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Ordering in the Cu-0 basal plane of YBa2Cu30„ is investigated as a function of oxygen con-
tent, chemical potential, and temperature. Two phase diagrams are calculated by means of the
cluster variation method applied to asymmetric two-dimensional Ising models with one nearest-
neighbor and two second-nearest-neighbor interactions. The interaction parameters selected en-
sure the stability of the orthorhombic structures near z 7 and for one of the cases also includes
a cell-doubling phase at z 6.5. Oxygen pair and point probabilities are studied as a function of
temperature under conditions of constant oxygen partial pressure. Comparison of site occupancy
and orthorhombic-to-tetragonal second-order transition temperatures with recent experimental
data are in excellent agreement.

I. INTRODUCTION

It is now recognized that, in the three classes of high-T,
oxides recently discovered, the La compounds, ' the
YBa2Cu3Q, (1:2:3)compound (and those related to it by
various cation substitutions), and the Bi-containing com-
pounds, superconductivity originates in CuOz planes.
The remainder of the structure appears to play a secon-
dary but decisive role, that of providing the right electron-
ic environment for the copper oxide planes. In the 1:2:3
compound, oxygen holes in CuOz sheets (rumpled planes),
and in Cu-Q chains along the b direction both appear to
be responsible for conductivity. Plane-to-chain coupling
may be required for superconductivity, but clearly, in the
absence of chains, the material is not a superconductor.
A thorough understanding of the thermodynamics of
chain formation is thus crucial to the preparation and op-
timization of properties of the 1:2:3compound.

Early on, it was recognized that chain formation, which
is accompanied by a tetragonal-to-orthorhombic transi-
tion, can be regarded as resulting from an oxygen ordering
instability in the Cu-0 plane containing the chains. 6 This
plane (not the rumpled Cu02 plane) will be called here
"the basal plane, " for want of a better designation. In a
purely formal way, the ordering transition could be repre-
sented by means of a two-dimensional Ising model featur-
ing isotropic nearest-neighbor and anisotropic next-
nearest-neighbor effective pair interactions. This model,
to be brieIIy reviewed in the next section, predicted possi-
ble cell-doubling and ceil-quadrupling structures and
led to the calculation of order-disorder phase dia-
grams " based on empirically chosen effective pair in-
teraction (EPI) parameters. The statistical method used
was the cluster variation method (CVM), brieIIy de-
scribed in Sec. III. New calculated phase diagrams will
be presented in Sec. IV, and the calculation of oxygen

partial pressure curves will be described in Sec. V. Oxy-
gen pair correlations will be presented in Sec. VI and the
results discussed in Sec. VII.

II. EFFECTIVE PAIR INTERACTIONS
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FIG. 1. Cu20 basal plane model. (a): Ground-state
configuration at co 0.5. Small 6lled circles denote Cu atoms, 0
denotes oxygen, and & denotes vacant sites. Two sublattices a
and P are present. Pair interactions Vi, V2, Vi are indicated.
(b): Ground-state configuration at c0-0.25. Three sublattices
ai, a2, and P form in the cell-doubling phase.

The planar model adopted is that shown in Fig. 1. The
basal plane structure can be regarded as made up of three
interpenetrating square sublattices; one of Cu atoms, two
of oxygen sites, the latter two being labeled a and P. In
the tetragonal phase, 0 and & symbols occupy oxygen sites
statistically so that the planar symmetry is p4mm. In the
orthorhombic superconducting phase, the basal (chain
containing) plane's structure has rectangular symmetry
(p2mm), and sublattice a is primarily occupied by 0 and

P by & symbols, or vice versa. The former structure is de-
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picted in Fig. 1(a). As explained below, other two-
dimensional ordered structures are possible, in particular,
a double-cell structure in which the a sublattice splits into
two nonequivalent ones, labeled a& and a2 in Fig. 1(b).
This structure, to be discussed further, will be called
"ortho II" (p2mmll) to distinguish it from the (single-
cell) "chain" structure, henceforth designated as ortho I.
The Cu sublattice has fixed occupancy and plays no role in
the oxygen ordering process; the Cu atoms do break the
symmetry of the oxygen site array, however, in a very
essential way.

