Bi; VI =S, Se, and Te;
VII =Cl, Br, and I) which crystallize in an orthorhombic
structure. Their unusual photoelectric properties have

05— PbTe

0.4—

,rv 0.3—
T

~LL 02—

paraelectric and the ferroelectric phases is depicted in
Fig. 5. Very close to T, deviations from mean-field be-
havior occur which lead to a T, of 98 K instead of the
mean-field extrapolated T, of 79 K. Because of the cubic
structure in the paraelectric phase of SnTe, two trans-
verse soft modes are degenerate. This degeneracy is lifted
in the low-temperature tetragonal phase which conse-
quently leads to the observation of two soft modes.
Within the model, the mode splitting has been taken into
account by a weighting factor of 3 for the extraordinary
(EO) mode, i.e., g2FQ 3gzo (0 denotes ordinary), and

g 4EO 3g 4O respectively. As can be seen, good agree-(1) — (i)

ment between experiment and theory could be achieved
by this procedure.

fIi~ (&0 gs

g(1) ( 104 g s 2)
g(2) ( 104 g s 2)

f (10 gs ')I ) (10 g)
m (10 g)

PbS

1.65
—1.00

0.95
28.00
4.50
0.53
3.44

PbSe

0.55
—2.00

0.85
28.00
12.00
1.31
3.44

PbTe

0.75
—1.80

0.45
28.00
13.00
2.12
3.44

SnTe
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—2.20
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28.00
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2.12
1.97
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FICx. 4. Comparison of experimental (circles) and theoretical
(line) temperature dependence of co+ for PbTe.
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FIG. 5. Comparison of experimental (circles) and theoretical
(lines) temperature dependences of coF for SnTe in the paraelec-
tric (Ref. 24) and the ferroelectric phase (Ref. 27).
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attracted theoretical and experimental research as
well. Ferroelectricity was first discovered in SbSI
which undergoes a phase transition at room tempera-
ture. Later, also other members of this family were
found to become ferroelectric, but at much lower temper-
atures. ' The crystals of SbSI show a needlelike shape;
the ferroelectric axis is the needle (c) axis. Their spon-
taneous polarization, the static dielectric constant,
and the Curie constant are of the same order of magni-
tude as of classical perovskite-type ferroelectrics
(BaTi03, KNb03, PbTi03). The application of a diatom-
ic model to SbSJ can be made possible by taking the SbS
complex as the highly polarizable sublattice (equivalent
to the perovskite BO3 unit), while the halogenide ions are
assumed to be rigid and equivalent to the perovskite 3
cations.

For SbSJ, measurements of the lowest TA and TO
mode have been carried out in the paraelectric and the
ferroelectric regimes as well. The experimental points
and theoretical dispersion curves are compared to each
other in Figs. 6. The parameters f and fItt have been
kept constant for both phases, while gz" and g4" change
sign and value when passing through T, . A striking
feature in the TA-phonon dispersion is again, as in SnTe
and PbTi03, the dip close to qa =——,'. The variation of ~F
with temperature is shown in Fig. 7.

According to the model predictions, co+ saturates at
high temperatures with a critical exponent y close to 3.
As in the ferroelectric phase, the soft mode crosses with
temperature-independent modes the calculation of
coF(T) could not be carried out for this phase. The model
parameters used are listed in Table III. The high abso-
lute value of g2'" (similar to PbTiO3) again rellects the
softness and high T, of SbSJ.
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I I I I I

0 0.1 0.2 0.3 0.4 0.5 0.6 0,7 0.8 0.9 1.0

FIG. 6. Comparison of calculated dispersion curves (lines)
with experimental data (Ref. 32) at different temperatures for
SbSJ in (a) the paraelectric phase, and (b) the ferroelectric
phase.

IV. K&SeO4

The phase transitions of K2Se04 have been discussed in
more detail in Ref. 14. Here, we concentrate only on the
results of the SPA, which, in this case, are by no means
sufhcient to explain the experimentally observed phenom-
ena. K2Se04 undergoes two successive phase transitions
from an orthohombic paraelectric phase to an incom-
mensurate phase at T; =130 K. At 93 K the structure
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FIG. 7. Comparison of experimental (Ref. 33) (circles) and
theoretical temperature dependence of mF for SbSJ. FIG. 8. Dispersion of the transverse acoustic branch of

K2Se04 and the reduction of the Brillouin zone to 3 .

