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Using recent results on random resistor networks, we derive the relation between the permeabil-
ity and the conductivity of liquid-saturated porous materials, presumably exact in the limit of a
wide distribution of pore sizes. This relation also applies to some continuum percolation models,
and the range of its universality is discussed. Some discrepancy is found with the previous
analysis of Katz and Thompson [Phys. Rev. B 34, 8179 (1986)]. Mechanisms are proposed to re-
cover agreement with their experiments. The pore-size parameter A characterizing surface effects

is computed.

A long-standing problem in the study of porous media is
to relate the permeability k of a porous material saturated
by a single liquid phase to its conductivity o when saturat-
ed with a solution of conductivity oo [k is defined by the
Darcy equation v={(—k/n)Vp—the hydraulic analog of
Ohm’s law, where 7 is the fluid viscosity, v is the fluid ve-
locity, and Vp is the pressure gradient]. Since the perme-
ability has unit length squared, one can always write

k=L§-=, (1
oo

and the problem is to relate the characteristic length Lo to
other properties of the material considered. Usually, Lo
was identified! as a macroscopic geometrical quantity,
proportional to the total pore volume-to-surface ratio (hy-
draulic radius). Recently, two alternative approaches
were proposed. Johnson, Koplik, and Schwartz (JKS)
(Ref. 2) defined a new pore-size parameter A, as
an effective pore volume-to-surface ratio, through
A=2(f|E|2dV/[|E|*dS): The weighting by the elec-
tric field E (solution of the potential problem in the pore
space) eliminates contributions of isolated regions which
do not participate in transport. They conjectured, and
provided some experimental evidence, that L§ =co(A?%/8),
where cg is of order unity for a variety of materials. Katz
and Thompson (KT) (Ref. 3) instead related Lo to the
percolation diameter 5., by definition such that the set of
pores of diameter larger than &, is exactly at the percola-
tion threshold (obviously a microscopic characteristic
length). Using the analogy between the hydraulic and the
electric transport problem, KT modeled the material by a
network of cylindrical pipes of random diameters & and
lengths 1~8, of electric and hydraulic conductances
g.(8)~38 and g,(8)~8&3, respectively. Then they used
the argument of Ambegaokar, Halperin, and Langer,4
who approximated the conductivity o of a network with a
wide distribution of bond conductances, by the percola-
tion conductance g, such that the fraction p(g.) of bonds
in the network of conductance larger than g, is exactly the
percolation concentration, e.g., p(g.) =p. (we call the set
of these bonds the percolating set). KT tried to refine this
argument by approximating o (as in Ref. 5) by its lower
bound omin=Kglp(g) —p.1* optimized by allowing g to
vary in a neighborhood of g. (¢ is the percolation conduc-
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tivity exponent). In the limit of a wide distribution of
pore sizes &, they obtained L§=cé? with ¢ =ckr=4.4
%10 ~3. The beauty of the idea is that §. can be simply
measured by mercury injection experiment: At a given
pressure P, only pores with § > (4ycos6)/P can be filled
(see Ref. 3).

Although formula (1) with L§ =ckr6? agrees remark-
ably well with the KT experiments, it suffers from several
problems. First, the way it is derived is unsatisfactory,
since KT optimize a lower bound: As a result, for a given
model, the coefficient ckr is only approximate. Both con-
ceptually, and for comparison with experiments, a correct
derivation is needed. Then, one can ask if it is really
predictive: (i) does it depend on the details of the network
used to model the total pore space? (ii) how “wide” the
distribution of pore sizes has to be (iii) how faithful are
conductance network models, and the electric versus hy-
draulic analogy? In Ref. 6, point (i) was addressed by the
same approximate method that KT used, and the relation
between A and &, was discussed.

In this paper, we obtain exact expressions for the length
Lo in Eq. (1) for several models. Strictly, it applies only
to materials whose total pore space can be modeled by
some network close to particular percolation situations,
such as (i) a three-dimensional (3D) network with a dis-
tribution of (electric and hydraulic) bond conductances
which is wide on a logarithmic scale (ii) more standard
percolation situations were only a fraction p=p. of the
bonds in the network are conducting but with an accumu-
lation of small conductances P(g)~g~ ¢ with «a
sufficiently close to 1. Situation (i) is considered by KT
and qualitatively justified in some rocks where log-normal
distributions of pore sizes occur. Situation (i) arises in
some continuum percolation models, like the 3D Swiss
cheese model.” As we discuss, the critical exponent in-
volved is not . We find that the KT relation L§=c&2
holds only for models such that the electric and hydraulic
percolation sets are identical (models I and II below). In
that case, and in situation (i), the factor c is independent
of the topology of the network and of details of the disor-
der, and weakly dependent on the geometry. This comes
from the universality of the percolation fixed point for
wide distributions. Also in that case the parameter A is
found to be close to Ly. However, we find that if the shape
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of the pores (or their lengths) also varies widely, the order
of magnitude of Ly decreases from &, towards the typical
diameter 6y, and simultaneously A becomes very
different from L.