The smallest set of interaction parameters capable of
providing the appropriate physics to the problem is now
introduced: one nearest-neighbor V~, and two next-
nearest-neighbor interactions, V2 and V3, the first mediat-
ed by a Cu atom, the second not. The EPI's V„, can be
given a rigorous definition derived directly from the clus-
ter variation method (CVM) formulation: ' '
V„=—' [V„(0,0)+V„(&,&) —2V„(0,&)l, (n =1,2, 3),

rangement, which corresponds in three dimensions to the
tetragonal phase, seven two-dimensional ordered ground
states were found, four at stoichiometry cp 0.50, three at
stoichiometry co 0.25 (or 0.75). Ordering maps were
derived which show regions in the x,y plane where a par-
ticular structure has lowest energy. ' " As expected
from the qualitative discussion of EPI's just given, the
chain structure (orthorhombic phase) is stabilized by
V2&0 at cp 0.50. For V3, also negative, two-phase
coexistence of tetragonal and orthorhombic structures is
predicted for any concentration in the interval 0 & cp &
corresponding to the interval 6 & z & 7, where z is the
stoichiometry index in YBa2Cu30, . For V2 & 0,
0& V3&1 a double-cell orthorhombic structure is pre-
dicted at stoichiometry co 0.25, i.e., z =6.5. This struc-
ture, denoted ortho II [Fig. 1(b)] is the one found experi-
mentally by transmission electron microscopy. '6' Ortho
II differs from ortho I in that chains along the b direction
are alternately occupied and unoccupied by 0 atoms.
Ortho II appears to be a distinct ordered phase with a su-
perconducting transition temperature of about 60 K. 's

where V„(I,J) [I,J=0, oxygen; &, vacant site] represents
the energy of the system containing the specified I,J pair,
in nth neighbor position, embedded in a medium whose
sites are occupied randomly by 0 or & with specific oxygen
concentration cp. Generally, EPI's are thus expected to be
concentration dependent. ' ' Here, for simplicity, the V„
will be taken as concentration independent.

The EPI's should not be confused with "pair poten-
tials, " and the total energy of a crystalline solid in no way
consists of a sum of EPI's. Indeed, the V„represent only
ordering energies, and their magnitude is very small com-
pared to the cohesive energy of the material. From
theoretical considerations' ' and direct computations, '

it was shown that the V„even in good metals, particularly
transition elements and alloys, form a rapidly convergent
set. Apparently, the long-range portion of the pair poten-
tials tends to cancel by taking differences in Eq. (1), leav-
ing only short-range effective interactions.

In the orthorhombic phase, Cu ions are fourfold coordi-
nated to oxygens in both rumpled plane and chain envi-
ronments. In the latter, the coordinated oxygen sites are
the two adjacent 01 (along the b axis, that of the chain)
and the two 04 sites (along the z axis, out of the basal
plane). Given that bonding orbitals are the Cu d, 2 y2 and
the 0 p~, it follows that 0—0 bonds bridged by Cu will be
highly favorable whereas nearest-neighbor 0—0 bonds in
the basal plane, which would tend to produce sixfold coor-
dination, are highly unfavorable. In terms of effective
pair interactions, these arguments, according to Eq. (1),
predict large positive (repulsive) V~ and large negative
(attractive) V2 interactions. The sign of V3 cannot be
determined by such considerations, but the magnitude of
this unmediated second-neighbor interaction is probably
small compared to that of Vi and V2.

The important parameters which determine ordering in
the basal plane are thus the ratios x = V2/V~ and
y V3/V~. All possible ordering arrangements of 0 and &

on oxygen sites were determined for all possible values of
x and y, with V& &0. In addition to the disordered ar-

III. STATIST''ICAL MODEL

If second-neighbor interactions are included, the two-
dimensional Ising model can no longer be solved analyti-
cally. Previously, Monte Carlo simulation ' and
renormalization-group theory ' have been used to cal-
culate phase diagrams for the symmetric case V2=V3.
For the asymmetric case V2N V3, we used the CVM, first
suggested by Kikuchi, as an analytical approximation to
the Ising problem. The application of the CVM to the
calculation of phase diagrams was initially carried out by
van Baal, and recently reviewed by one of the present
authors in the formulation proposed by Sanchez, Du-
castelle, and Gratias.

The basic idea of the CVM is to replace the sum over
states in the partition function by its maximum term and
then to enumerate only the number of configurations that
can be generated by a small set of basic clusters. Recent-
ly, rules have been proposed for the selection of suitable
clusters for a given problem. At the very least, the basic
clusters must contain the effective interactions required in
the energy formulation. Here, following earlier work,
the 4-point/5-point combination was chosen, consisting of
a rhombohedron and a centered rectangle. The free en-
ergy can then be expressed as a functional in a set of mul-
tisite correlation functions gJ, the index j labeling correla-
tions pertaining to the basic clusters chosen and all of
their subclusters.

Table I (Ref. 24) lists the basic 5-point (No. 11) and
4-point (No. 8) clusters and their subclusters down to the
point cluster (No. 0), as required for the ortho-I phase.
For this phase, 25 clusters are required. For the disor-
dered phase, the a and P varieties are no longer distinct,
neither are Nos. 2 and 3 and Nos. 5 and 5'; hence, only 11
clusters are required. For ortho II, the a sublattice fur-
ther splits into a~ and a2 [Fig. 1(b)1; hence, 41 distinct
clusters result.

The CVM free energy functional, per 0 site, for the
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10

present case is

F g n;V;(;+krr TQ y~ gxj(o)lnxj(o),
i 1,2, 3 J 0'

(2)

TABLE I. Clusters required for CVM description of ortho-I
phase (Ref. 24).

