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T, enhancement in superconductor and spin-density-wave coexistence
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The interplay of superconductivity and spin-density waves in a two-band system with imperfect
nesting and interband coupling is analyzed. Within this model, enhancement of the superconduct-
ing critical transition temperature is found. The influence of the interband coupling on this
enhancement is presented in detail. The possible connections with the high-T, oxidic systems are
also discussed. The obtained curves of T, versus the excess carrier concentration fit well with

both La-Ba-Cu-0 and Y-Ba-Cu-0 cases.

Recently, because of the high-T, oxidic systems, the
old' problem of the interplay between superconductivity
and Fermi surface (FS) driven instabilities, such as spin-
density waves (SDW) or (due to the metal-insulator tran-
sition ), charge-density waves (CDW), became of great
interest.

Regarding the SDW phase, the exciting new results
concern the heavy-fermion, organic, Cr-based, and ox-
idic superconductors. Related theories take into account
instabilities of the normal molecular-orbital states for or-
ganic superconductors, antiferromagnetic spin fIuctua-
tion and anisotropic order parameters for the heavy-
fermion compounds, ' '' two-band systems for the Cr al-
loys, ' and density-of-state (DOS) enhancement for the
oxidic superconductors. ' ' Here we mention the papers
of Maki and co-workers, ' where a detailed analysis of
SDW in Bechgaard sales is given.

The general belief concerning the FS driven instabilities
supports the idea that they change the electronic spec-
trum, reducing the critical temperature of the supercon-
ducting phase. In contrast to this, the newly obtained re-
sults suggest a T, enhancement due to the coexistence of
such instabilities with the superconducting phase. If the
nesting condition is accomplished, such a mechanism '"
does not depend on dimensionality or other detail of the
band structure. In fact it is connected to the gap-edge
singularities (diverging density of states near the bound-
ary between the CDW or SDW gapped and ungapped re-
gion of the FS). A nonsuperconducting gap will cause an
eff'ective increase of DOS in the region of the gap edge
within the cutoff energy shell around the Fermi energy.
This will lead to a T, enhancement, but only in the case of
imperfect nesting. '"

In this paper we show that for a multiband system with
imperfect nesting, a further T, enhancement mechanism
appears which is strongly related to interband coupling.
The possibility of raising T, by interband scattering was
established in the early sixties' and it was brought up to
date in some aspects in Ref. 17. For these systems it is
important to understand that the gained enhancement is
due to the fact that in some circumstances the supercon-
ducting system can take advantage of a new degree of
freedom (like supplementary band or layer indices). This

(2)

where i,j are the band indices. We used for the supercon-
ducting order parameter the 6,;~ notation, with i =j for
intraband-singlet (k„and Ebb are assumed to be equal)
and i&j for the interband-singlet pairing. The interaction
k;~ in our model may correspond either to the phonon or to
the nonphonon pairing mechanism. Third, we take into
account that due to a magnetic interaction g (see Ref.
23), a SDW pairing can appear within the system
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situation occurs in organic superconductors, ' in layered'
or 815 compounds. In this context, the interband and
the interlayer couplings have many similarities. ' Taking
advantage of this fact, a possible T, enhancement mecha-
nism was suggested in a recent paper. In our case, the
effect of the interband scattering on T, will be much
greater, because this scattering will concern those carriers
which are closely situated to that region of the FS, where
the DOS is increased due to the nonsuperconducting gap
edge. So the SDW must be already formed at the Neel
temperature T~ & T, .

In order to see this eff'ect, we use a simple 3D model in
which two bands are operative at the Fermi level (the ex-
tension to multiband case is trivial' ). The bands are
denoted by a and b, and a parameter Bp is used to de-
scribe the deviation from the perfect nesting situation.
The kinetic energy Hamiltonian in these circumstances
will be

H 1
= g (icikaci k, a ,r, (1)

i, k, a

where i labels the band (i =a,b), and g, =e+6p,
gb

= —a+6'p with e=k /2m. In fact, 6p is connected to
the concentration of the carriers within the system and is
related to the deviation of the carrier concentration (6N)
from the concentration value (Nn) describing the half-
filled band case (p =0), i.e., 6N=N No. The second-
Hamiltonian term is a generalized form of the BCS one,
so it can be described by the interband and intraband BCS
coupling, with different coupling constants X;j,

tsVp 2 ~ ~~&'j C&', k, (zCj k, pCj k, pCI, k, p
i,j,k a,p
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which is characterized by the AsDw =hs order parameter.
a, p denotes the Pauli matrices. (We do not take into ac-
count anisotropic SDW order parameters during this
analysis. )

In our previous paper, ' we demonstrated that under
these circumstances and considering h, ,~'P=h~ ~, the Gor-
kov equations of motion allow two energetically stable
coexistence phases. The general characteristics of the
coexistence at T=0 and a comprehensive analysis of the
first (A=A„= —AbbwO, A, b =0, AgwO) coexistence
phase at T&0 was presented. ' It was found that this
phase with vanishing interband order parameter is ap-
propriate for the Cr-Re and Cr-Ru alloys. The predicted
T, square dependence on the Re or Ru concentration was
experimentally demonstrated. Hereafter, we take into
account the interband scattering, and make a brief
analysis of the second coexistence phase, where 5=A„
=ebb&0, h,,b &0, hs&0. This analysis, in view of the T,
enhancement possibilities, becomes timely.

