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J. Serre, A. Ghazali, and A. Gold'
Groupe de Physique des Solides de l'Ecole Xorrnale Superieure, Universite de Paris VII, Tour 23, 2 place Jussieu,

F-75251 Paris CEDEX 05, France
(Received 16 March 1988)

We have investigated in quantum wells (QW's) and heterostructures (HS's) the modification of the
electronic structure near the band edge, which is induced by selective doping. The density of states
has been calculated as a function of the relevant parameters, namely, carrier and impurity concen-
trations (and depletion concentrations for HS s), QW width, and impurity position. Using a
multiple-scattering method which includes a finite-range screened potential and impurity concentra-
tion to all orders, we have succeeded in obtaining ground-state and excited-state impurity bands
(IB's). We observed these bands merging gradually with the lowest conduction subband as the im-

purity concentration is increased, leading to the formation of a band tail into the energy gap. Other
main results obtained for difterent values of the parameters are the binding energy for a single im-

purity, the widths and energy shifts of ground- and excited-state IB s, and the contribution of the
electron-impurity intera. ction to the gap shrinkage in the band-tail regime. Our results are com-
pared with experiments and other theories.

I. INTRODUCTION

It is well known that charged impurities play a funda-
mental role in determining the electronic, optical, and
transport properties of quantum wells (QW's) and hetero-
structures (HS's). The eff'ects of impurities have been
widely studied during the last years both theoretically
and experimentally.

Most of the theoretical work on Al„Ga& „As/
GaAs/Al„Gai As QW's considered a single hydrogenic
impurity, using variational wave functions to obtain
ground- and excited-state levels. In an early work, Bas-
tard' calculated the binding energy as a function of QW
width and of impurity position, assuming an infinite bar-
rier height. Since then, a large number of works have at-
tempted to improve this model. Mailhiot et al. , Greene
and Bajaj, and Liu and Quinn considered the case of
Anite barrier height. BrUm et al. showed how the bind-
ing energy of a single impurity is reduced by the free-
carrier screening. Excited states have also been studied
extensively. ' The influence of a magnetic Geld ap-
plied along the growth axis has also deserved particular
attention. ' Good reviews of theoretical works on the
electronic structure of impurities and experimental work
on extrinsic optical properties in QW's have recently
been offered by McCombe et al. " and by Shanabrook. "
For low impurity concentrations, the theoretical results
generally agree with the experimental ones obtained by
far-infrared (magneto-) absorption, electronic Raman
scattering, photoluminescence, etc. For a more detailed
discussion and references, see Ref. 11.

Theoretically, the inhuence of charged impurities
on the mobility has been widely studied in
Al„Ga, As/GaAs HS's (Refs. 12—14) and QW's, '

following the work of Stern and Howard. ' All these cal-

culations are made within the Born approximation. One
of us has studied static and dynamic transport properties
in HS's (Ref. 19) and QW's (Ref. 20) accounting for
multiple-scattering effects.

The aim of this paper is to study the situation where
the impurity concentration is high enough for the single-
impurity theory to be no longer valid, i.e., when the over-
lap of impurity wave functions becomes significant. We
use a multiple-scattering theory method which accounts
for the electron-impurity interaction to all orders in the
impurity concentration and to all orders in the electron-
impurity potential. Many-body effects, namely screening
and exchange-correlation contributions to the self-energy,
are also included in our calculations.

In this paper we calculate the density of states (DOS)
of impurity bands (IB's) in the ground state as well as in
excited states and the DOS of the first conduction sub-
band (CSB) edge. These calculations are made for
different values of the relevant parameters, namely the
impurity and electron concentrations and the position of
impurities, the width of the QW, and the depletion con-
centration of the HS. In particular, we are able to show
the broadening and the gradual merging of excited and
ground IB states with the CSB, as the impurity concen-
tration is increased to make up a band tail (BT).

Different attempts have been made in order to estimate
the effects of charged impurities on the DOS in the vicini-
ty of the bottom of the CSB. Because the binding energy
is strongly dependent on the position of the impurities in
and near the well, an IB has been predicted for a homo-
geneous doping of the well, ' ' even if the concentration
is low enough to neglect an impurity wave-function over-
lap. However, this description is not strictly valid when
the overlap occurs, because the global DOS is not merely
the sum of individual contributions arising from impuri-
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ties located at diferent positions. This point will be dis-
cussed later.