Generally, the accuracy of the approximation improves
with the size, of the largest cluster(s). In the case of a
two-dimensional Ising model with nearest-neighbor cou-
pling Vi, the exact transition temperature (at co 0.5)
obtained by Onsager is 2.268Vi, whereas the "point"
Bragg-Williams approximation gives a critical tempera-
ture of 4.0Vi and the pair gives 2.885Vi. The 4-point/5-
point CVM approximation used in the present calcula-
tions overshoots the true critical temperature by 4/o, giv-
ing 2.359V 26, 34

To test the method, the following parameters were ini-
tially chosen: V~ )0, Vq V3 —0.5Vi, since renor-
malization-group~ '~' and Monte Carlo'9 calculations
were available for comparison. As described elsewhere,
the CVM-calculated phase diagram featured a second-
order transition line between tetragonal and ortho-I
phases at high temperatures, terminating at low tempera-
ture by a tricritical point below which phase separation
occurs between these two structures, the general topology
being that of the diagram shown in Fig. 2. With
concentration-independent pair interactions, the phase di-
agram is symmetric about the midconcentration co 0.5;
hence, only the left portion of the diagram is shown. The
CVM, being a mean-field (albeit improved) theory, tends
to overestimate critical temperatures, and gives phase

where kaT are Boltzmann's constant and the absolute
temperature, respectively, n; are the number of pairs
(i 1,2, 3) per site, xj(cx) are cluster concentrations for
each possible configuration krj of 0 and & on cluster sites,
and the integers yJ are so-called Kikuchi-Barker
coefficients which may be determined by appropriate re-
cursion formulas. For clusters indicated in Table I,
for the disordered phase, one finds yi 2, y5 y5. 4,
ys

—1, and yi~
—1, with the other coefficients being

zero. Cluster concentrations xj can be expressed as linear
functions of the correlations g;, the latter being the in-
dependent variables of the problem. s The V; are the
three EPI's previously defined.

In the spirit of the variational procedure, the functional
F must then be minimized with respect to the g variables.
Thus, the method returns not only an approximate (mini-
mized) free energy for each phase considered, as a func-
tion of T and of the average concentration co xo(O), but
also the equilibrium values of multisite correlations or,
equivalently, cluster concentrations x. Hence, the CVM
can describe short-range as well as long-range order.

O
3

K

F 2
I-

Z in YBa& CU30z
6.0 6.2 6.4 6.6 6.8
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p2mm
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IV. PHASE DIAGRAM
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Some CVM phase-diagram calculations pertaining to
the 1:2:3 compound's basal plane have been presented
elsewhere. s " Here, two new calculations are reported.
Calculations performed by others have been limited to the
symmetric case (Vz V3) only, in the CVM square ap-
proximation (cluster No. 8 in Table I), in the pair
(quasichemical) approximation (clusters No. 1 and No.
2), and in the "point" approximation (cluster No. 0,
Bragg-Williams approximation). ' Recently, a Monte
Carlo simulation has been performed with V2~V3.

FIG. 2. CVM phase diagram calculated for VI 1,
Vg —0.50, V3 —0.25. Second-order transitions indicated by
dashed lines, miscibility gap by full lines. Thin dashed line is
metastable extension of the second-order line, then dot-dashed
curve is the line of marginal instability for phase separation on
the partially filled oxygen sublattice. Tricritical point is at point
marked t. Orthorhombic and tetragonal phase regions are la-
beled as p4mm and p2mm, respectively, and two-phase region
as p4mm+p2mm. Upper axis relates planar concentration (co)
to overall oxygen stoichiometry z 2co+6.
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boundaries that are too "pointed" at the tricritical point; a
more exact calculation shows a Aatter miscibility gap.
Nevertheless, improvement over Bragg-Williams approxi-
mations is considerable.

A. Tricritical model

Figure 2 shows the qualitatively similar case of V& & 0,
V2/Vi —0.50, V3/Vi = —0.25, which, according to
ground-state analysis, should produce only the tetragonal
(tetra) and ortho-I phases. It should be noted that rules
derived by Allen and Cahn on the basis of Landau
theory relative to extrapolated transition lines and spino-
dals are well obeyed by the CVM results: The 0-poor
phase boundary is tangent at the tricritical point (t) to the
line of second-order transitions, itself extended into the
two-phase coexistence region in an ordering spinodal
(fine dashed lines). The fine dot-dashed curve represents
the "conditional spinodal. "3

Salient features of the CVM diagrams are summarized
in Table II. It is seen that, for diagrams 1 and 2, the
latter has a lower critical temperature, T, at co=0.5 by
0.41m, (where r is the reduced temperature knT/Vi),
reflecting its decreased ability to sustain order. The tri-
critical point in 2 occurs at i& =1.02, co=0.185, and

p —3.957 (in units of Vi). It is lower by 0.39' in tem-
perature and 0.005 in concentration compared to 1. The
gap between T, and T, diminishes by 0.12z in 2 and is at
28.2% of critical temperature, compared to 35% in 1. For
both diagrams the numerical algorithm used in the calcu-
lations converges with difficulty at low temperatures,
hence, the lower portion of the miscibility gap, below
0.8mb of Fig. 2, was not computed precisely, but construct-
ed in accordance with Monte Carlo results.

