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Photon localization in a disordered multilayered system
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Classical wave propagation in random multilayered media has been studied by numerical simula-

tion in terms of interface reflectance, fluctuation of layer thickness, and number of layers. Several

interesting features on wave propagation in finite media were obtained.
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In well-selected random media, waves may not propa-
gate through because of constructive interference among
the multiple-scattered waves. Interference localizes the
waves into a finite spatial region. Earlier work on locali-
zation concentrated mainly on electron transport in
disordered solids. The observation of weak photon local-
ization in polystyrene spheres suspended in water has
generated a great deal of interest in the study of photon
localization ' and multiple scattering' ' in a random
medium. Several experiments have been performed on
the transport of photons in disordered media. ' ' '
As yet, strong photon localization has not been observed
experimentally, even in a one-dimensional random system
where both the quantum-mechanical ' and classical
waves are known to be localized. The localization
length for a one-dimensional random system has been
investigated theoretically, and was found to diverge at
the Brewster angle for p-polarized light. In this work,
we proceed to investigate numerically the characteristic
of wave transmission through random nonabsorbing mul-
tilayered systems as a function of interface reflectance,
fluctuation of layer thickness, and number of layers, in-
stead of calculating the localization length. The insight
presented here could serve as an important guide to the
experimentalists searching for a localized system.

Consider a wave incident on a multilayered dielectric
random system with alternating refractive indices n p and

n, as shown in Fig. 1 ~ The wave propagation and locali-
zation were studied in terms of reflectivity or transmit-

tivity of the system as a function of randomness and di-
mension (thickness) of the system. The refiectivity of the
system is formulated following Rouard's method.

The Fresnel coefficient of the last (kth) layer is given by
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where nk is the refractive index of the kth layer, and A, is

the wavelength in vacuum. The phase shift of the kth
layer is given by

5„=~(1+sent, ), (4)

where gt, e[ —1, 1] are random numbers generated by the
computer, and the number s sets the range of fluctuation
and thus the degree of fluctuation for the phase shift 5k.
The mean phase shift is ~. The Fresnel coefficient of the
kth layer is used to calculate the Fresnel coeKcient for
the (k —1)th layer as

where rk is the reflectance at interface k and is given by

n pcosOp n 1 cos01

n pcosOp+ n, cos|9&

where 5k is the phase shift of the wave at the kth layer,
Op is the angle of incidence, and 0, is the angle of refrac-
tion in dielectric layer n1. The equation holds for light
polarized perpendicular to the plane of incidence.

The phase shift of light propagating through the k'"
layer is directly related to the thickness of the layer dk by
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FIG. 1. Multilayers of dielectric films with alternating refrac-
tive indices no and n l. 5I, is the phase shift of the kth layer and

r& is the reAectance at the kth interface.

This process is repeated successively until the first inter-
face where P1 is found. The reflection R from the system
is given by p1, and the transmission is given by
T=1—R.

An ordered multilayered system is totally transmitting
when each layer has the same optical thickness with a
phase shift 5& =~ As the optic. al thickness (5t, ) of each
layer increases by the same amount, the reflectivity of the
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system oscillates between 0 and some small value, and be-
comes totally reflecting around 5k=m+ ,'n. .—Figure 2
shows the well-known feature of reAectivity of the or-
dered multilayered system. The frequency of the oscilla-
tion of the reAectivity is larger for the system with a
larger number of layers.

%'hen the thickness of each layer becomes random, the
nature of the reAectivity of the system changes drastical-
ly. The reAectivity or transmittivity of the random sys-
tern depends on three parameters of the system: the
number of layers n, the fluctuation of layer thickness o&
(measured in phase shifts), and the layer interface
reflectance r. The dependence on each of these parame-
ters when one parameter is varied and the other two are
kept constant will be pursued in the following sections.

As the thickness (number of layers) of the random sys-
tern increases, the transmittivity fluctuates wildly and
eventually decreases to zero as shown in Fig. 3. The
transmission curve shown in dots is the ensemble average
of 300 transmission curves, where each curve has the
same o.

& but with a distinct set of random numbers for
the phase shift 5k. The salient feature of the transmission
curve is that it cannot be fitted by a single exponential
function. Initially, the transmission decays exponentially
until the thickness of the system reaches the localization
1ength above which the transmission decays a'lmost
linearly. The initial exponential decay could be confused
with absorption in the medium in optical transmission ex-
periment.

The error bars drawn on the curve in Fig. 3 are the
standard deviations computed from the set of 300 indivi-
dual systems without ensemble averaging. These large
error bars indicate that the transmissions vary widely in
each of these individual systems. Although they have the
same o& but a distinct set of 5. This large variation from
system to system is a typical char'acteristic of a random
system. However, the transmission curve from a system
with ensemble averaging over a large number of systems
is well behaved; that is, the ensemble average of one sys-
tem differs very slightly from another ensemble-averaged
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FIG. 3. The transmission (300 ensemble average) as a func-
tion of the number of layers. r=0.4, o.&=0.12m. The error bars
indicate the degree of Auctuation for the individual system.

system. The discussion here also applies to the large er-
ror bars in Figs. 4 and 6.

The reAectivity of the disordered system as a function
of randomness of the layer thickness is investigated next.
The randomness is measured in terms of the standard de-
viation of layer phase shift o.&. After ensemble averaging
of 100 sets of data, the reAectivity curve is rather smooth
and differs slightly from curve to curve. The general be-
havior of reAectivity as o.