Takeshima studied the deformation of the CSB in the
presence of charged impurities. However, his assumption
of a slowly varying potential which might be valid only
for heavy doping does not allow us to obtain an IB. De
Andrada e Silva and da Cunha Lima calculated the
DOS of an IB in Al Ga, „As/GaAs QW's, using a
tight-binding version of the multiple-scattering theory. It
is essentially a single-band scheme. Indeed, the IB is not
treated as a result of a perturbation of the CSB but rather
as a single band in an amorphouslike solid. This is the
reason why this CSB cannot be accounted for in their
model. In particular, an IB should persist even at a very
high impurity density.

The multiple-scattering method used here was em-

ployed by the present authors ' to study the IB's and
BT's in inversion and accumulation layers in silicon
metal-oxide-semiconductor (MOS) structures. Our re-
sults are in semiquantitative agreement with a recent ex-
perimental study where the IB's and BT's are probed by
varying the carrier concentration. As said before, our
method, based on the best Klauder's multiple-scattering
approach, uses an infinite perturbation series expansion
in powers of the potential strength and concentration.
Although this method does not account for the so-called
multiple-occupancy corrections, we believe that these
corrections are negligible for the usual impurity concen-
trations, see the discussion in Ref. 28, Appendix B. In
particular, starting from the unperturbed CSB wave func-
tion, ground and excited IB's are obtained for low impur-
ity concentrations.

The paper is organized as follows. In Sec. II the theory
and the model for QW's and HS's are explained. The re-
sults for QW's and HS's are given in Secs. III and IV, re-
spectively. They are discussed and compared with other
theoretical and experimental results in Sec. V. A sum-
mary is given in Sec. VI.

II. THEORY AND MODEL

A. Density of states

In this section we briefly recall the multiple-scattering
equations leading to the electronic density of states
(DOS). A detailed account of the theory has been given
by Serre and Ghazali in the three-dimensional case.
This theory has been applied by the present authors to in-
version and accumulation layers.

In order to describe the one-electron properties of the
interacting electron system in the presence of impurities,
we use the average one-electron Green function 6 (k, E)
for wave vector k and energy E

1

E —e(k) —X(k, E)
e(k) is the kinetic energy of the electron in the unper-
turbed system. A parapolic dispersion relation in a single
conduction subband with an eA'ective mass m* is used:
E(k)=Pi k !2m*.

The self-energy X(k,E) has two contributions: the

and the DOS per unit energy and per unit volume, p(E),
is given by

p(E)= —g A(k, E) .
1

The summation is over the k's and the spin states o. . 6 is
the area.

We calculate the self-energy for electron-impurity in-
teraction X„(k,E) in Klauder's best (fifth) multiple-
scattering approximation. X„(k,E) is given in terms
of the two-dimensional (2D) impurity concentration XI,
the 2D Fourier transform of the electron-impurity in-
teraction potential V(q), and the vertex function
U(k, q, E) which obeys an integral equation, see Eq. (6) in
Ref. 24. This integral equation for U is nonlinear.

The separable-potential approximation (SPA) for the
electron-impurity interaction

V(q —q') =—[ V(q)]' [ V(q')]'

allows the transformation of the integral equation (6)
(Ref. 24) into a much simpler equation. This equation (5)
is exactly valid for a contact potential, but it is only an
approximation for a finite-range potential. However, re-
sults obtained for the three-dimensional and two-
dimensional ' system have proved reasonable when
compared with exact results. Furthermore, the binding
energy can be calculated analytically in the limit

0 24

Within the SPA the binding energy EI, is determined
by

1 1
dq qV(q) =1 .

E~+q /2m*
(6)

We use the SPA in the limit 1V;~0 where the conver-
gence in the full Klauder's fifth approximation is hardly
obtainable for computer time reasons. It is also used
when systematic studies are needed.

B. Quantum-well and heterostructure models

Let us first describe the QW model. In the unper-
turbed medium, the electrons can move freely in the x-y
plane and are confined in the z direction. We consider
the case involving only the lowest conduction subband.
In the infinite barrier height approximation, the wave
function P(z) for the z direction and for the lowest sub-
band is given by

exchange-correlation self-energy X„,(k, E) which is due to
electron-electron interactions, and the electron-impurity
self-energy X„(k,E) which is due to the scattering by im-
purities randomly distributed in the system

X(k, E)=X„,(k, E)+X„(k,E) .

The average probability of the electron with energy E
being in the state k is given by the spectral density
A(k, E) via

3 (k, E)= ——ImG(k, E+io)1
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itj(z) =
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'
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and is zero elsewhere. Here L is the QW width: see Fig.
1(a). We assume that donors with a 2D concentration N,
are implanted randomly in a plane parallel to the x-y
plane at a distance z, from the QW edge (z =0), see Fig.
1(a).

We consider a screened electron-impurity interaction

(a) aw

AI„Ga~ „As

E

-L/2 0

NI

GaAs +

+

L/2z; L

AlxGai-x As

V„(q)
V(q)=

e(q)
(8)

where e(q) is the dielectric function of the interacting
electron gas.