B. Cell-doubling model

There is now ample evidence for the existence of anoth-
er ordered phase in the 1:2:3 system' 's s7 that of the
ortho-II structure mentioned above. Ground-state
analysis shows clearly that, as soon as V3 becomes posi-
tive, the low-temperature two-phase coexistence region is
interrupted by the ortho-II single-phase field. Its domain
of existence, with respect to oxygen content, will tend to
widen (at nonzero temperature) as V3 increases. At T =0
K, ortho II should be stable at stoichiometry co=0.25
(z 6.5) only.

Previous CVM calculations performed with
V2/Vi -—0.5, Vs/Vi +0.5 were reported elsewhere. '

Figure 3 shows the phase diagram resulting from a new
calculation performed with same V3/Vi ( +0.5) but
with V2/Vi —0.75. The two diagrams are quite similar,
but the bicritical point of the previous calculation has now
become a critical end point. Coordinates of the relevant
critical (or multicritical) points for these diagrams are
also indicated in Table I.

In Fig. 3, only features calculated rigorously by the
CVM have been plotted. Low-temperature equilibrium
lines should be qualitatively similar to those reported ear-
lier. ' All diagrams show a line of second-order transi-
tions between p4mm (tetragonal phase) and p2mmI
(ortho I). Differences arise below the multicritical point
which terminates the second-order line, and the nature of
the multicritical point changes as well. For 0 & V3 + 1,
the transition between ortho I and ortho II should be
second-order on the oxygen-rich side of a tricritical point
(not marked) which must exist near the top of the ortho-
II phase region. At lower temperatures, the ortho-
I/ortho-II line of second-order transitions should ter-
minate at another tricritical point, below which a wide
ortho-I and ortho-II coexistence region should be found,
with each ordered phase stable at its respective
stoichiometry only. The general appearance, at low tern-
perature, should be that of the cell-doubling phase dia-
gram published previously. '

Details of the top portion of the ortho-II phase region
are shown in Fig. 4. On the oxygen-poor side of the
upper-tricritical point, the transition is first order. The
two-phase region is between ortho I and II for a small in-
terval from ~ 1.30 to r 1.29 and then between ortho II
and tetra for lower temperature. At ~ 1.29, c=0.253,
the ortho-I/tetra second-order line (long dashed) inter-
sects the leftmost first-order line (solid) at the critical end
point b. The first-order line has a discontinuous slope at
the critical end point, with the lower-temperature curve
being steeper, as required by the rules derived by Allen
and Cahn. 35

In addition to the two first-order and two second-order
phase boundaries which join at the upper portion of the
ortho-II phase, also shown in Fig. 4 is the metastable con-
tinuation of the ortho-I/tetra second-order line (fine long
dashes), and the instability lines of the disordered (chain-
dotted) and single-phase orthorhombic (small dashed)
phases. All three lines intersect at point p, with the disor-
dered instability tangent and the ortho-I instability veer-

TABLE II. Summary of parameters used in CVM phase diagram calculations and critical tempera-
tures (in units of kT/Vi): T, denotes second-order critical temperature at cp 2, T denotes multicrit-
ical temperatures as indicated: T&, tricritical; Tb, bicritical; T„critical end point.

Diagrams

—0.50
—0.50
—0.50
—0.75

V) &0
V3/Vi

—0.50
—0.25
+0.50
+0.50

Tc
(kT/Vi)

4.01
3.62
2.27
2.65

Tm

(multisite)

Tg 1.41
Tg 1.02
Tb 0.99
T, 1.29

Ratios
Tm/Tc

0.350
0.282
0.436
0.487



39 OXYGEN-VACANCY PHASE EQUILIBRIA IN YBazCu~O, . . . 6731

~6.0 6.2
I

Z in YB~2 Cu30z
6.4 6.6

I

6.8 7.0
—1600

~ 1400 1.30

p4mm

/ p2mm I

~ 35
i

i
f

]
i

l

g

0
2

Q)

0)
CL
E
0)

(Tetr

p
0

1200

1QQQ a
E
I—

800 g)

E
'~~

600

1.25

F 1.20

0.0

(Ortho. II)

I i I I

0.1 0.2 0.3 0.4
Oxygen Concentration

—400

0.5

1.15

FIG. 3. Cell-doubling phase diagram calculated for V~ 1,
V2 —0.75, Vz 0.50. Second-order transitions indicated by
dashed lines, first-order phase boundaries are full lines. Filled
circles are experimentally determined (Ref. 38) order-disorder
transition points. Fine solid curves a through d are lines of con-
stant oxygen partial pressure at 400 atm, 1 atm, 0.02 atm, and
10 atm, respectively.

