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Weak localization and enhanced electron-electron interaction in amorphous Cazo(Mg, A1)3o
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%e present measurements and analysis of low-temperature resistance and magnetoresistance in

amorphous Ca70(Mg, A1)30. The data are described within error over the full range of field and tem-

perature by the expressions due to weak localization and enhanced electron-electron interaction, the
first time such close agreement has been found in a three-dimensional system. The results show that
the quality of the fit is independent of the disorder parameter (kF l, )

' over the range 0.05—0.4.

I. INTRODUCTION

In highly disordered conductors, intense elastic scatter-
ing causes interference effects on the electron wave func-
tion which give rise to the quantum corrections to con-
ductivity (QCC) known as weak localization' (WL) and
enhanced electron-electron interaction (EEI). A large
number of theoretical papers have been published on the
subject and the various expressions for electrical conduc-
tivity have been extensively tested experimentally, partic-
ularly in two dimensions. In three dimensions QCC
theories have probably found their widest application to
the electrical resistance of amorphous metals at low tern-
peratures, principally magnetoresistance, but also, to a
lesser extent, temperature dependence. Qualitatively,
there is no doubt that the QCC expressions describe the
observations, but when experiment and theory are com-
pared in detail quite substantial discrepancies emerge. '

The signi6cance of these discrepancies has often been
dificult to assess, because in many instances the systems
examined have either been not very well characterized
(e.g., they contained an indeterminate level of magnetic
impurities, or had an open d band), or they have sufFered
from convicting contributions due to superconductivity
or ferromagnetism. Probably the best test hitherto has
been through the work of Richter, Baxter, and Strom-
Olsen, who presented the results of a series of measure-
ments on ultrahigh purity (i.e., magnetic contaminant
typically (0.5 ppm) Mg-Cu alloys, doped with various
levels of Ag or Au. These alloys are known to be free-
electron-like, ' show neither superconducting nor mag-
netic order, and have a disorder parameter (kzl, )

small enough (about 0.03) for one to expect the QCC
theories to be accurate. Furthermore, the alloys are so
well characterized from independent measurements that
the only two unknown parameters that appear in the
theoretical expressions are the electron wave-function de-
phasing time, ~&, and the spin-orbit scattering time, ~...
and ~, , suffers the additional constraint of being temper-
ature independent. Under these fairly stringent condi-
tions it was found that at low magnetic field (where con-
tributions from WL are dominant) QCC theories describe
the data to within error, but that at higher fields
discrepancies appear which become more pronounced as
the field increases. It was not possible to determine from
these results where the theoretical expressions failed, but

there was a slight trend for the discrepancies to increase
as the spin-orbit scattering rate ~, increased when Ag
or Au was substituted for Cu. The range covered was
from moderately weak to strong spin-orbit scattering
(r, ,' —10' —10' s ' as compared with a typical dephas-
ing rate r&

' —10' s ' at 4.2 K).
In this article we present results on the magnetic

field and temperature dependence of resistivity in
Ca70(Mg, Al)3o amorphous alloys. Although similar to
Mg-Cu, in that they are simple s,p metals, "' they differ
in two important respects. First, the level of spin-orbit
scattering is an order of magnitude smaller, which allows
QCC theories to be tested in the very weak spin-orbit
scattering limit. Second, as Al replaces Mg, the elastic
mean free path, I„ is reduced by an order of magnitude,
while other electronic parameters remain constant.
Thus, in an otherwise constant system the effect of chang-
ing the disorder parameter (k~1, )

' from much less than
unity to less than but of the order unity may be exam-
ined.

II. EXPERIMENTAL METHODS

Alloys were made by melt spinning precast buttons of
—1 g onto a Cu wheel with a tangential speed from 40 to
45 ms ' under 15 kPa of high-purity helium. The but-
tons were made by induction melting the appropriate
amount of Ca (99.999% purity from Rare Metallic Co.,
Japan), Mg (99.95% purity from Alfa Products), and Al
(99.9999% purity from McKay Inc. ) in a high-purity
graphite crucible under high-purity argon (99.998% puri-
ty). Prior to melting, the Mg was quartz distilled' to re-
move any transition-metal impurities. The melt-spun rib-
boos were examined by x-ray diffraction and then stored
under liquid nitrogen. No diffraction lines due to any
crystal phase were observed, except that for some sam-
ples various oxides of Ca (CaO~, Ca02) were present on
the surface. These oxides could be removed by polishing
and have no effect on our results.

