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Attractive and repulsive pairing interaction vertices for the two-dimensional Hubbard model
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Particle-hole-magnetic and particle-particle-pairing susceptibilities can be expressed in terms of
dressed Green's functions and interaction vertices. Using quantum Monte Carlo simulation tech-
niques, the effect of the interaction vertices is examined to determine the sign and relative magni-
tude of the eA'ective pairing interaction in various channels for the two-dimensional Hubbard
mode. Near half filling we find that the singlet d 2 y2 pairing interaction is the most attractive.
The extended near-neighbor s interaction is also weakly attractive, while the singlet s y and d y

and the triplet p interactions are repulsive.

The nature of the collective electronic correlations in
the two-dimensional (2D) Hubbard model remains an im-
portant open question. Of central interest is whether the
single-band 2D Hubbard model exhibits superconductivi-
ty, and if so, what is the nature of the pairing. It is gen-
erally agreed that for a half-filled band, as the tempera-
ture is lowered the dominant collective response is associ-
ated with the particle-hole staggered spin susceptibility
g(tt, tt). However, the behavior of the pairing correlations
in the particle-particle channel of the doped system is less
clear. In one view, the spin fluctuations play an analogous
role to phonons, with their emission and absorption giving
rise to a frequency- and momentum-dependent lifetime,
effective mass, wave-function renormalization, and effec-
tive particle-particle interaction. In weak coupling, this
corresponds to the random-phase approximation (RPA)
paramagnon exchange picture, ' and has been suggested as
a mechanism for d-wave pairing in the 2D Hubbard mod-
el. Alternatively, it has been recently suggested that a
commensurate finite-range spin-density-wave background
provides a medium in which dressed quasiparticles
suppress the local-spin-density-wave gap, creating a bag;
this leads to an attractive singlet s-wave interaction, aris-
ing from the "sharing" of the same bag by two holes. In
strong coupling, variational projected wave-function cal-
culations indicate that d-wave pairing is favored. Anoth-
er view is the resonating-valence-bond theory in which
the spin and charge degrees of freedom of the holes are
separated by the strongly correlated background, and the
pairing is ultimately mediated by interlayer tunneling.

In the face of this wide range of proposals, it is useful to
have some exact results. In principle, quantum Monte
Carlo simulations oAer this possibility. However, such
simulations have so far been carried out only at tempera-
tures which are more characteristic of the magnetic corre-
lation energies than pairing correlation energies. ' lf it
were possible to carry out the calculations at temperatures

as low as the assumed T„., the question of whether the
model exhibited superconductivity would be answered by
the presence or lack of very strong enhancement in one of
the pairing susceptibility channels. At the higher temper-
atures accessible to current Monte Carlo calculations a
different question must be asked: Is the eAective pairing
interaction attractive? (The energy scales associated with
the eA'ective interaction are expected to be much higher
that T, .) Previous calculations have compared pairing
susceptibilities with noninteracting (U =0) susceptibilities
to determine the nature of the effective pairing interac-
tion, but large single-particle renormalization effects have
made the results inconclusive. The slight enhancement or
suppression of the pairing susceptibilities due to the
eAective interaction typically could not be seen because of
the much larger suppression due to single-particle eAects.
In fact, recent studies of electron-phonon models have
shown that an attractive interaction can appear repulsive
at higher temperatures; only at low temperatures does the
eflect of pairing overcome single-particle eA'ects to show
enhancement relative to noninteracting susceptibilities. In
this Rapid Communication we suggest an alternative ap-
proach which compares pairing susceptibilities with and
without the interaction vertices included. This compar-
ison allows the determination of signs and relative
strengths of the eff'ective pairing interaction in various
channels.