becomes commensurate ferroelectric. ' The first tran-
sition is accompanied by the softening of the TA branch
close to qa -=(2m/3, 0,0). The lock-in transition at 93 K
is characterized by a tripling of the unit cell. The
pseudo-threefold symmetry which reveals itself in the a, b
plane and explains the occurrence of a soft mode at
qa =(2~ /3, 0, 0) can be explained crystallographically, if,
according to the notation of Kalman et al. , the two
symmetrically nonequivalent potassium ions K and K&
and the Se04 complex are taken to be equivalent. A
reduction of the K2Se04 unit cell to a CsCl-type structure
is possible by assuming that the Kp ions are negligible,
while the K ions have twice the mass of the potassium
ion. By means of this simplification it is possible to apply
the pseudo-one-dimensional model to K2Se04. As within
the SPA, it is only possible to calculate the temperature
dependence of the q=O soft phonon; the Brillouin zone of
K2Se04 is folded back twice and the incommensurate de-
viations from 2m/3 are neglected (Fig. 8). The results of
the model calculations are compared to experimental
data in Fig. 9. The temperature dependence of the "pseu-
do q=O" soft mode has been calculated self-consistently
for the paraelectric and the ferroelectric regimes. In-
terestingly, the soft mode shows an anomaly at the in-
commensurate transition temperature T;, but definitely
softens at T, . Below T„"normal" ferroelectric behavior
is observed (Fig. 10). It is interesting to note that within
the simple layer model the harmonic electron-phonon
coupling is repulsive in the paraelectric state, while g4 is
attractive. Both g2" and g4 change sign in the incom-
mensurate phase and once again in the ferroelectric re-

V. HYDROGEN-BONDED CRYSTALS

The lattice dynamics of hydrogen-bonded crystals are
exemplified for KH2PO4 and its isomorphic compounds.
The outstanding properties of these ferroelectrics is the
large isotope effect on T, and the Curie constant upon
deuter ation. The most widely accepted theoretical
model is the coupled-proton lattice model including pro-
ton tunneling, which by the use of new experimental
techniques ' exhibits obvious failures. In a recent review
on these compounds, the conclusion was drawn that new
theories are needed to explain the observed phenomena.
As in the above described ferroelectrics, only one crystal-

1.5

'1.0

-+250 K
——-O175 K
——-»145 K
------~ 130 K

o T-inde p.

gime. Thus, only the ferroelectric phase exhibits the
"normal" behavior of these local quantities.

As mentioned earlier, the previously described treat-
ment of the phase transitions of K2Se04 is not sufhcient
to reproduce the experimentally observed features. Yet
by assuming the described simplifications it is possible to
explain the soft-mode behavior of KzSe04.

TABLE III. Model parameters of SbSJ. 0.5

mi (10 g)
( 10 22

g)
( )04 gs

—2)

fIi) (&0 gs

g4 (10' gs ' cm )

2.556
2.107
2.066
0.048

—10.994
0.056

I 4 I I
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

(1oo) q

FIG. 9. Comparison of theoretical (lines) with experimental
(Ref. 37) dispersion curves for K2SeO& at different temperatures.
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FiG. 10. Comparison of experimental (Ref. 37) (circles) and
theoretical temperature dependences of coF in (a) the paralectric
and incommensurate phases of K2Se04, and (b) the ferroelectric
phase of K2Se04.

lographic direction, i.e., the c axis, develops a spontane-
ous polarization at T, . Simultaneously, the protons order
in the perpendicular a, b plane without showing a macro-
scopic dipole moment (Fig. 11). ' For these com-
pounds the polarizability model was extended by includ-
ing the local double-well potential of the protons in the
calculations. Thus, the second mass m2 now represents
the protonic mass, and its core-shell force constants ac-
count for this nonlinear potential by including attractive
harmonic forces g2

' and repulsive stabilizing forces g4' '.
Now, the original mode represents a coupled double-well
problem where both fourth-order terms are treated in the
self-consistent phonon approximation, and thus require a
double-self-consistent treatment which has been de-
scribed in Ref. 45. The soft mode of KDP was calculated
as a function of temperature, and is compared to experi-
mental data in Fig. 12. The replacement of hydrogen
by deuterium shifts T, to higher values and simultaneous-

Ps 'Ps
{after Tokunaga 1970)

I I

I

I I I

c-axles

8 0 0
K P H PCg 0.5

ferro- paraelectriC

e C-axle
0 0.5 l

I

[ooll

FIG. 11. Schematic structure of KH2PO4 in the ferroelectric
and the paraelectric state, in accordance with Ref. 42.