The present analysis is based on the results of two re-
cent works, one by Tyc and Halperin® and the other by
the author® on random resistor networks. It was proposed
that, if Ing is widely distributed, the conductivity o takes
the universal asymptotic form®

o=Kglg.P(g))”, 2)

where K is a constant depending only on the topology of
the network, and y depends only on its dimensionality. All
details of the (smooth) distribution P(g) are irrelevant,
except the value P(g.), at the condition that g.P(g.) <1
and gP(g) be slowly varying in a large neighborhood of g,
(e.g., of appreciable total weight). A useful model to
study is g =goexp(Ax) with a fixed distribution D(x) of
x: one has then g.P(g.) =D(x.)/A <1 if A is large. We
have shown’ by several arguments that y =(d —2)v for
d =< 6, where v is the percolation correlation length ex-
ponent. In three dimensions y =20.88. This precise value
for y allows us to also apply Eq. (2) to distributions with a
weight (1—p)&(g) at g=0, and a tail for small conduc-
tances P(g)~g ~° This gives o~(p—p.)’ with
t'=t(a) =(d—2)v+1/(1 —a), for a such that 1(a) <¢, a
result previously obtained by Machta.!® Although the ex-
ponent is correctly predicted, the amplitude K probably
becomes (weakly) o dependent (Ing is widely distributed
only if a is close to 1). In Swiss-cheese-like continuum
percolation models, transport is controlled by narrow
necks of conductance g~d?, and the size parameter d is
such that P(d=0)>0. The corresponding exponent is
t'=max [t,(d —2)v+:z].

Let us now compute Lo from Eq. (2). The network of
pores is modeled, as in Ref. 6 by a network of intercon-
nected cylinders of diameters § and length /, chosen ac-
cording to some distribution P(8,/). The electric conduc-
tance of a cylinder is g.(8,/) =n5%/4/ and the hydraulic
conductance is g;(8,/) =x6%/1281. Surface conduction
processes are neglected here, and the pressure gradient is
supposed to be very small in the regions connecting the
cylinders; one probably also needs />>68. Several models
can be considered:

Model I. & and / are simply proportional: / =aé with a
given a (this is the case considered by KT). A pore is
characterized by a single (random) length scale. Then
2.(8) =a.8 and g,(8) =a,83. In that case both percola-
tion conductances g. . and g . correspond to the percola-
tion diameter &, (such that the fraction of pores of diame-
ter larger than &, is p.). One can compute the distribu-
tion P,(g.) =P(5)[dg.(6)/d6]1 ~! and, similarly, Py (gs).
From Eq. (2) one has, in the limit of a very wide distribu-
tion of diameters &

y y
o
5=¢st 6=6c] (1] ’

g (8.) [dlnge (6)
3)

FACH dIné
all network-dependent or distribution-dependent factors

dlIng, ()
dIné

k=
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cancel out in this calculation, and we are left with
k=5—3 1 y_‘_’_ac 5§22 )
32 3 (o)) 1% (e])] ’

with ¢;=11.8x10 ~3. This is larger than the KT result by
almost a factor of 3. However, as pointed out in Ref. 6,
there is an inconsistency in the precise way KT carried out
their calculation, and for the same model Banavar and
Johnson obtained instead ckt =7.68% 10 3. The final ex-
act result is thus roughly 1.5 larger than using the approx-
imation of Ref. S.

Model I1. [/ is kept fixed (/ =/) and § is widely distri-
buted: This leads again to Eq. (4) with the same
definition of &, and ¢y =45y (2) 7V=16.9%10 73, Again,
it is larger by a factor of 1.5 than Banavar and Johnson’s
result,® who considered the same model.