The characteristic coupled order-parameter equations,
which will be analyzed, are the following:

1 =X g [If+ 6p A(a)Iz ], (4)

Ag =g g a [A If —A 'bA(a)lp],

A.b= I&.bl 2 "A(a)A.I;—
Bp

n= g [I [A'(a) —A']I;]. — (7)

«Eq. (7), n =&N/4N(0). In fact, the presence of n is
due to 6'p, 6'p =0 implies n=0. Concerning the high-T,
superconductors, both La2Cu04 and YBa2Cu306 5 contain
only divalent copper. Superconductivity will emerge only
if the copper is oxidized higher than the divalent state.
This is accomplished by a carrier-concentration modi-
fication in the Cu —0 antibonding band, i.e., a contribu-

tion in n. In La2, (Sr,Ba) Cu04 ~ this is realized by
doping with divalent Sr or Ba, while the same eff'ect is
obtained by increasing the oxygen content y, in YBa2Cu3-
Ob 5+~. In the first case, n is related to (a monotonic func-
tion of) 1

—N, /N, =x —2y (Ref. 29) (where the e and s
subscript refer to electron and site, respectively) and for
the second case to y [similarly for the Bi-based 2:2:1:2
(Ref. 30) and Tl-based 2:1:2:2 (Ref. 31) compounds].
The notations used in Eqs. (4)-(7) are

1 E +vip
I( =—g g tanh ~co„(a), (8)

2 b, = +. ro„(a)E 2

I;=—g g tanh co „(a)1 v

2 g „=~ ro ,(a)E—2
I, =—g g tanh ~co,(a), (10)

E +vip
2 g, -~ co,(a) 2

where P=1/kcT, E =c +A,b, co~ (a) =(E ~BP)
+A (a), and (6p) =(Bp) +A,b. The renormalized

gaps are defined as A(a) =(6pA —A,bA )/bp and A

=(SpA +A,bA)/bp, with A =crag The .order parame-
ters for the pure phases are Ap =20 exp[ —I/XN(0)], and
Agp=20exp[ —1/gN(0)]. Where 0 is the cutoA'energy
and N(0) is the unperturbed density of states at the Fermi
level. i'he corresponding critical transition temperatures
are T,p

= yAo/rrkc and TJv p
—yAgp/eke, with y= 1.781.

At T=O, by crossing the phase separation line [the
phase diagram was constructed in the (y =Ag p/2n, x
=Ao/2n) plane] between the BCS and the analyzed coex-
istence phase, the superconducting gap A(T=O) will in-

crease as compared to hp.
At T&0, in the high-temperature region, where only

the SDW exists, the results were already presented. ' At
low temperatures, in the coexistence domain, all the gap
equations must be simultaneously treated. Just below T,
the Ag(T) expression becomes

Ag (T) =Agp (2rcAgokc T) ' exp
hsp h, hspha~2 2 2

kcT (8p) Ago (8p) [(~P) Ago],
cosh Bp

gT

where Agp = [Agp(Agp —2n ) ] ' and the superconducting
gaps A and A,b, in the same temperature region (and be-
ing Ag « [(Bp) —Ag] ', are

2Jan Sp
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]/2
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In order to given an analytical expression for T„we con-
sider

~
k, b ~

N(0) &&1, and two limiting cases, namely, for

Ag « 0 « (Bp —Ag ) ', we have

and for Ag « (6p —Ag ) '~
&& 0, it is obtained

(15)

Computing Ag(T) and Sp(T) functions from Eqs. (5) and

~p+~s A@2

E.

As it can be seen from Eq. (14), T, is smaller than T,p.

Therefore, in this case interband eff'ect is not so important,
from the point of view of the T, enhancement possibilities.
Though, in the second case of large cutoA' energy, T, is
much greater than T,p, and the critical transition temper-
ature is strongly influenced by Bp. This fact suggests that
an extended analysis of the T, values must be done in this
situation. For this we wrote, in a form suitable for numer-
ical computation, the exact equation of T„which can be
obtained, after some algebra, from Eqs. (4)-(7):

(i6)
[~&(T,)]'
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FIG. 1. The region where T, & T,o is situated between curve
I and the vertical straight line (n/Asp=0. 56). The maximum
T,/A~p values which can be obtained for a given n/Asp are repre-
sented with curve 2.