The values of resistivity, and its temperature coeScient
at room temperature, are in excellent agreement with
those measured by Mizutani et al. " Of the remaining
parameters in Table I, N(EF ) is calculated from the mea-
sured electronic specific heat" and the diffusivity from
N(EF) and p.

Magnetic impurity content (in particular, Mn, which is
the only contaminant of any of the starting elements
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TABLE I. Physical parameters of Ca7o(Mg, Al), Q amorphous alloys. Error: d, +2%; p, +5%; [Mn],
+10%.

Alloy
p D lV (Ep)

(g/cm ) {pQcm) (kFI, )
' {10 I /s) {states/eV atom)

TF [Mn]
(K) (ppm)

Ca7oMg30
Ca7oMgpp 5A17 5

Ca70Mg ]qA1 [5

~ Ca7oMg7 5Alpp 5

Ca70A130

1.58
1.65
1.70
1.76
1.78

48
80

122
195
342

0.05
0.09
0.13
0.20
0.35

7.9
4.4
3.0
2.0
1.25

0.61
0.64
0.60
0.55
0.49

0.53 60440
0.53 63460
0.52 66090
0.52 68770
0.52 70740

3.4
3.8
3.5
4
4

which may be expected to carry a moment in the alloys' )

was measured by neutron activation. The results are
shown in Table I, along with other pertinent parameters
for the system. The density was measured using
Archimedes's principle using toluene as the working
Quid; the resistivity was determined from the measured
resistance of a known length (typically 50 cm), the cross-
sectional area being determined from the measured mass
and density.

Resistance changes, either as a function of magnetic
field or temperature, were measured by a four-terminal ac
bridge' able to detect changes of less than 1 part in 10
in a 1-Q resistor (the samples varied in resistance from
0.4 to 0.8 0). The temperature was varied from 1.2 to 20
K either by pumped helium or by a servo-controlled
heater; in either case stability was 1% or better. A rnag-
netic field of up to 4.3 T was provided by a superconduct-
ing solenoid. All data were stored on a microcomputer
and processed on a SUN minicomputer.

III. RESULTS AND DISCUSSIONS

Figure 1 shows the magnetoresistance as a function of
temperature in three of the Ca7Q(Mg Al)3Q alloys:
Ca7QMg3Q Ca7QMg»Al», and Ca7QA13Q. In all cases the
points are the experimental data and the solid line the fit
to the theoretical expressions, as discussed below. The
features of the curves are in agreement with what is ex-
pected from QCC for alloys with weak spin-orbit scatter-
ing, namely a small positive magnetoresistance at low
fields that changes sign and becomes negative at high
fields. When the temperature is raised, the magnetoresis-
tance diminishes as the phase-coherence time shortens
due to electron-phonon scattering.

The data are fitted to contributions from WL and EEI,
expressions for which are well known and are given in the
Appendix. We follow a fitting procedure similar to that
given in Richter, Baxter, and Strom-Olsen. At low fields
(8/T (0.4 T/K) the contribution to bp/p from EEI is
less than about 10 and may be neglected. Thus we be-
gin by restricting the fitting to this range and use only Eq.
(Al) to describe the data. In the fitting there are only
two free parameters, 8& and 8, , (which are related to r&
and r, , ); furthermore, 8, , must be independent of tem-
perature. Thus each family of curves in Fig. 1 is fitted at
low field to a common value of B,, and one value of B&
at each temperature. At higher fields the contribution
from EEI, which is positive, must be included, as is
shown by the fact that the theoretical expression for WL

fitted at low fields lies below the experimental data when
it is extended to high fields, the separation between the
two being about 30%%uo at 4 T and 1.5 K. No new parame-
ters occur in the expression for EEI and its contribution
may thus be considered a zero-parameter fit. The result
of including EEI gives an essentially perfect fit to the
data within error over the full field range in four of the
five alloys and a very good fit in Ca7QA13Q as shown in Fig.
1(c). So far, as we know, this is the first three-
dimensional system for which such excellent agreement
has been found. Comparing these results with those from
Cu-Mg alloys, two points emerge. The first is that the
only essential difference between Ca7QMg3Q and
Mg7QCu3Q with or without doping by Ag or Au, is the
level of spin-orbit scattering, ~, , being about 10 " s in
the Ca7QMg3Q (see Table II for the various scattering
times and lengths) and anywhere from 3 X 10 ' to
3X10 ' s in the Mg-Cu alloys. Thus we are led to the
empirical conclusion that QCC expressions as currently
given are only valid in the limit of very weak spin-orbit
scattering, namely when ~, ,' & ~&