The single-band 2D Hubbard model which we have
studied is described by the Hamiltonian

H= —t ~ c;~~ +cI~; +Urn;tn, t
& .),- I

—pg(n;1+n; 1) . (1)

Here the sum on (i,j) runs over pairs of near-neighbor
sites on a square lattice, t is the hopping integral, U the
on-site Coulomb interaction, and p the chemical potential.
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Our basic approach is to use the close relationship of the
numerical simulations to standard diagrammatic many-
body theory to extract the behavior of the interaction ver-
tices. In the simulation, a Hubbard-Stratonovich trans-
formation is used to replace the two-particle interaction
with an effective space-dependent and imaginary time-
dependent single-particle field jx(l, r)j. Averaging over
all fields fx(l, r)j with a Monte Carlo sampling procedure
restores the interaction. For a given field configuration,
the susceptibilities are given in terms of a product of two
single-particle Green s functions. Averaging this product
over the {x(l,r) j configurations dresses the Green's func-
tions and generates the interaction vertices shown
schematically in Figs. 1(a) and 1(b). Here the solid lines
are dressed single-particle Green's functions G~(r)= —(Tc~(r)c~t(0)) and the circles in Figs. 1(a) and 1(b)
correspond to particle-hole and particle-particle interac-
tion vertices, respectively. By averaging the single-
particle Green's functions over lx(l, r)j before taking
their product, the interaction. vertex is removed and one
obtains only the first contribution on the right-hand side
in Figs. 1(a) and 1(b). This consists of two dressed
Green's functions without mutual correlations. %'e will
call this quantity the uncorrelated susceptibility. By com-
paring the full susceptibility with the uncorrelated suscep-
tibility, we can determine whether the interaction between
the dressed quasiparticles is attractive or repulsive.

For example, the staggered magnetic susceptibility
takes the form

fP
&(tr, tr) =

J~ d—r(M(r)M(0)),
N

x= g g + ~
pP

dr(a, (r)a J(0)& (4)

with

CI+ p~ CI
I

(5)

The index 6 runs over the nine relative lattice spacings
shown in Fig. 1(c), and we will discuss the pairing
response in terms of the five singlet and two triplet modes
(the triplet modes are twofold degenerate) also illustrated
in Fig. 1(c). Just as for g, we use the flexibility of the
Monte Carlo simulation to evaluate both the pair-field
susceptibility P and the uncorrelated pair-field susceptibil-
ity P corresponding to the first contribution on the right-

where M=gt( —I)'(ntt —ntl) and N is the number of
lattice sites. In Fig. 2, g(tr, tr) is plotted for a 4X4 lattice
with U/t =4 and two different band fillings. Here one
sees the large staggered field response for (n) =1 and its
suppression when the system is doped slightly away from
half filling with (n) =0.875. The inset shows the uncorre-
lated susceptibility

r P
g(~, ~) = ——g„,d.G, +,(.)G, ( .)— (3)

P

with q =(tr, tr). Clearly, the particle-hole vertex is attrac-
tive, giving rise to a large enhancement of g over g. The
Monte Carlo simulations were carried out using a recently
proposed algorithm which allows the simulation of the
2D Hubbard model at a variety of fillings for inverse tem-
peratures P =t/T as large as 8. The algorithm has been
tested in a variety of ways, including comparison with
exact-diagonalization results on a 2 x 2 lattice.

In the same way, the particle-particle-pairing response
can be expressed in terms of dressed Green's functions
and an interaction vertex [Fig. 1(b)l. Here we introduce
a pair-field susceptibility tensor
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FIG. 1. (a) Diagrammatic representation of the magnetic
susceptibility in terms of dressed Green's functions and a
particle-hole interaction vertex. (b) The pair-field susceptibility
P~ ~ expressed in terms of dressed Green's functions and a
particle-particle interaction vertex. (c) The internal pair coordi-
nate 8 used in defining hbt, Eq. (5), ranges over nine positions,
including (0,0). The remainder of the figure shows the pair-field
modes discussed in the text.
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FIG. 2. The staggered susceptibility g(tt, tt) vs T (in units of
t) for a 4X4 lattice with U/t 4 and (n) =1 and 0.875. The in-
set shows the uncorrelated susceptibility g. Where not shown,
error bars are smaller than the points.
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FIG. 3. The pair-field susceptibility P (so y.solid s mbols) and the
tibilit P (open symbols) at halfuncorrelated pair-field suscepti i i y

fill' ((n) =1) are plotted vs T for various pair-field mo es.ing n
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Pand P vs T forFIG. 4. The pair-field susceptibilities
(n) =0.875.
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ize the half-filled antiferromagnetic correlations. Such a
phase diagram would also be consistent with weak-
coupling renormalization-group calculations' " and re-
cent results from self-consistent perturbation theory. '
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