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Scattering of a surface-skimming bulk transverse wave by an elastic ridge
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We study theoretically the scattering of a surface-skimming bulk transverse wave that propagates
along the planar surface of a semi-infinite substrate and impinges normally on a rectangular ridge in
its path. The ridge is fabricated from the same material as the substrate, or from a different materi-
al. The differential scattering cross section, as a function of frequency, displays peaks at the real
parts of the frequencies of the acoustic surface shape resonances supported by the ridge. This result
suggests that acoustic surface shape resonances can be studied experimentally by the kind of scatter-
ing experiment analyzed here.

In a recent paper, ' we presented a theory of acoustic
surface shape resonances. These are vibrational excita-
tions that are localized in the vicinity of an isolated pro-
tuberance on the otherwise planar, stress-free surface of a
semi-infinite elastic medium. The protuberance may be
fabricated from the same material as the substrate, or
from a different material. In general, there is an infinite
number of such resonances associated with a given pro-
tuberance. Their frequencies are discrete because of the
loss of translational symmetry caused by the presence of
the protuberance; they are complex because they overlap
the range of frequencies allowed the vibrations of the sub-
strate, into which they can decay; and they depend on the
shape of the protuberance and on the relation of its ma-
terial properties (mass density, elastic moduli) to those of
the substrate.

In Ref. 1, the simplest structure supporting acoustic
surface shape resonances was considered. This consists
of a rectangular ridge of width 2I and height d, fabricated
from a material of mass density p"' and elastic moduli
Ic,"'I, bonded to a semi-infinite substrate consisting of a
material whose mass density is p' ' and whose elastic
moduli are Ic,' 'I. The ridge is oriented parallel to the x2
axis (Fig. 1).

The elastic displacement field was assumed to have
only a single, nonzero component, along the x,z direction,
and to be independent of the coordinate xz (shear hor-
izontal polarization). The frequencies of the first few
lowest-frequency acoustic surface shape resonances were
calculated for modes of even and odd symmetry in x, in
this structure, for several different sets of values of the
material parameters describing it.

It was suggested in Ref. 1 that an experimental method
for studying these acoustic surface shape resonances is
provided by the scattering of a surface-skimming bulk
transverse wave incident normally on the ridge depicted
in Fig. 1. A surface-skimming bulk transverse wave is a
wave of shear horizontal polarization that satisfies both
the equation of motion of elasticity theory and a stress-
free boundary condition at the planar surface of the
medium supporting it. It is not, however, a surface

acoustic wave and, indeed, is described by a displacement
field that is independent of the coordinate normal to the
surface. The differential scattering cross section for the
surface-skimming bulk transverse wave, examined as a
function of its frequency at a fixed scattering angle,
should possess structure at the (real part of the) frequen-
cies of the acoustic surface shape resonances that would
demonstrate their existence.

In this note we study theoretically the scattering of a
surface-skimming bulk transverse wave incident normally
on the ridge depicted in Fig. 1, and show that the sugges-
tion advanced in Ref. 1 concerning the possibility of ob-
serving these resonances in this fashion is confirmed by
the results.

The starting point for the scattering calculation is Eq.
(I2.12), in which we replace the amplitude A (k, co) by the
sum 2tr5(k —(co/c2))+R (k, co), where c2 is defined in
Eq. (I2.14). The first term in this sum corresponds to the
incident surface-skimming bulk transverse wave, while
the second corresponds to the scattered wave. The use of
this form for 3 (k, co) in Eqs. (I2.16) and (I2.21), together
with the recognition that the surface-skimming bulk
transverse wave satisfies the stress-free boundary condi-
tion on the plane x3=0, yields the following integral
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FIG. 1. The structure studied in this paper.
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equation for the determination of the scattering ampli-
tude R (k, co):

c(i)
R (k, co)=R' )(k, (o)+—,

, g c„(co)D„(t)„(k),
C44 n =0

(5)

R (k, co)=R' )(k, co)+ f K(klq)R (q, co),dq

where

(&)
(p) l c44 1

d c") a(k, cp)

X g e„(P„(co)d)tan[P„(co)d]
n=0

XS„(k)S„*(co/c2 ), (2a)

where the coefficients [D„J are the solutions of the
(infinite-order) matrix equation

C(])
5 „——,

,
M „(co)c„(co) D„=D' ', (6)

n =0 C44

with

(&)

D' '= —
( ) g M „((o)c„(co)S„*((o/c2),

C44 n =0

c„(a)) =e„(P„(co)d )tan[P„(co)d],

{(t„(k)=S„(k)/a(k, a)),

)I(t„(k)=S„(k),
we can express IC (klq) as

(&)

K(klq)= —,, g c„(co)(t)„(k)f„*(q).
C44 n=o

The solution of Eq. (1) can then be written as

(3)

(1)
I( (klq) =—

(2) g e„(p„(co)d)tan[p„((o)d]
l c44 1

d c4(24) a k, cp „()
XS„(k)S„*(q).