ing off sharply with respect to the metastable line. For the
ortho-I phase, its region of instability is perimetered by
the I to II second-order line, the metastable continuation
line, and this small-dashed segment. To obtain these
boundaries, clusters required for ortho I (Table I) are
used in the free-energy functional. Inside the unstable re-
gion, the computed extremum is the saddle point since
there are "hidden variables" which have been ignored.
The domain of the free energy function for ortho I is a
25-dimensional subspace inside the 41-dimensional space
defined by the ortho-II free energy function. By restrict-
ing to the smaller subspace and over the defined interval
of the ortho-I cluster variables, no minimas exist, only
saddle points, in the region of ortho-I instability. Howev-
er, if the additional degrees of freedom given by the set of
cell-doubling clusters are introduced, a true minimum is
found.

Filled circles in Fig. 3 represent data points, as observed
by Specht etal. , for the ortho-I to tetra phase transi-
tion, for oxygen partial pressures 1.0, 0.2, 0.1, 0.02, and
0.005 atm, in descending order. As was done for the pre-
vious cell-doubling phase diagram, 'o the data point for
po, 0.02 was placed on the order-disorder curve at the
measured oxygen concentration. This procedure fixed the
temperature scale (estimated temperatures are indicated
on the right-hand scale of Fig. 3), i.e., fixed the value of
the nearest-neighbor EPI which, in the present case, gave
the value V~~0.048 eV. It follows that the second-
neighbor EPI's must have values V2 —0.036 eV and

V3 +0.024 eV. The remaining four experimental points
were then found to fall very near the calculated curve with
no further fitting. Considerable controversy still exists
about the actual values of the oxygen content at the tran-
sition, however. This point will be discussed further in
Sec. VII. The fine solid lines are calculated curves of oxy-
gen partial pressure: (a) 400 atm, (b) 1 atm, (c) 0.02
atm, (d) 10 atm. . Details of the calculation are given in
the next section.

V. OXYGEN PARTIAL PRESSURE

The reaction which consists of exchanging or removing
an oxygen atom from the basal plane, replacing it by a va-
cancy, placing the oxygen atom in the gas phase, and hav-
ing it react there to form an oxygen molecule can be writ-
ten symbolically as

0-~+ —,
' 02, (3)

with standard free-energy change per oxygen atom given
by

(4)

1.&0
0.19 0.21 0.23 0.25 0.27 0.29 0.31 0.33

Oxygen Concentration

FIG. 4. Enlargement of top portion of ortho-II phase from
Fig. 3. Second-order ortho-I/II phase boundary (long-dashed
line) bifurcates at the tricritical point t into two first-order phase
boundaries (solid lines). Ortho-I/tetra second-order line (long-
dashed line at top part of figure) crosses the first-order phase
boundary at a critical end point b. The metastable continuation
of the ortho-I/tetra second-order line (long-dashed line at bot-
tom left) starts at b, goes through p, and continues in direction
of decreasing co. Ortho-I instability line (small-dashed) and
disordered instability line (dot-dashed) meet at p.
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and corresponding enthalpy (hh ) and entropy (M )
changes. The equilibrium condition for reaction (3) can
be written in terms of chemical potentials as

3 t
/

I

/

I

/

[
[

I

/

I I
/

l
/

I

f

I

/

I

1Po P~+ 2 PQ2 (5)

the subscripts in Eqs. (3) and (4) indicating an oxygen on
a crystal site (0), a vacant site (&), and molecular oxygen
in the gas phase (02); the superscripts (o) denote 1 atm
standard states.

The chemical potential p calculated by the CVM is the
difference (po —p&), so that, with

po, -g8, +ka T inpo, ,

we have

p hh +T(kttlnpg —bs ).
The quantity p on the left-hand side of Eq. (6) is obtained
by taking the derivative of the free energy F of Eq. (2)
with respect to co, the concentration dependence entering
through the point correlation function go.

In Eq. (6), it is understood that the symbol po, really
stands for a ratio of pressures, with reference pressure
taken as 1 atm. If the standard enthalpy and entropy
changes are regarded as approximately temperature in-
dependent, then Eq. (6) represents a straight line in a
(T,p) coordinate system: The enthalpy change is the in-
tercept of that line at T 0 K on the p axis and the slope
varies linearly with the logarithm of po, . It then suffices
to take two data points from the data used to plot exper-
imental points on the diagram of Fig. 3 to determine the
values of d,h and hs . The values obtained by using the
Oak Ridge data for po, 1 atm and 0.02 atm are, approx-
imately, hh 0.6 eV and hs 10 eV/K per 0 site.
Two other curves have been calculated with the same Ah
and hs parameters, those labeled (a) for 400 atm and
(d) for 10 3 atm. For the latter, the reactions are so slug-
gish at these low temperatures that equilibrium will prob-
ably not be attained.