The unscreened electron-impurity potential V„(q) for
wave number q is given by

V„(q)= F„(q,z—
, ),2~e 1

EL q

where eL is the dielectric constant of the host lattice. It
is equal to the half sum of dielectric constants in the QW
and in the surrounding medium. The electron-impurity
form factor F,; accounts for the finite extension of the
wave function in the z direction, see Ref. 30, Sec. IV.C.1.
One finds for QW's (Ref. 20)

(b) HS
I+

+
+
+ E,
+

Af xGat-x As ~
+
+

FIG. 1. Sketch of (a) Al Gal As/GaAs/Al Ga& As
quantum well (QW) and (b) Al„Ga, „As/GaAs heterostruc-
tures (HS). In both cases the origin of the growth axis z is taken
at the (left) interface.

[1—exp( qL)]exp(q—z, )/2, z, (0
8 2

F„(q,z;)= + ~ [1—exp( qz, )]/2 —e—xp[ —q(l —z, )]/2+q L sin (~z;/L)/2~, O~z;~L
4~2 +q 2L 2

[1—exp( —qL)]exp[ —q(z, L)]/2, z; —)L .

(10a)

(10b)

(10c)

For the dielectric function we use the random-phase
approximation (RPA) (Ref. 31) with local field
(exchange-correlation) correction; see Eq. (13) in Ref.
24. Vc(q) is the electron-electron interaction potential,
which enters the dielectric function and which includes
the 2D Coulomb potential and the form factor which ac-
counts for the finite confinement (see Ref. 30, Sec. II.F.1).
It is given by

Ref. 24, and E- and k-independent self-energy which is
obtained as a fit of numerical results of Vinter for sil-
icon MOS structures, see Eq. (18) in Ref. 24.

Let us now turn to the HS model; see Fig. 1(b). As for
QW's we only consider the lowest conduction subband
and assume an infinite barrier height. In this case, the
variational form of the wave function in the z direction is
taken as [see Ref. 30, Eq. (3.25)]

2me 1Vc(q)= Fc(q) . —
q

P(z)=(b /2)' z exp( —bz/2) . (13)

For QW's one gets

1Fc(q)=
4~+q L

8mX 3aq +
qI

32vr 1 —exp( qL)—
2L 2 4~2 +q 2L 2

(12)

Equations (8)—(12) specify V(q) which enters Eqs.
(1)—(4) for the calculation of the self-energy X„(k,E). For
the exchange-correlation self-energy X„we take, as in

48me m,
b = (N„+11N/32),

EI S&
(14)

where m, is the eA'ective mass perpendicular to the inter-
face, eI„ is the dielectric constant in the heterostructure,
and Nd is the 2D depletion density.

The form factor F.„ in heterostructures is given by (see
Ref. 30, Sec. II.C)

The quantity 1/b measures the extension of the wave
function in the bulk. In the triangular-well approxima-
tion, b is given by [see Ref. 30, Eq. (3.30)]
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3 [exp( —qz, )
—(a, +a2bz, +a~b z, )exp( b—z, )], q&b

F„(q, z, )0)= (1 q—/b)

[(1+2bz, +2b z, +4b zi /3)exp( bz—, )]/8, q =b,
(15a)

and

F„(q, z, +0)=exp(qz, )/(1+q/b)3 (15b)

1+9q/8b+3q /8b
(1+q/b)

(16)

Finally, let us emphasize that all the above presented
equations are valid within the mentioned approximations
regardless of the materials which constitute the QW's or
the HS's.

with ao= 1+q/b, a& =2q(3+q /b2)/bao3, a =4q(1
q/b—)/bao, and a3=q(1 —q/b) /bao. The expression

given in Eq. (24) is valid only if the dielectric constants
on both sides of the HS are equal. This is the case which
we have studied here. F„(q, z, )0) is shown in Fig. 2 for
various values of z;. With increasing z, , F„ first increases
and then decreases. The maximum is reached when the
average distance of the envelope wave function from the
interface (z) =3/b is equal to z;; at this point the
electron-impurity interaction is strongest.

The screening form factor Fc(q), which enters the
dielectric function [see Eq. (11)],is given by

spin-independent potential model (as in our case) does not
allow us to determine this degeneracy. The unit length is
the effective Bohr radius a *=EL' /I *e = 103 A, if we

take I *=I,=0.067mo and eL = 13.1. The effective

Rydberg is R =m'e /2@1 h =5.3 meV. The DOS is
presented in units of 1/2~Ra'; it is equal to 1 for free
electrons in the lowest conduction subband. In real units,
the DOS for free electrons is equal to 2. 83 X 10'
meV ' cm . The origin of the energy scale is taken at
the lowest subband edge, including exchange-correlation
and band-bending energy shifts.