The functions e„, P„(cp), a(k, (o), and S„(k) have been
defined in Eqs. (I2.9), (I2.10), (I2.13), and (I2.17), respec-
tively.

Equation (1) is readily solved if we make use of the se-
parable form of the kernel K (klq). Thus, if we define

dk S*(k)S„(k)
2m. a(k, cp)

(7b)

where P' is the complex, elastic Poynting vector, Lz is
the width of the sample in the xz direction, and L3 is its
thickness along the x3 axis. The total energy in the scat-

In practice, the infinite-order matrix equation (6) is re-
placed by an N XN matrix equation by restricting m and
n to assume the values 0, 1,2, . . . , N —1, and increasing
N until convergent results have been obtained.

To present our results in a fashion that reveals the ex-
citation of acoustic surface shape resonances by the in-
cident surface-skimming bulk transverse wave, we calcu-
late the differential scattering cross section for the pro-
cess considered here in the following way. The total en-
ergy in the incident wave crossing the plane x, =const
( (0) per unit time is

I.~ /2 0
P;„,= dx2 dx3 Re P];„,

=-'p(2)c, co'L,L, ,
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FIG. 2. The differential scattering cross section der/dO, as a function of the dimensionless frequency Q=co1/c2. Results for
scattering from the lowest-frequency mode of even symmetry for-8, =(a) 45', (b) 0, =0', and |',c) 8, = —45' are shown. In this case
"'= "' c"'=c"' andd =21., c44 —c44, an
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FIG. 3. The same as in Fig. 2 but for scattering from the lowest-frequency mode of odd symmetry. Notice that no resonance is ob-
served in (b).

tered wave crossing the plane x3=const ( &0), i.e., the
power carried away from the surface, per unit time is

L2 /2P„=fdx, f dx~ ~Re(P3)„~
2

/c

,'p"'c', coL~ —f dk a(k, a))IR (k, co)~ . (9)" '2

If we introduce the scattering angle 6, (Fig. 1), then we
have that k =(co/cz)sin6„a(kco) =(co/cz)cos6„dk
=(co/cz )cos6, d6, . Equation (9) can then be rewritten in
the form

(2) 3 vT/2p' '~ L2 dOs cos Os4~

X
~
R ((co/c~ )sin6„co)

~

=—f d6, P„(6,) .

(10a)

(lob)

The di6'erential scattering cross section is defined by

P„(6,)

~inc

1 co

L3 2mc2
cos 6, ~R ((co/cz)sin6„co)

~

——&6, & —. (11)
2 ' 2

The proportionality of this cross section to, L3 is due to
the fact that the incident wave is not a surface acoustic
wave, so that the interaction volume is an ever-decreasing
fraction of the total volume of the system as L3 is in-
creased.

In Figs. 2 and 3 we have plotted Bo /B6, as a function
of the dimensionless frequency Q=ct)l/cz for scattering
from modes of even and odd symmetry, respectively, for
three scattering angles, in the case that p"'=p' ',
c4~'=c44', i.e., for the case in which the ridge and sub-
strate are made from the same material, and d =2l.
Peaks in the scattering cross sections corresponding to a
scattered angle 8, =+45' are clearly visible when the fre-
quency of the incident wave matches the real part of the
frequencies of the lowest-frequency acoustic surface
shape resonances of even and odd symmetry supported
by this structure. ' The latter are indicated by arrows in
these figures. The smaH shift of the position of each peak

in the scattering cross section from the real part of the
frequency of the corresponding surface shape resonance
is due to the frequency dependence of the factors multi-
plying the reciprocal of the determinant of the matrix of
coefficients in Eq. (6) that enters the solution (5) through
the coefficients [D„I. The half-width of each peak at half
maximum is essentially the imaginary part of the frequen-
cy of the surface shape resonance. The resonance is ab-
sent in the 0, =0' scattering from the mode of odd sym-
metry. In general it is found that for modes whose dis-
placement fields are odd functions of x& no resonance is
observed for 0, =0 scattering. It is seen that the ampli-
tudes, and the detailed forms of the scattering cross sec-
tions, depend on the scattering angle, but the positions of
the peaks they display are insensitive to changes in this
variable.

The results obtained here suggest that the acoustic sur-
face shape resonances studied in Ref. 1 can be observed
in an experiment in which a surface-skimming bulk trans-
verse wave, incident normally, is scattered from the ridge
supporting these excitations.

A more favorable structure in which to observe acous-
tic surface shape resonances is likely to be a ridge on the
surface of a thin plate that is bonded to a semi-infinite
substrate of a material whose speed of transverse sound
waves is larger than that of the film. Such a system sup-
ports a surface acoustic wave of shear horizontal polar-
ization, viz. , a Love wave, which can be scattered from
the ridge. The resulting difFerential cross section will be
independent of any length, such as L3, characterizing the
size of the substrate, with a consequent enhancement of
the structure associated with the acoustic surface shape
resonances it possesses. The theory of such resonances
and of the scattering of Love waves from the structure
supporting them is now being worked out.
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