Model III. If the pores have some well-defined curva-
ture, one can still use the cylinder approximation with
I=+/RS. If & has a wide continuous distribution, then
from Eq. (3) and since g, ~52 and g, ~&"2, one again
recovers Eq. (4) with cyp= 37 (3)7=14.8x1073. The
length scale R does not appear in the final result. Let us
consider another case where, as in the Swiss cheese model,
the diameter § has a probability (1 —p) to be zero with a
continuous distribution for § > 0, of finite nonzero density
P(5— 0). The conductivity vanishes as a function of
(p —p.) with exponent '=v+ 3 and the permeability
with,exponent e’ =v+ 7. As usually stated, in this regime
k~(o/0p)*, and we find x=1.84. However, it is also in-
teresting to write the relation between k£ and o as in Eq.
(1). As explained above, one can still use Eq. (2) keeping
in mind that the constant K now depends weakly on some
details of the distribution of conductances. One obtains
L =c8? with ¢ =(K,/K.)*14.8x10 "3 and § being still
the percolation diameter. For reasons of continuity in the
limit a— 1, the ratio of the two constants K; and K, in
Eq. (2) corresponding to the electric and hydraulic cases,
respectively, is likely to be close to unity. Thus, for the
Swiss cheese model in 3D, we expect the constant ¢ to be
of the same order of magnitude than in models I and II.
This is true only if both permeability and conductivity ex-
ponents are in the regime ¢(a) < z. This would not be true
for the inverted Swiss cheese model.”

The characteristic length A introduced by JKS can be
computed in the limit of wide distributions of pore sizes.
It is obtained? by introducing a surface conductivity £ and
expanding the conductivity of the system to first order in
€=X/oy since o(£) =c(=0)[1+(2/A)¢el. The conduc-
tance g(X) of a cylinder becomes: g(X)=g(x=0)[1
+(4/8)€l. Let us consider model I. The percolation con-
ductance still corresponds to 8., but is now Ing.(X)
=Ing.(0)+(4/5.)e. From Eq. (2) one easily gets:
Inc(Z) —Inc(0) =[(4+4y)/6.1e=(2/A)e. Thus we ob-
tain the relation A=6./2(1+y) for model I. It is identi-
cal to the result of Ref. 6, with ¢ replaced by y, but this is
presumably the exact result. Similarly, model II leads to
A=3§./(2+y). The corresponding constants co appearing
in the relation k =co(A?%/8)(c/0y) are, respectively, cor
=32(1+y)%;=1.34 and co;=8(Q2+y)2e=1.12. For
model III, our conclusions agree with those of Ref. 11.

The constant ¢ depends on the (disordered) geometry
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(although in general not of the topology of the underlying
network). However, for very different models (models 1,
II, or III) it remains of the same order of magnitude (by
contrast with the pore size which varies over several orders
of magnitude). Thus, there is some universality in the re-
lation L§ =c82. Note that short-range statistical correla-
tions in the geometry do not change this relation. Similar-
ly A?/8 remains remarkably close to L& (co is close to its
value for a single cylinder co=1). It is important to
determine the stability of these results when more param-
eters are added to describe the disorder of the material.
For instance, in any realistic material, one cannot expect
the length of the pores (or the necks) to be exactly a given
function of the diameter & without any fluctuations, as
supposed in models I-III.

We still consider a network of cylindrical pipes, and we
choose for each cylinder both diameter and length (5,/)
according to a In-normal distribution (for simplicity) with
a 2 by 2 covariance matrix V. Let us consider as an exam-
ple, the case where Ing and In(8//) have independent nor-
mal distributions of variances v and v’, respectively. This
corresponds to uncorrelated disorder on the diameter and
on the aspect ratio §/I. We suppose that v is large, so that
both electric and hydraulic conductances are widely distri-
buted. The variances of Ing, and Ing, are v, =v+v' and
vy =9v+v’, respectively. From Eq. (2) the electrical con-
ductivity behaves for large Ve as o/oo
=Kg.  [®(x.)/\/v.]” where ®(x)=(r)" V2exp(—x2/
2) is the normal distribution and x. is such that
J2o(x)dx =p, (x.>0 in 3D, and x.==0.77 for a cubic
lattice). A similar relation holds for the permeability.
The new feature is that the percolation conductance g, .
does not correspond simply to 8.. One can define §F and

I¥ such that g..=(x/4)(6¥%/1*) and g, .=(x/128)
(8X%/1*). However, now &F=5, contrarily to models
I-II1. Itis easy to obtain Lo in Eq. (1) as

L= 3% explx. (v +0v —Vo+v —2v)]

x (Vo + v/ +v')V582, (5)

J
A=—5’—— with §'=§.exp | x L e —
2(1+y) ¢ ‘N VoFo 2(w+v")

and in the general case

| [

A=_—c__exp
2(1+yw/v.) 2v,

detV ]

with w=2V; — ¥V, and v, as above. Two cases can be
distinguished.