(7) at a fixed n (being at T, we put A =A,b =0), T, can be
obtained from Eq. (16) for a given A and I value. We
used the notation A=i/~ X,b ~

N(0) and i =in(Two/Tco).
In Fig. 1, in the domain situated between curve 1 and the
n/Azo =0.56 straight line for every A, n, and (all possible)
l values the obtained T, was always greater than T,o.
This holds also for the second domain, which is situated
below curve 2, the curve on which the maximum T, values
can be obtained for a given n. Furthermore, we emphasize
the following: (i) a reentrant superconducting phase is
obtained for 0.50 & n/Aso & 0.56 (which cannot be found
at T =0), (ii) T, will increase if I (i.e., the strength of the
magnetic correlation g) or ~),s ~N(0) is rising, (iii) the
enhancement of T, can be very great; the coupled gap
equations allow a coexistence solution with T, =T~o (usu-
ally TAo —300 K), (iv) even relatively small ~k,b ~

N(0)
values (—0.1) which give relatively high critical tempera-
tures, T, —30T,o (see Fig. 2).

In terms of concentrations n, the analyzed coexistence
phase exists only if n is situated between two critical con-
centration values, n, ] & n & n, 2. As n increases, T,
reaches its maximum near n, 2 and drops abruptly. The
n, ] value can be expressed without any approximation:
n, ~

=A~oj[1+4l(1 —A)] ' +2(A —I) —I]/2(A —l) for
the 4l(l —A)+1) 0 case (otherwise n, ~

=0). For A=1
the value of n, ~ is A~o[2+I/(l —A)] '. The expression of
n, 2 being more complicated, we just underline its property
of being monotonic function (like n, ~) of A and l. Our T,
vs n curves (see Fig. 2) are similar to what is obtained for
the 2:1:4 and 1:2:3 compounds. For La-Ba-Cu-0 a
straight line is found, ' so T, is approximately propor-
tional to the number of the excess carriers, i.e., to n. This
situation is illustrated by lines 1 and 3 in Fig. 2. On the
other hand, in Y-Ba-Cu-0 curves exhibiting an inflexion
point are measured, ' as in curves 2, 4, and 5 of Fig. 2.
The straight line can be obtained from Eq. (16) for small

,b N(0) valu. es [the slope of which is proportional to
),b N(0)]. Increasing the interband coupling, we ob-

tain greater T, values (as in 1:2:3 compounds) and the
curves will change slightly; near n, ], T, is proportional

30.

20-

10

0. 1

with (n —n, ~)
'/ and an inllexion point will appear [as it

can be checked by performing the second derivative of Eq.
(16)] due to the change in slope of the Aq vs n curve.

In conclusion, we demonstrated that a T, enhancement
due to an SDW with imperfect nesting in a two-band sys-
tem (with the possibility of extending to the multiband
case) is really possible. The presence of antiferromagnetic
correlations in 2:1:4 (Refs. 36 and 37) and 1:2:3 (Refs. 37
and 38) compounds is already established. It is believed
that a spin-density wave (whose period is commensurate
with that of the lattice ) is responsible for the high T„as
it was found recently, via a linear-mu5n-tin-orbital
atomic-sphere-approximation (LMTO-ASA) self-
consistent spin-polarized calculation in the Cu02 planes.
Even in the newly discovered Bi-based compounds, insta-
bilities (of spin-density-wave type) may be related to the
FS. ' Knowing that the oxidic compounds are multiband
systems and that the coexistence phase with antifer-
romagnetism in these systems will have lower energy than
superconductivity alone, our model could have impor-
tant implications in this field.

Note added. Recent measurements reported by Lee et
al. [Phys. Rev. B 37, 2285 (1988)l for R~Ba2Cu307 —$
(where R denotes the rare-earth elements Nd, Sm, Eu,
Gd, Dy, Ho, Er, Tm, Yb, and Lu) indicates that the ther-
moelectric power 5 can have either a positive or negative
sign. This confirms the measured positive 5 of Cava et al.
[Phys. Rev. Lett. 58, 1574 (1987)] and Cooper et al.
[Phys. Rev. B 35, 8794 (1987)], and the negative S of
Khim et al. [Phys. Rev. B 36, 2305 (1987)]. These obser-
vations underline the multiband nature of the oxidic su-
perconductors, with partially filled electron and hole
bands, and with a slight shift in the Fermi energy due to
excessive oxygen deficiency (see Lee et al. ). Exactly as
we modeled the electronic band structure, by considering
for the two bands g, =e+6p and gb

= —e+Sp. The ther-
moelectric power will change due to the change in occupa-
tion of the electron band and hole band.
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FIG. 2. T,/T, p ratio vs n/Asp for fixed A and T~p/T, p values,
for curve I (A=10 and Twp/Tcp=12); curve 2 (A=10 and
Trvp/T, p =50); curve 3 (A =3 and T~p/T, p =18); curve 4 (A =3
and Trvp/T, p =28); curve 5 (A =3 and Twp/T p=70).
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