It is instructive to plot the phase diagram and the po,
curves on a (T,p) plot, as done in Fig. 5 where both 0-
poor and 0-rich portions are shown. The four isobars of
Fig. 3 are now straight lines which all intersect the p axis
at the value who 12.6 (in units of V~). At second-order
transition points, the po, curves change slope on the
(T,co) diagram; at first-order transitions, the po, curves
become horizontal straight line segments inside the coex-
istence regions. The construction of Fig. S and resulting

po, curves of Fig. 3 clearly show that it is quite possible,
in principle, to obtain oxygen contents greater than
co 0.5 (z 7). However, the presence of very wide mis-
cibility gaps at low temperatures forces the po, curves to
plunge sharply down in the vicinity of co=0.S. Hence, in
order to prepare high-oxygen content samples of
YSa2Cu30„at constant oxygen partial pressure, it must
be necessary to use high-02 overpressures and to anneal a
long time at rather low temperatures.

As was done by previous authors, it is possible to use
the expression

0
-12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12

&cvM~V~

FIG. 5. Both sides of the temperature vs chemical potential
phase diagram corresponding to the cell-doubling case of Fig. 3.
Long-dashed curve marks the ortho-I/tetra second-order transi-
tions. Small-dashed curve marks the ortho-I/II transitions.
First-order lines on the (T,p) plot join into a single line, shown
as the dark solid curves.

to calculate the oxygen site energy s on the basal plane,
Ed being the 02 20 dissociation energy. If the latter
value is taken to be 5 eV, h, h being taken from the inter-
cept in Fig. S, the site energy comes out to —3.1 eV, in
reasonably good agreement with previously determined
values. '

VI. OXYGEN SITE AND PAIR CONCENTRATIONS

In Fig. 6 the solid curve shows the calculated fractional
site occupancy of 0 atoms on the a and P sublattices cal-
culated along the 1 atm partial pressure curve (b). The
plotted symbols are from experimental measurements tak-
en at 1 atm oxygen partial pressure by Jorgensen etal
with empty (filled) circles from the 0-rich (poor) sublat-
tice in the ordered phase and filled squares from the disor-
dered phase.

We kept the same temperature scale as fit to the Oak
Ridge data rather than optimize to these new values. Due
to the fact that the Argonne transition temperature was
30 K higher than the Oak Ridge value, our curves are
shifted with respect to the former data. Nevertheless, the
correspondence is still qualitatively fairly good. Note, in
particular, for both experimental and theoretical results,
the rapid filling of the 0-rich (a) sublattice just below the
transition temperature and the even more pronounced de-
pletion of the 0-poor (P) sublattice. Also consistent with
Jorgensen's results is the downward slope of the occupan-
cy line in the disordered phase. For lower temperatures,
this agreement breaks down, especially on the a sublat-
tice. Whereas our calculated values tend to 1.0, the ex-
perimental curves flatten out near 0.9. This latter effect
was surmised by Jorgensen et al. to be due to diffusion-
limited kinetic effects.

Shown in Fig. 7 along the same 1-atm isobar is the
probability of finding an O-O pair in the Cu direction on
the a sublattice (cluster on the a sublattice in Table I).
The close resemblance of the point and pair probability
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FIG. 6. Fractional site occupancy of 0 atoms at 1 atm con-
stant oxygen partial pressure. The solid curve gives the calculat-
ed results for the oxygen-rich (a) and oxygen-poor (P) sublat-
tices when in the ordered ortho-I phase. The tail beginning at
z 1..735 and extending down with increasing temperature is for
the disordered phase. The circular and square symbols are ex-.
perimental points obtained by Jorgensen et al. (Ref. 5).

curves in Fig. 6 and 7, respectively, indicates strong
short-range correlation; finding one 0 atom implies a high
probability of 6nding another 0 atom next to it. As a
quantitative measure of this effect, define the enhance-
ment factor s as

xf
(x~)(x~)

'

where xII is the point probability on the a sublattice and
x2 is the pair probability on the a sublattice, in the Cu
direction. Quite explicitly, s is the ratio of the actual pair
probability over that expected for random 0 distribution.
s is approximately 2 at the transition point ~=1.735,
larger at higher temperatures, and tends to one for lower
temperatures. A large enhancement factor when site oc-
cupancy is low, as it is near the transition point, implies
clustering tendency among the 0 atoms. An s greater
than 2 in the tetragonal phase also means that local order-
ing of 0 atoms prevails long before long-range order sets
in. For decreasing temperature below 1.735, since the ox-
ygen site occupancy approaches unity, this presence of
more 0 atoms forces the random pair probability also to
unity, irrespective of short-range correlation eH'ects, hence
e too must approach one.