The electron concentrations and the QW widths used
here are such that only the lowest conduction subband is
involved. Our calculations are made within the infinite-
barrier-height approximation.

Finally, let us mention that since our results are ex-

pressed in units of effective Rydberg R and effective Bohr
radius a*, they are valid for any hydrogenic impurity

type and for 2D materials with a parabolic conduction
(valence) subband.

III. RESULTS FOR QUANTUM WELLS

C. GaAs-Al„Ga& „As structures

We have solved the equations for Al Ga, As/
GaAs/Al Ga, „As QW's and HS's. The dielectric con-
stants and effective masses are assumed to be equal in
both materials. The DOS will be given with a spin degen-
eracy equal to 2 even for impurity bands, although a
value of 1 is more reasonable in this case. The use of a

We have calculated the DOS of QW's for different
values of the relevant parameters, namely the well width
L, the position of impurities z, (inside and outside the
well), the 2D impurity concentration N, , and the carrier
concentration N in the well. For a given set of these pa-
rameters, the spectral density A (k, E) as a function of k
[Eq. (3)] and the DOS [Eq. (4)] are calculated for different
energies near the bottom of the lowest conduction sub-
band.

A. Impurity band and band tail

C)
A
N
~ 0.5

LLQP

0

q/

FIG. 2. Electron-impurity potential form factor F„ for
Al Ga& „As/GaAs HS as a function of normalized wave num-

ber q/b for various values of the impurity position z;, see Eq.
(15). We used b =2/a *, see Eq. (14).

Figure 3 shows the broadening and the shift of the sin-
gle hydrogenic impurity level as the impurity concentra-
tion N, increases. This leads to an IB split off from the
lowest CSB. As N, is further increased, these bands get
closer, fill up the gap in between at a certain concentra-
tion N, , and finally merge to give a BT. Figure 3 is ob-
tained for a QW with L =100 A. Here, the impurities
are in the middle of the well and X =X;.

The spectral density A (k, E) is displayed in the inset of
Fig. 3 for X =X, =2 X 10' cm and for two energies,
one in the main band and the other in the impurity band.
The spectral density which is a 6 function centered at
k&0 for a free electron is now broadened in k space for
the states lying at the bottom of the subband because of
impurity scattering. In the IB, A(k, E) is maximum at
k=0 and widely extended in k space. This behavior is
typical for localized quasiatomic electrons.



39 IMPURITY LEVELS, IMPURITY BANDS, EXCITED. . . 8503

1
I

I

GaAs (Qwj
L=100A z = L/2

I

I I I I

N=N;= 2~10 cm

1 1 1

Go~s (OW)
DOS

-8

-4

-0
0

N 0.5—

C)
C3

0.4 o.e

0.8

0,4

Q

C)
CA

~~C
0-

QJ -1

LLJ
N.

Zl

ENERGY(units of R)

610

t

10

I

1010

N (cm j

1012

FIT&. 3. Density of states (DOS) as a function of energy for
different values of electron density N and impurity density N;.
The electron-impurity potential is screened according to the
exchange-correlation —corrected random-phase approximation
(RPA), see Sec. II A. The impurities are located at the center of
the QW of width L. The inset shows the typical spectral densi-

ties as functions of wave number for a quasiextended state
(E =0.4R) and for a quasiatomic state (E = —1.1R).

FIG. 4. Solid lines: Impurity-band energies (see inset) as
functions of electron density N for given N;, z;, and L. Dashed
line: Binding energy of a single impurity for the same L and z;,
taken from Brum et al. (Ref. 5).

3

GaAs (aW)

B. Role of screening
DOS

For given L, z;, and N; the locations of the IB edges
vary with carrier concentration because of screening.
The impurity bandwidth decreases as N increases. The
curves in Fig. 4 illustrate this behavior. They are ob-
tained for a rather low N; in order to compare our results
with those of Brum et al. which have been obtained for
the same geometry, but in the single-impurity limit. Like
these authors, we obtain a small gap for high N, which is
nearly constant, see Fig. 4. However, it is clear that for
higher N; a merging of the bands is expected, see Fig. 3.