FIG. 13. Comparison of calculated dispersion curves (lines)
with experimental data (Ref. 47) for DKDP at T=250 K.
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ly induces a change in its Curie constant. All model pa-
rameters are unchanged, and as can be seen in Fig. 12,
the agreement of theoretical and experimental data is
fairly good. As inelastic neutron scattering data are
available for DKDP only, we compared the dispersion
curves of this compound with the model calculations
which is depicted in Fig. 13. Here, the agreement is near-
ly perfect.

Replacing K by Rb, Cs, or NH4, or replacing PO4 by
As04 experimentally, also results in a shift in T, which is,
of course, less spectacular than the replacement of hydro-
gen by twice its mass. Yet, these replacements require a
change in the phonon-phonon and electron-phonon in-
teractions fI, ~,f to be reproduced by the model. The iso-
tope e6'ect on T, and the Curie constant in these iso-
morphic compounds is of the same order of magnitude as
in KDP, and the model calculations reproduce the
correct trend but are not in perfect agreement with ex-
periment. A more refined treatment of hydrogen-bonded
ferroelectrics is in progress and will be published in
another paper.

10
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0 912
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idTg(g = 2TK/0)
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"To(q=0)2

10
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Here, we investigate the competition between ferroelec-
tricity and antiferroelectricity as has been observed, for
instance, in PbTi Zr, „03. The phase diagram ' of the
mixed crystals is depicted in Fig. 14. The lattice dynam-

VI. ANTIFKRRQELECTRIC COMPOUNDS
AND ITS MIXED CRYSTALS

WITH FERROELKCTRIC COMPOUNDS
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(T- Tc)

f'=0.43
Until now we concentrated on model calculations with

repulsive intersite electron-phonon and phonon-phonon
interactions, i.e., f, f I &i &0. Stable solutions of the non-
linear model with lower energy are obtained for, e.g. ,f&0, fI, i &0 or f&0, fI, ~&0 which, in the static limit,
exhibit an antiferroelectric displacement pattern or su-
perstructures with higher-order periods as, e.g., 3 or 4,
etc. The continuum limit even allows soliton or
breather-type displacement patterns with lowest energy.
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FIG. 14. Phase diagram of the transition temperature T, as a
function of composition x of PbZrl Ti 03 in accordance with
Ref. 51, together with x-dependent intersite phonon-phonon
coupling f,'„.
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ics of PbTi03 have been described in the first section. We
investigated the mixed crystals by assuming that the
phonon-phonon interaction fI, ~

scales linearly with the
phase transition temperature T, which is shown in the
same figure. Thus, the mass m& and the intersite cou-
pling fI, ~

are a function of composition x. For the anti-
ferroelectric compound ft, ~

is attractive, leading to a
softening of the acoustic zone-boundary frequency cuTA

(q =2'/a) with decreasing g (T). At T„cTo~=O, which
involves a doubling of the lattice cell and, simultaneously,
an antiferroelectric order. Also, coTo (q=O) as well coTA

(q =2'/a) have been calculated as functions of tempera-
ture for different compositions x. Interestingly, the criti-
cal exponent of the soft optic mode of PbTi03 which is
here in accordance with mean-field predictions changes
to smaller values than 1 and exhibits a value of 0.4 in the
antiferroelectric compound PbZrO3. For the zone-
boundary mode the reversed change in its critical ex-
ponent is observed. While in the ferroelectric compound,
PbTi03, coT~ (q =2m. /a) only displays a slight tempera-
ture dependence with a critical exponent y —=0.2, its tem-
perature dependence becomes steeper with increasing x
and exhibits at the antiferroelectric border a value of
0.65. The temperature dependence of both modes is
shown in Figs. 15 for three different compositions x=1,
0.5, and 0.0. Experimental data are not available for the
mixed crystals, and thus the model calculations are hope-
fully a challenge to experimentalists.

In conclusion, it has been shown that antiferroelectric
transitions can also be described by the polarizability
model and that a change in critical exponents y with
composition x is expected from the model calculations.

CONCLUSIONS

We have shown that the polarizability model in its
one-dimensional version describes qualitatively and quan-
titatively displacive-type ferroelectric phase transitions in
structurally different ferroelectric compounds. The
strong anisotropy of the development of a ferroelectric
dipole moment allows the application of this model, as
here only one axis is lattice dynamically relevant for the
soft-mode behavior and related temperature-dependent
quantities. The model parameters can be directly related
to the phase transition temperature and their changes
permit us to draw conclusions about the change in physi-
cal properties.
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