The pair (along Cu direction as above) and point prob-
abilities were also examined in the cell-doubled region. In
this phase, recall that the a sublattice further divides into
an oxygen-preferred at sublattice and oxygen-deficient a2
sublattice. Of most interest is examining the individual
behavior of the probabilities and their combined average
on these two sublattices. In Fig. 8 the point (solid
lines)and pair (dashed lines) probabilities are shown cor-
responding to the lowest partial-pressure curves. Both
were plotted on the same graph to illustrate how strongly
the short-range order, due to pairing, is correlated to the
long-range order due to site occupancy. The labels ai and
a2 are the separate probabilities on these two sublattices,
respectively, and a,„is the average.
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FIG. 7. Oxygen pair probability on the a sublattice in the
copper-mediated direction at 1 atm oxygen partial pressure
(along isobar b in Fig. 3).

FIG. 8. Point probabilities (solid curves) and pair probabili-
ties in copper-mediated direction (dashed curves) along isobar d
in Fig. 3. Vertical line at z 1.10 ind'icates the first-order tran-
sition between tetra and ortho-IE phases.
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The point probability in the disordered phase behaves
similarly to that in Fig. 6. At the temperature z=1.1,
there is a discontinuous shift which is characteristic of the
first-order transition. From here down to v=0.96, the
cell-coupling region stabilizes, thus producing three
separate point probabilities associated with the three sub-
lattices. On the a~ sublattice the influx of 0 atoms in-
creases dramatically just as ordering occurs. The occu-
pancy is close to 100% in the entire cell-doubled region. It
then makes a sharp decrease at the ortho II-I transition
point at z 0.96. In sharp contrast, on the a2 sublattice,
there is almost zero occupancy by oxygen till the onset of
the single-cell phase where distinction between a~ and a2
vanishes. Due to these radically opposite behaviors, the
average site occupancy (marked a,„) develops a distinct
plateau in the cell-doubled region.

The pair probabilities x2', xz' behave similarly to the
associated point probabilities described above. This be-
havior suggests that under conditions of constant po„ the
formation of 0-Cu-0 chains remains fairly constant in
the entire cell-doubled region, as shown by the average
pair probability curve in Fig. 8, whereas it increases rapid-
ly in the single-cell region. In previous work, similar pair
probabilities were examined, however under conditions of
fixed temperature. The plateau effect was also observed in
the cell-doubling regime. '

Both the concentration range and plateau structure sug-
gest that the plateau in the superconducting critical tern-
perature and dip in room-temperature resistivity seen by
Cava etal 'is rela. ted to the presence of the ortho-II
phase. As pointed out previously, equilibrium long-range
order may be difficult to achieve for this phase due to ki-
netic reasons; however, at least a short-range order state
could have been observed. '

VH. DISCUSSION

A basic assumption underlying the present study is that
all oxygen gain and loss by the 1:2:3 compound can be
taken into account by oxygen concentration changes in the
basal plane. Accordingly, it was possible to relate the
stoichiometry index z to the planar concentration co by
the equation z 2(co+3), resulting in a one-to-one
correspondence between the two oxygen scales shown at
top and bottom of Fig. 3. The assumption in question is
clearly an oversimplification: It is known that oxygen loss
tends to create planar defects, particularly near the sur-
face of samples examined in transmission electron micros-
copy (TEM). Furthermore, recent neutron-diffraction
evidence shows that as much as 10% vacant sites can
occur on O(4) oxygen sites, i.e., those bridging chain and
puckered plane Cu sites.

The compound under study is very much an open ther-
modynamic system and its oxygen content cannot be mea-
sured or controlled accurately. As a result, much contro-
versy exists concerning the oxygen concentrations at
which the orthorhombic-to-tetragonal transition takes
place. The present calculation (completed before the ex-
perimental results were available) agrees well with the
data obtained by investigators at the Oak Ridge National

Laboratory. Other measurements ' indicate that the
transition, at equilibrium, occurs invariably at or very
close to stoichiometry z =6.5, regardless of the oxygen
partial pressure under which the experiment is carried
out. Although 6.5 is exactly midway between the "pure"
stoichiometries z =6 and z 7, there is no thermodynamic
reason for the transition to be located exactly at this com-
position. Moreover, the second-order line shown in Figs. 2
and 3 must necessarily deviate from the vertical at high
temperatures, or at high po, so as to meet the vertical at
co 0.5. It merely appears, over the narro~ range of tran-
sition temperatures and oxygen partial pressures con-
veniently available to experiment, that the transition line
is practically vertical in the phase diagram. The CVM
calculations do not show such behavior, but it is known
that Monte Carlo results for V2= V3, tend to exhibit this
property over a certain temperature range. Such calcula-
tions are now in progress.