The curves in Fig. 5 show the eFect of screening on the
location of the IB edges within the SPA for diFerent N;.
Three remarks are in order. (i) The SPA results agree
semiquantitatively with the full calculation results; com-
pare Figs. 4 and 5. (ii) However, the IB in the latter case
lies always at energies below those obtained in the SPA.
(iii) It is worthwhile to notice that the width of the IB in-
creases drastically with increasing N, . For example, with
N=1X10&o cm

—2 the width increases from 045R for
N, - = 1 X 10 cm to 1.35R for N, = X 10' cm; see Fig.
5.
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C. Influence of the QW width and impurity position

The IB edge energies strongly depend on the position
of impurities relative to the well. As illustrated in Fig. 6,

FICi. 5. Impurity-band energies (see inset) as functions of
electron density N for different N;, calculated in the separable-
potential approximation for the same geometry as in Fig. 4.
The solid points represent Brum et al. results (Ref. 5).
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FIG. 6. Effect of impurity position z; on the shift and
broadening of the impurity band (IB). The inset sho~s the IB
and the conduction subband (CSB) edge energies as functions of
z; (solid lines). The dashed line represents the calculation of
Lane and Greene (Ref. 8) for the single-impurity limit.

starting from an IB centered at —1.7R with impurities
being in the middle of the QW, the IB moves towards the
CSB as the impurities are distanced further and further
from the well. In this example, the IB is pushed against
the CSB when the impurities are placed at 200 A from
the QW barrier. In order to compare our results with
those obtained in the single-impurity limit, we have
shown recent results calculated by Lane and Greene in
the inset of Fig. 6. Figure 6 illustrates that the IB is less
symmetric when it is closer to the CSB. At the same
time, the width of the IB shrinks (and the DOS maximum
increases). The asymmetry of the IB has also been ob-
tained in the three-dimensional case and in the two-
dimensional case for silicon MOS systems.

For a systematic study of the influence of L and z, on
the band structure we have used the SPA. Figure 7
shows the band edges as functions of A; for I. =100 and
300 A and for z, =L/2 [Fig. 7(a)], z; =0 [Fig. 7(b)], and
z; = L[Fig. 7(c)]. We ha—ve taken N =N, . The band-
edge energies E& and E3 are de6ned in the inset of Fig. 4.
For reasons of comparison, band-edge energies obtained
by the full calculations are also indicated for
X =N;=1X10 cm in these figures. One notes that
the IB meets the CSB at X; =2 X 10' cm for impurities
located at the center of the QW. For N; larger than N, , a
band tail appears and broadens as X; increases. As seen
in the figure, X, goes down to 2.5X10 cm for impuri-
ties located at 100 A from the QW edge. The values of
X, for the same z s are lower for a wider well, see Fig. 7,
because the mean distance between electrons and impuri-
ties is larger as the QW is wider.

N, (cm )

FIG. 7. IB and CSB edge energies as functions of impurity
concentration (here N=N;) for L =100 A (solid lines) and
L =300 A (dashed lines). Impurities are located: (a) at the QW
center, (b) at the QW edge, and (c) in the barrier (at a distance
from the QW edge equal to the QW width). The calculations
are made in the separable-potential approximation. The verti-
cal bars indicate the IB location as obtained by the full calcula-
tions for L = 100 A.

As mentioned in Sec. II A, the SPA is used in the limit
X;~0 to calculate the binding energy E~. Ez is ob-
tained from Eq. (6). Figure 8 illustrates the decrease of
Es for different values of z; as the QW width increases.
These results are in good agreement with the results of
Bastard. ' One also notices the rapid decrease in the
binding energy as a function of L in case of narrow QW's
with remote impurities (z, (0). For comparison pur-
poses, some IB edge energies obtained by the full calcula-
tions are also indicated in Fig. 8 for small concentrations:
X=1X10 cm and X;=1X10 cm . Note, however,
that these concentrations are lower than the residual con-
centrations usually found in these materials.

A systematic study of N; (the impurity density for
which IB and CSB meet) and Es as a function of impuri-
ty position is shown in Fig. 9 for I. =100 and 300 A
within the SPA. An unscreened electron-impurity in-
teraction potential [Fig. 9(a)] and the RPA screening
model [Figs. 9(b) and 9(c)] have been used. N; is obtained
after calculating the DOS's as functions of the energy for
difterent iV, and after searching for the IB-CSB zero-gap
band-limit. It is worth noticing that N, and Ez vary in
the same way as functions of z, . Similar results have been
found in silicon inversion layers. This is not surprising
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4 since both N; and E~ measure the potential strength. We
find'that the ratio N, /E~ is nearly constant and given by

O
CO

2
tXl

LLj

N, /Es =[(1—4)X 10' cm ]R

The CSB energy shift E„due to electron-impurity in-
teractions is found to obey approximatively the following
law:

E„=—a[N;/(10" cm )]~ . (18)
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1

FIG. 8. Binding energy of a single impurity as a function of
the QW width for different z;. Solid lines: Separable-potential
approximation. The dots represent the results of Bastard (Ref.
1). The bars indicate the IB locations for low concentration:
N;= IX10 cm, N=1X10 cm

D. Excited impurity bands

We have studied the possible existence of excited IB's
in a QW, using the full calculations. As we will see
below, such bands do exist in a certain range of concen-
trations N and N, . It should be mentioned, however, that
within the SPA no such bands were obtained.