(i) detV =0: then, there is a functional relation between
! and & of the type /=R'7P8% (=1, 0, 5 in models
I-II1, respectively) where R is some fixed length. The
(dominant) exponential factor in the expression of A is
then expix./V11[(2—8)/(|2—p8]) — 11} which has to be
compared with the analogous factor in the expression of
Lo from the previous paragraph: expl+x./V1.(|B
—4| —|B—2| —2)]. There are three regimes: if 8 <2

'
1%
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the exponential factor being precisely (6¥/5.)2. In the
limit v’ =0 one recovers the result of model I. When the
disorder on the aspect ratio /! is small compared to the
disorder on &, expanding Eq. (5) to first order in v'/v, one
gets the dominant contribution

c=crexpl— ¥ x./v (0'/v)].

This becomes nonnegligible as soon as v'~v. Now, let
the ratio v'/v vary from O to oo: the factor involving y
varies slowly between 0.38 and 1. On the other hand,
since x.v/v =Ins, —(Ind), the exponential factor varies be-
tween 1 and (8y,/8.)% where 8, is the typical diameter
exp({Ind)): Thus, when the disorder on the aspect ratio
dominates the disorder on the diameter, the characteristic
length becomes the typical diameter which can be much
smaller than the percolation diameter.

One can consider more general situations. Let x
=Iné —{Ind) and x,=In/ —{In/) be Gaussian variables
such that (x;x;) =V;;. Then a short calculation leads to

= (ve/vi )" 282 explx. (\fon —foe —2/V11)]

Q|

with v, =16V —8V 2+ V3, and v, =4V —4V 2+ V1.
The extension of model II where § and / have independent
In-normal distributions of variances v and v’, respectively,
corresponds to Vi, =v, V3 =v', V1,=0, and model II it-
self to v'=0. Model III with a widely varying curvature
also corresponds to some choice of the V; ;j. In all cases one
finds that the prefactor (with exponent y) varies very
slowly, but that due to the exponential factor the length
scale Lo is progressively reduced from &, to Styp
=§.exp(—x.+/V11) as V>, increases.

The parameter A can also be computed for these mod-
els. After a straightforward calculation one finds, in the
case corresponding to formula (5)

3 (6)

f
then A=Lo=§,, if 2<p<4 then A=5%,6.", but
Lo=8f,2827% if p>4, A=Lo=6%,6.". These results
have obvious interpretations: The hydraulic and electric
percolation sets are identical for <2 and for g> 4.
However, for 2 < B < 4, these two sets are unrelated; then
Lo and A split apart.

(ii) detV=0: the term detV in the exponential factor
dominates the behavior of A. As soon as v’ in Eq. (6) is
nonzero, A becomes a very bad approximation to Lg. For
instance for » =20, the increase of v'/v from 0 to 0.2 al-
ready leads in Eq. (6) to a variation of the ratio A/L¢ of
one order of magnitude (by contrast the ratio Lo/5. varies
by 5%).

In conclusion, although the experimental data present-
ed by Katz and Thompson remarkably agree with
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L$ =cx182 over six decades, our theoretical predictions,
for the same kind of model as they consider (models
I-1I1), differs from theirs by a factor of 3 (or 4). This is
out of their error bars but still the prediction is not far
from the experiments. It would be interesting to under-
stand the physical origin of this deviation. As we have
shown, this deviation can still be accounted for in the con-
text of a wide distribution of pore sizes inside the class of
“random cylinder”” models: an additional disorder on the
length, or the aspect ratio of the pores decreases Lo from
the percolation diameter to the typical diameter. From
Eq. (5), L§ decreases by a factor of 3 if, for example,
(v,0'/v) =(20,1.8) or (100,0.5); simultaneously, if this
scenario is correct, the JKS length A should become very
different from L,. Independent experimental determina-
tions of Lo, A, and 8, on the same sample of rock do not
exist at present, but are clearly needed. Of course, many
other effects could also account for the deviation. First,
one expects “finite-width” corrections to Eq. (2) if the dis-
tribution of pore sizes is not wide enough. A theoretical
estimation of these corrections is needed. Also, if
cylinders are replaced by objects of more complex shape,
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slightly different factors arise in Eq. (4), but more impor-
tantly, the experimental determination of §. (which uses
the Washburn equation in a cylindrical geometry?) has to
be slightly corrected. Finally, to determine whether the
initial percolation arguments of KT can really be applied
to transport in rocks, we suggest experiments on samples
of intermediate size. This is because, in the context of
random resistor networks, if 1<<L <KA" where A is the
width of Ing, then the finite-size percolation conductance
is an excellent approximation to the conductance of the
sample,” even if A is not extremely large. The ratio
G,(L)/G.(L), which for finite L fluctuates from sample to
sample, should then be strongly correlated to ¢62(L) for
the same sample.
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