' ((z, '.
The second significant point is that the perturbation

parameter (kFl, )
' varies from 0.05 in Ca7QMg3Q to 0.4

in Ca7QA13Q. Since expressions (Al), (A2), and (A3) are
only the first terms in a perturbation expansion, one need
not expect them to be quantitatively accurate for
Ca7QA13Q Our results, however, suggest that the higher
terms are not significant and they lend support to the ar-
gument of Morgan, Howson, and Saub' that expres-
sions (Al), (A2), and (A3) may be useful even when
(k~1, ) '-1.

The behavior of the dephasing time with temperature
is shown in Fig. 2. All samples show essentially the same
values for ~&, which may be described by the expression

1/r~ = 1/r~+ A T",
as was the case in Mg-Cu and Mg-Zn. A best fit to the
data yields n =3.0+0.5, which is quite consistent with
dephasing due to electron-phonon scattering. At low

temperatures ~& saturates to ~&, whose value is similar to
that seen in Mg-Cu and Mg-Zn. Richter, Baxter, and
Strom-Olsen were able to exclude extraneous causes of
dephasing, such as spin scattering by residual magnetic
impurities, and hence proposed that r& may have some
intrinsic origin, perhaps zero-point motion. ' The
present samples, however, contain about 4 ppm Mn. If
we assume Mn to carry a moment of 2.2@~ and to have
an exchange ' of 0.25 eV with the conduction electrons,
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FIG. 2. Dephasing rate 1/w& as a function of temperature in
amorphous Ca7p(Mg, Al)3Q The solid line is a fit to the data us-

ing Eq. (1). Ca7pMg3p (+), Ca7QMg225A175 ( ~ }, Ca7QMg)5A1)5
(0), Ca7pMg7 5A122 5 ( & ), and Ca7QA13Q (4).
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then spin scattering contributes a time of about
0.7X10 ' s to v.

&, which is essentially the observed
value. Thus, in the present alloys magnetic impurities
prevent us from drawing any conclusion for an intrinsic
limiting value for ~&.

The behavior of e, , with composition is given in Table
II. There is very little change from Ca7pMg3(j to
Ca7pA13p, the only point of interest is that ~, ,' actually
decreases slightly, whereas one would perhaps expect it
to increase, given that Al has an atomic number higher
by 1. Perhaps this merely indicates that a hydrogenic or-
bit picture (which would give r, ,'-Z ) is inadequate for
describing the spin-orbit scattering of conduction elec-
trons.

The temperature dependence of resistivity is also given
by Eqs. (Al), (A2), and (A3). It turns out that, in con-
trast to magnetoresistance, EEI dominates the tempera-
ture dependence and that the contribution from WL may
be neglected. In this case we expect

ISISI ~ ~ ~ ~ ~ I ~ I
Innll I I I ~ I~ ~ I 10

IIII I ~ I ~ I I I I I
IIII I ~ I I I I I I ~ I

10

15
20

e (T)
Fg+ ) Magnetoresistance «(a) Ca7QMS3p

Ca Mg, Al, , and (c) Ca7QA13Q The + symbols are the experi-
mental data and the solid line a fit as described in the text.
Temperatures are indicated in the figure.

where we have followed Hickey, Greig, and Howson in
replacing the screening parameter F by F*=F—A, , A, be-
ing the electron-phonon mass-enhancement parameter.
In the case of Ca7pA13p this may be estimated from ther-
mopower measurements to be 0.30, so that F* becomes
0.22. The remaining parameters in (2) are known, so that
the temperature dependence may now be calculated with
no free parameters and compared with measurement, as
in Fig. 3. As for magnetoresistance, the agreement be-
tween theory and experiment is essentially perfect, the
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TABLE II. Characteristic scattering times and lengths of Ca»(Mg, Al), p amorphous alloys. Error:
w& and v;, , +10%%uo.

Alloy (10 ' s)

p

(10 ' s)
Ts

~ 0

(10 " s)
l,

(vF&, A)
I...