As an example, we show in Fig. 11 results for a QW
with L = 100 A. Impurities with a concentration
N, =1X10 cm are located in the rniddle of the well.
Three electron concentrations are considered: N = 1

X10, 1X10, and 1X10 cm . For reasons of com-
pleteness, we show in Fig. 11 the IB DOS's in the ground
state ( Is state), whose integrated DOS is equal to N;. The
band-edge energies of these 1s IB's have been shown in
Fig. 4, where the inAuence of screening was illustrated.
The role of screening is even more essential to the very

~ ~5

Ch

1.0

tS
0.5
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C)
1.0

~~C
0.5

GaAs (QW}

0
fa) L= 100A

N=N;

fb) L=300A
N= N)

0
0.5

In Fig. 10 a and P are displayed versus z; for l. = 100 and
300 A. We notice that P is independent of z; and nearly
equal to 0.5. In principle, our disorder-induced band-gap
renorrnalization must be added to the other sources of
the CSB shift: (i) the negative exchange-correlation shift,
see recent experiments on QW's, and (ii) the positive
Coulomb shift due to electrostatic interactions, see, e.g. ,
Ref. 5.

0
-3

z.l' L
FIG. 9. Impurity concentration N; at the closing of the gap

between IB and CSB (left) and binding energy E~ (right) as
functions of impurity position z; within the separable-potential
approximation: (a) L = 100 A, N =0 (no screening), (b) L =100
A, and (c) L =300 A. For (b) and (c) we used N =N; for all N s
(screening), E~ is calculated for N=N; and N;~0. Note the
strong decrease in N; and E~ in the screened case.

FICx. 10. Prefactor a (left) and exponent P (right), see Eq.
(i8), which gives the electron-impurity contribution to the gap
shrinkage, as a function of impurity position z;. The calcula-
tions are made within the separable-potential approximation:
(a) L = 100 A and (b) L =300 A. In both cases we used N =N;.
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IV. RKSUI.TS FOR HETKROSTRUCTURES

We have calculated the DOS for heterostructures. The
relevant parameters have been defined in Sec. IIB. The
2D carrier concentration N and the 2D depletion layer
concentration Nd determine the quantity 1/b, see Eq.
(14), which measures the extension of the wave function
into the bulk. We have studied the case where the impur-
ities are located in the Al, „Ga,As side (z; &0) and the
case where they are located on the GaAs side (z; )0), see
Fig. 1(b).

A. Impurity band and band tail

I I

GaAs {HS)

N=1x10 cm N = 2.5x10 cm11 -2 8 -2
l

Nd=5 x10 cm
10 -2

a il Zi

Figure 14 illustrates the continuous change from an IB
to a BT as the impurity concentration is increased for a
HS, defined by N and Nd. The impurities are located in
the GaAs with a distance z;=3/b from the interface.
This distance is the average penetration of the electron
charge into the GaAs bulk rhaterial. As seen in Fig. 14,
the concentration N; for which the IB and the CSB meet
is 5 X 10 cm . It is clear that ¹ should be higher if the
electron concentration is lower. Indeed, the screening
e8'eat dominates the opposite effect of HS well widening,
see Eq. (23). This has also been obtained for silicon
MOS. '4

The inhuence of the impurity position z; on the DOS is
illustrated in Fig. 15. Starting frown a situation where an
IB separated from the main band, when the impurities
were placed in the HS well (z; =3/6), one finds nearly a
zero band gap for impurities at the interface (z; =0), and
finally a BT is found for impurities located outside the
well (z; = —a * ). Let us mention that the impurity poten-
tial is strongly screened in this case and that no excited-
state IB's exist.

zi 3/b 1 26o

Q
-0.3 -0.2

I

-0.1

ENERGY(units of R)

B. Onset of IB gap closing and BT shift

Using the SPA, we have performed a systematic study
of the DOS as a function of N, N, , and z, . The results are
summarized in Fig. 16, where the variation of N; and Ez
as a function of z; is displayed for an unscreened

FIG. 15. InAuence of the impurity position z; on the width
and on the energy shift of the IB in a HS. Notice the disappear-
ance of the IB for z; & —a * in this example.
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PIC». 14. DOS vs energy for heterostructures and for various
values of N; and given N, Nd, and z;.