& increases is displayed by the
curves for four different thicknesses which are plotted in
Fig. 4. For all these systems, the initial increase in
reQectivity is very slow as o.

& is increased form zero up to
a certain value, for example, o.&=0. 1m for a system with
50 layers. This value is smaller for systems with a larger
number of layers or larger interface reAectance. Above
this value, the reAectivity increase linearly. The gradient
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FIG. 2. The reAectivity of an ordered multilayered system as
a function of layer thickness (6). Number of layers, n=10; in-
terface reflectance, r=0.4.
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FIG. 4. The refIectivity (100 ensemble average) as a function
of the standard deviation of layer thickness in terms of phase
shift. The main phase shift is m. Reflectance, r=0.15; difterent
curves correspond to a different number of layers as indicated.
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of the linear portion of the curve yields important infor-
mation on whether or not, with larger fluctuations, the
localization length can become smaller than the thickness
of the system, a condition where the system becomes
opaque. The critical gradient (m, ) for the slope is found
to be about 2.7. Above this value the system will eventu-
ally become opaque as 0.

& is increased further, although
the interface reflectance and number of layers remain the
same. For systems with gradient m (m, (=2.7), the
maximum reAectivity (minimum transmission) occurs at
o.&-0.4~. The reflectivity oscillates about a constant
value as the o.

& is increased further.
For an individual system, without ensemble averaging,

the retlectivity Auctuates with sharp spikes as s (and o&)

increases, see Figs. 5(a) and 5(b). These figures show that
the reflectivity differs markedly with different sets of ran-
dom variables for phase shift, for the systems having the
same 0.

&, n, and r. The systems with gradient I &2.7
(gradient of the ensemble-averaged system) are shown in

Fig. 5(a) and they will never become opaque for any
choice of o &, whereas system with m )2.7 (with ensemble
averaging) become opaque when a& is above a certain
value, as shown in Fig. 5(b). The salient feature of all the
curves shown in Fig. 5 is that the reflectivity remains
small as o.

& increases form zero, and then suddenly surges
as o.

& increases above certain values. This feature is simi-

lar to a recent experimental observation involved with
electron transport in random superlattices. In that exper-
iment, the photoluminescence from a quantum well
sandwiched between disordered superlattices decreased
abruptly when the fluctuation of the layer thickness of
the superlattice increased to a certain value.

Finally, the reflectivity is studied as a function of layer
interface reflectance r. The general behavior of the
reflectivity after an ensemble average over a large number
of data sets is summarized by the curves displayed in Fig.
6. The reflectivity first increases slowly, then linearly,
and becomes slower as the reflectivity approaches unity.
The curves in Fig. 7 serve to illustrate that the reflectivity
differs markedly for different sets of random variables,
even though each set of these variables contribute the
same standard deviation for the phase shift o&. These in-
dividual curves also show some broad and sharp spikes.
The salient features displayed on curves in Figs. 6 and 7
are similar to those displayed in Figs. 4 and 5, respective-
ly. This similarity is expected since the reflectivity in-
creases with randomness, either from large fluctuation of
layer thickness or interface reflectance.

Strong photon localization can easily be achieved with
present thin-film fabrication technology and dielectric
materials. In the visible region, materials with a
high-refractive-index contrast, namely zinc sulfide
(n =2.35) and cryolite (n =1.35), which give r=0.27,
can be fabricated in an alternating multilayer system with
era-0. 51m. This system with 50 layers can yield 90%
reflectivity, and with 320 layers completely reflects the in-
cident light. A better system might be fabricated from
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FICs. 5. (a) ReAectivity vs o.z, r=0.15 and 50 layers. Two
curves are shown, each with a different set of random variables
for the phase shift. (b) Refiectivity vs aq, r=0.15 and 1000 lay-
ers. Two curves are shown, each with a different set of random
variables for the phase shift.
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FIG. 6. ReAectivity (100 ensemble average) vs interface
reflectance r with three different o.~.. (a) 0.027m, (b) 0. 11m, and
(c) 0.23m. The mean phase shift is 5=m and 100 layers.
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FIG. 7. ReAectivity vs interface reflectance r, mean 5=+,
and 100 layers. Three curves are shown, each with a different

set of random variables but having the same standard deviation
o&=0. 11m, and the ensemble average of 100 is shown in Fig. 6,
curve (b).

In summary, photon propagation in nonabsorbing
disordered multilayer systems has been studied as a func-
tion of different system variables. For systems with en-
semble averaging, the transmission of a wave through a
system of random multilayers decreases exponentially
and then decreases more slowly as the number of layers
increases. The random system has a maximum
reQectivity when the fiuctuation of layer thickness is
around o.&-0.4m. . For systems with small Auctuations,
there is a range in which the reAectivity increases linearly
with o.&. If the gradient of this linear increase is greater
than the critical gradient of 2.7, then the system can be-
come opaque for some larger o.

&, with the interface
reAectance and the number of layers remaining the same.
For systems without ensemble averaging, a large Auctua-
tion of reAectivity with sharp spikes as randomness in-
creases is expected and shows a sudden surge in
reAectivity as the randomness increases from zero. The
features presented above and photon localization are
shown to be easily observed experimentally in random
multilayered systems.

infrared materials where a significantly higher-
refractive-index contrast can be obtained, e.g. , lead tellu-
ride (n =5.5) and silicon monoxide (n =1.7), which can
be fabricated with a much smaller numbers of layers to
yield photon localization. Only the system with 10 layers
with o.&-0.51m yields 90% reQectivity, and with 80 lay-
ers completely refiects the wave.
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