Many measurements have been performed on samples
prepared in a nonequilibrium manner by quenching from
a high temperature. ' In particular, Jorgensen et aI. re-
port that quenched samples appear to transform from the
tetragonal to ortho-I phases at lower starting stoichi-
ometries than do equilibrium ones. These authors specu-
late that the material actually picks up oxygen during the
quenching operation. The present authors prefer the al-
ternative explanation given by Jorgensen et al. which is
that, at lower temperatures, the order-disorder transition
line bends over towards the oxygen-poor concentrations,
as calculated in the present work, and as seen in Figs. 2
and 3, for example.

Some controversy surrounds the existence of the ortho-
II phase, as well. Initially, evidence for cell doubling was
available only from (TEM) studies' ' which showed
faint diffraction spots (or streaking) centered on ( —,

' 00)
points in electron-diffraction patterns. Neutron dif-
fraction revealed no such superlattice refiections until very
recently. ' Now, however, well-defined (2 00) maxima
have been observed in x-ray-difI'raction patterns of single
crystals by Fleming era/. Moreover, Meissner effect
studies' ' have clearly shown the existence of a plateau
in the value of the superconducting T, (at about 60 K) in
the vicinity of the ortho-II oxygen composition suggesting
the existence of a well-defined and separate ordered phase.
Its experimental detection is certainly hampered by the
fact that, according to our phase-diagram calculations
(Fig. 3 and also Fig. 2 of Ref. 10), ortho II is stable only
below about 400 C, i.e., in temperature ranges where ox-
ygen mobility is extremely low, precluding complete or-
dering.

Very recently, new experimental evidence has
confirmed the validity of the ortho-I-ortho-II equilibrium
phase diagrams models: Chen et aI. have performed
dark-field TEM with aperture centered on the ( —,

' 00) su-
perlattice spots revealing small domains with double-cell
structure in a background of the single-cell orthorhombic
phase. It can only be concluded that low-temperature
equilibrium is a two-phase mixture of ortho I and ortho II,
which is in full agreement with the predictions derived
from the phase diagram of Fig. 3 or that of our previous
publication. ' Low-temperature two-phase coexistence
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between tetragonal (z =6) and ortho-I (z=-7) phases is
thereby excluded, indicating that the model leading to the
phase diagram of Fig. 3 is preferred over that leading to
Fig. 2. Consequently, the parameter V3 must be positive,
i.e., leading to chain ordering along the a axis. Further-
more, by establishing a correspondence between oxygen
content and lattice parameter, You etal. were able to
measure, by x-ray diffraction, tie-line extremities which
agreed closely with those shown in our previous ortho-
I/ortho-II phase diagram. '

Diffuse diffraction spots have been reported at other lo-
cations in electron-diffraction patterns but evidence for
additional ordered structures is by no means unambigu-
ous. Ground-state analysis disallows ordering beyond that
described in Ref. 7 for interactions extending only to
second neighbors. If more distant pair interactions of
sufficient magnitude existed along the a direction, other,
more complicated parallel chain ordering could result.
Conditions under which such ordering could take place
were studied in detail by Finel for the one-dimensional
Ising model with pair and multisite interactions out to
fifth neighbor. If it were to prove necessary, CVM phase
diagrams could be calculated with more long-range in-
teractions, resulting in additional low-temperature
ordered-phase regions, but the calculations would be quite
cumbersome.

It has been suggested recently that chain ordering is
only fortuitously related to superconductivity in YBa2-
Cu30„. The present authors are not attempting to relate
directly the oxygen ordering to the superconducting tran-
sition. Rather, the thermodynamics of the I:2:3 com-
pound is investigated for its own sake and for its potential
usefulness in processing of this material.

VIII. CONCLUSION

A two-dimensional Ising model with one first and two
second-neighbor effective pair interactions is used to study
the structural behavior of the Cu-0 basal plane of the

1:2:3 compound. Two new phase diagrams for the
oxygen-vacancy system have been calculated. Both dia-
grams have the experimentally observed tetragonal-to-
orthorhombic second-order transitions with stable ortho-I
phase near x 7. In one case, the "tricritical model, "
ortho I and tetra are the only two phases which are found
to be stable. The two-phase regions are separated by a
second-order transition line from above a tricritical point
and a miscibility gap from below. The other diagram, the
"cell-doubling model, " has in addition to the above
two phases a cell-doubled phase, near x=6.5, denoted
ortho II.

For the latter diagram it was found that, by fitting the
magnitude of Vi, experimentally determined transition
points fell very nearly on the second-order line. Based on
this fit, constant oxygen partial pressure isobars were cal-
culated. Calculated oxygen point (site occupancy) and
pair probabilities agreed reasonably well with experiment
at pp, = 1 atm.

Experimental confirmation of a cell-doubled phase is
now well established. However, phase separation at low
temperature, which is also predicted by the present dia-
grams, still awaits unambiguous confirmation: oxygen ki-
netics at these low temperatures are very sluggish, making
experimental phase equilibrium determination very
difficult.
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