0 I a I I I

-4 -2
I

0

z, /a'

FIG. 16. Variation of N; and E& as functions of impurity po-
sition z; within the separable potential approximation for (a) an
unscreened potential (N is used here only to define the parame-
ter b of the HS), and (b) a screened potential. We used N=N;
and Nd =5X10' cm . Note the strong decrease in N; and Ez
in the screened case.
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while o. varies strongly with z; inside the well. For a fixed
electron density the dependence of N, , Eii, a, and g on
the impurity location z, is shown in Fig. 18 within the
SPA and the RPA screening. We find that /3 is constant
in this case and in QW's, see Fig. 10. We conclude that
the variation of 13 with z, found in Fig. 17 is due to the
variation of the confinement in this case: N =X, . We
notice that due to the high electron density used in Fig.
18, X; and E~ are strongly reduced in Fig. 18 in compar-
ison to Fig. 16(b).

V. DISCUSSION AND COMPARISON
WITH EXPERIMENTS AND OTHER THEORIES

FIG. 17. Prefactor a (left) and exponent P (right) as functions
of impurity position z;, see Eq. (18) and Fig. 10. We used
N=X; and Xd=5X10' cm . The calculation was made in

the separable-potential approximation.

electron-impurity interaction potential [Fig. 16(a)] and
for a RPA-screened electron-impurity interaction poten-
tial, X =N, [Fig. 16(b)]. To our knowledge no single-
impurity binding-energy calculations have been made so
far on HS's as a function of z;. As expected, N, and E~
are much higher in the unscreened case and when the im-
purities are placed closer to the electrons in the HS well.
Again we find that the ratio N; /E~ is nearly constant, see
Eq. (17) and our results for silicon MOS structures. ~

Like QW's (Sec. III C) and silicon MOS systems, the
BT shift towards low energies brought about by
electron-impurity interactions obeys the law given by Eq.
(18). Figure 17 shows a and P as functions of z, for
nd =5 X 10'o cm and for N =N, . In this case p is not
constant as found for QW's and varies weakly around 0.5

10-
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~ ~
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d 1
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FICx. 18. Variation of (a) N, and Eii and (b) n and P [Eq. (18)]
as functions of z; for a HS with N = 1 X 10" cm and
Xd=5X10' cm

In this section, we discuss our results and compare
them with experimental and other theoretical results.
Ground-state and excited-state levels of a single hydro-
genic impurity have been widely investigated theoretical-
ly in QW's, ' ' using variational wave-function methods.
These results generally agree with experimental results on
moderately doped samples. " In particular, the eA'ects of
the QW width, impurity position, barrier height, screen-
ing, and magnetic field are well accounted for by the
theory.

For low-enough impurity concentrations, for which we
find typically 2V; (1X10 cm, using the full multiple-
scattering calculations, we obtain an IB which is very
close to the calculated single-impurity level for various
carrier concentrations, impurity positions, and QW
widths, see Figs. 4, 6, and 8. On the other hand, the se-
parable potential approximation has proved to be a good
approximation to calculate easily the binding energy in
the low-impurity-density limit. The results are in agree-
ment with Bastard's' calculations, see Fig. 8 ~ As in
Bastard's work, we have assumed infinite barrier height,
even though a finite height could be included in our
theory. Our main goal was to investigate the broadening
and the shift of impurity levels as the impurity concentra-
tion increases. Notice that even for the low impurity
concentrations, the IB width is not negligible. For in-
stance, in case of %=X,=1X10 cm, I. =100 A, and
z, =50 A (impurities in the middle of QW), the IB width
is equal to 0.6R (=3 meV). The IB width decreases
when the carrier concentration is increased; for example,
in the above case with X =1X 10" cm it amounts to
0.37R (=2 meV), see Figs. 3 and 4. The IB also shrinks
as the impurities are moved away from the center of the
QW, see Fig. 4, and as the QW width is increased, see
Figs. 6 and 7. In all of these situations, the IB shrinkage
is easily understood as the result of the weakening of the
eA'ective electron-impurity interaction.

Our multiple-scattering method is powerful enough to
describe excited impurity bands for low impurity concen-
trations as well. It is worthwhile to notice that the ener-

gy ordering of impurity-band states, namely 1s, 2p+, 2s,
and 2po is the same as that found within the single-
impurity theories ' ' and observed experimentally. ''
Let us note that the shapes of the spectral densities of
these states as a function of wave number are diferent ac-
cording to their symmetry, see Figs. 12 and 13.