[(3ar&)'/' pm] [(3Dr, , )' ' pm]

Ca»Mg3p
Ca7pMg22 5A17 5

Ca»Mg )5Al ) q

Ca7pMgv ~A122 s

Ca7QA13p

1.4
0.7
0.5
0.3
0.15

0.6
1.0
0.6
0.8
0.9

0.7
0.7
1.0
1.04
1.25

18.4
10.6
6.7
4.0
2.3

0.4
0.38
0.24
0.24
0.20

0.13
0.097
0.093
0.08
0.07

first time to our knowledge that such agreement has been
observed.

IV. CONCI. USIONS

from magnetoresistance, we found that QCC theories
give a zero-parameter fit to the temperature dependence
of the resistivity.

From the results in this paper and in Mg-Cu aHoys,
we conclude that QCC theories are quantitatively accu-
rate in bulk disordered metals when the spin-orbit
scattering is very weak, but that even a moderate level of
spin-orbit scattering is suf6cient to produce significant
discrepancies. We find that varying the disorder parame-
ter from &&1 to ~1 has no significant e6'ect on the
fitting. Finally, using values of parameters determined
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APPENDIX

1. Weak localization

According to Fukuyama and Hoshino, the magnetoresistance due to localization of the conduction electrons, in the
presence of spin-orbit and inelastic scattering and including the splitting of the spin subbands, is given by

' 1/2
e eB

P 2~2m

1 8
)
1/2

f—
2

Bf3—
4B

3B
1

( t 1/2 t 1/2
) + t 1/2

( t + 1 )1/2
(1—y)'" (A 1)

where

with

3(B;+2B,)
4B,

t+ =t+ ,'[1+(1—y)'"], -
2(8, , —8, )a =@+2m, + " ' [1+(1—y)'"],

3

3 Bg +
3
Bg Q

scattering times by the relation B„=A/4eD~„, where w„
is the inelastic scattering time ~, , spin-orbit scattering
time v;, , and magnetic impurity scattering time ~, .

The function f3(x) in Eq. (Al) has been derived by
Kawabata and is given by

f3(x)= g [2(n +1+1/x)'/ —2(n +1/x)'/
0

(n+ —,'+1/x)—'/ ] .

3g Q

geD(B, , 8,)—
g is the effective g factor and has a value of 2 in free-
electron metals, and D is the diffusion constant.

The characteristic fields are related to the electron-

2. Electron-electron interaction

The m.agnetoresistance due to enhanced electron-
electron interaction is a combination of two terms: one
known as the diffusion-channel term and the other as the
Cooper-channel term. The diffusion-channel (DC) contri-



39 WEAK LOCALIZATION AND ENHANCED ELECTRON-ELECTRON. . . 7565

40'
xIO 5

30

I I

C 70~So
F is the average over the solid angle 0 of the statistically
screened Coulomb potential. For the Ca-Mg-Al alloys
studied here we 6nd, using Thomas-Fermi screening
theory, F=0.52—0.53.

According to Isawa and Fukuyama, the magnetoresis-
tance arising from the Cooper channel (CC), in the case
of nonsuperconductors, is given by

~ 80

4
hp

, cc

1/2
e eB

P 2~'a

10
r 2

k~T
X g ( T,B)@F(B,T),

2 4eDB
(A3)

0—
1.5 8.0 8.5 3.0 4.0

where

T {K)
FIG. 3. Low-temperature resistivity of Ca70A1&0. The points

are the experimental data and the solid line a fit as described in
the text [Eq. (2)].

NF(B, T)= —g g —,—+5 1 k+y
2'2 ky

3/2

bution has been calculated by I.ee and Ramakrishnan and
is given by

AP

Dc

1/2—e' eB
P 2+4 A 2

1/2

2eDB

2eDB;y=, h=
mk~T

'
B,.

where

(A2) g is the generalized Riemann zeta function and

3/2
32 3F

F~ = — 1+ — 1+—
3F 2

f dO V[q =2k~ sin(8/2)]

f dQ V(q =0)

g(T,B)=

with

2—+ lnF
1.13TF

d2
gg(x)= f d~, [co%(co)] [(co+x )'/'

0 dQ)

~

1/2 2 1/2]

4eDBT*=max ~ T,
k~

TF is the Fermi temperature.
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