As the impurity concentration increases, the IB ground
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state and excited states broaden and move toward the
conduction subband. Due to this broadening and this
shift, the excited states merge and gradually meet the
conduction subband. For higher concentrations, the IB
ground state also merges with the CSB to give a large
band tail which extends into the energy gap as the impur-
ity concentration is increased further. The spectral densi-
ty analysis has allowed us to distinguish between extend-
ed states and quasiatomic states. The latter are found to
lie in the IB and in the lower-energy part of the BT. The
contribution of the electron-impurity interaction to the
gap shrinkage may be even larger than that of many-body
effects, see Eq. (18) and Refs. 34—37. Notice that the fac-
tor a in Eq. (18) is obtained within the separable-
potential approximation. The full calculations give a
larger o. as may be seen by looking at the data of Fig. 3.
However, in Ref. 24 we have shown that the calculations
of the gap shrinkage in the separable-potential approxi-
mation are in fair agreement with the full calculations.
In this paper we did not calculate the gap shrinkage in
the full approximation since we considered neither the
electrostatic effects on the position of the bands, nor the
efFect of impurities on the valence subbands. The latter
efFect could be calculated as we have done it in the three-
dimensional case. On the other hand, the strength of
the electron-impurity interaction is rejected in the values
of the binding energy Ez and of the concentration X, , for
which the conduction and impurity bands meet. Both are
increasing functions of the potential strength. We have
shown that the ratio X; /E~ is nearly constant.

Our present results have been obtained by using a RPA
screened potential. It is well known that this potential is
valid only when the screening is due to free electrons. It
is less valid when the electrons are bound to impurities.
This is the reason why the use of this potential allows us
only a semiquantitative comparison with experimental re-
sults. We believe, however, that this potential provides a
good description of IB electronic structure in the low
concentration range because it has the right limit of the
bare potential as X~O. On the other hand, the impor-
tance of multiple-occupancy corrections, which are men-
tioned in the Introduction, have not yet been estimated,
to our knowledge, in the case of the finite-range potential.

In the light of our results, it would be interesting to
study experimentally the transitions 1s ~2p+, 1s
—+continuum, etc., as functions of N; and X in order to
determine the onsets of merging of IB excited states and
the ground state with the conduction subband. The latter
should be accompanied by an insulator-to-metal transi-
tion that should be observable in low-temperature trans-
port measurements for example.

It has been reported by Bastard et al. ' ' that a
broadening of impurity levels is expected for a uniform
doping in the well because the binding energy is strongly
dependent on the position of the impurity. In this work,
we have shown that another broadening mechanism ex-
ists due to the overlap of impurity wave functions as the
concentration increases, even for a spike doping. We be-

lieve that the 1s, 2p+, and 2s IB widths and energy shifts
that we have calculated, see Fig. 11, may, on their own,
explain the broadenings and energy shifts of the transi-
tions lines observed in magnetoabsorption and electron
Raman scattering" for concentrations comparable with
those used in Fig. 11, without referring to any impurity
migration in the well. Incidentally, it is worth mention-
ing that if the impurities are put intentionally in two
difFerent positions, the resulting DOS is not merely the
sum of the two DOS's, each one being considered sepa-
rately. Indeed, as we have shown in the three-
dimensional case and in silicon inversion layers (see
Ref. 24, Appendix), one has to replace the multiple-
scattering equation for U(k, q, .E), see Eq. (6) in Ref. 24,
by a set of two coupled equations for the two impurity
positions, see Eq. (A3) in Ref. 24. The coupling comes
from the electron Green function. Work on this issue is
in progress.

We have also studied the electronic structure of selec-
tively doped heterostructures as a function of the relevant
parameters: depletion density, carrier and impurity con-
centrations, and the position of impurities. A11 we have
said on QW's is also found in HS's. In particular, we
have calculated the binding energy, the impurity concen-
tration X, for which the bands merge, the relation be-
tween two quantities, and the contribution of the
electron-impurity interaction to the gap shrinkage. We
did not succeed in finding enough results in the literature
in order to compare them with ours.

VI. SUMMARY

To summarize, this work is aimed at generalizing the
single-impurity studies of quantum wells and heterostruc-
tures and applying them to the case in which the impuri-
ty concentration is high enough for the single-impurity
approximation to be no longer valid. Using a multiple-
scattering method, we have succeeded in obtaining the
impurity-band ground state and excited states and
showed how these bands gradually merge with the lowest
conduction subband as the impurity concentration is in-
creased. This leads to the formation of a band tail.

Our method which is devised to study the many impur-
ity scattering effects on the electronic structure is also a
good approximation in the low-density limit, in agree-
ment with single-impurity calculations. Thus it has
proved to be a sound theory to study the effects of
charged impurities on the electronic structure. Results
on the QW width dependence of X, , a, and P, see Eqs.
(17) and (18), have been discussed in a brief report.
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