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Analytical and numerical results are presented on the ground-state properties of the frustrated
XY spin model. One isolated antiferromagnetic (AF) bond in a periodic lattice of ferromagnetic
bonds of strength J gives rise to a canted Villain ground state only if its strength exceeds a critical
value IC, (~K, ~

=J for the square lattice). When two AF bonds are present, their interaction is short
range below the threshold and long range {power law) above, and we give a Ginzburg-Landau ener-

gy functional that incorporates analytical results for that situation. For a finite density of randomly
distributed AF bonds, numerical simulations on the square lattice show that the nature of the
ground states diff'ers markedly for small and large values of ~E~ /J, and a simple coherent-potential-
approximation calculation is presented for the location of the line separating the two regimes. The
simulations also indicate the existence of locally ordered domains, limited by grain boundaries
pinned to strongly frustrated regions. A similar model has recently been invoked to interpret spin-
glass-type features observed on microscopic scales in cuprate compounds for compositions close to
the high-T, superconductors, and the relevance of the results for these materials is briefiy discussed.

I. INTRODUCTION

The rich phenomenology associated with spin glasses
has motivated the study of a large variety of theoretical
models, in an effort to understand the effect of such pa-
rameters as the nature of the spins, the distribution of the
interaction strengths, the underlying lattice, etc. In par-
ticular, the case of classical, planar spins with both ferro-
and antiferromagnetic interactions has been considered
by many authors, following the initial work of Villain'
who showed the existence in this frustrated XY model of
a local discrete degeneracy ("two-level systems") due to
the breaking of a chiral symmetry absent in the pure XY
model. Most of the work has concentrated on periodical-
ly frustrated systems, which are models for Josephson
junction arrays in an external field, or on the effect of dis-
order and the extra chiral symmetry on the Kosterlitz-
Thouless-Berezinskii transition, ' often for interac-
tions of the simple +J type.

In the present work we concentrate our attention on
the ground states of a disordered XY model, with
nearest-neighbor interactions either antiferromagnetic
(AF, strength IC) or ferromagnetic (strength J). We point
out that the nature of the ground states in that case de-
pends crucially on the ratio A, = ~IC~/J. Our approach is
"anatomical": First one AF impurity in a perfect period-
ic lattice is studied, for XY or Heisenberg spins, showing
that the ground state remains perfectly aligned below a

critical value I,, and Villain states with a finite dipolar
moment appear only above the threshold, via a second-
order transition. For the square lattice, ~E, ~

=J, so the
usual +J model is doubly special on that lattice: it corre-
sponds to a transition point for ground-state properties,
in the dilute limit, in addition to having the Toulouse
gauge invariance ' under the local transformation
(S,~—S, , J,"~—J,.I for site i) Then th.e interaction of
two impurities is considered for XY spins and exact re-
sults are given for the dependence of the instability on
their relative position. When these results are incor-
porated in a Landau-type expansion of the energy, one
finds that the interaction is short range below the thresh-
old and decays like a power law above, in agreement with
numerical results.

The situation when a finite density x of impurities is
present is studied numerically on the square lattice in
Sec. IV. The nature of the ground states is found to
change profoundly when the ratio ~IC~/J varies. For
small ratios the ground states retain long-range order, at
least on the scale of the samples studied, while for large
ratios they are disordered on short scales. A calculation
based on a coherent-potential-approximation-(CPA) type
approach is presented for the location of the separation
line, as a function of x. Above that line structure remains
observable, under the form of locally ordered domains
separated by grain boundaries associated with Auctua-
tions in the local density of frustrated plaquettes.
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Most of these results were in fact obtained some time
ago but remained unpublished, except for a presentation
at a conference. An incentive to publish them now, in
addition to their intrinsic interest for XY spin glasses,
comes from the recent discovery of the high-T, cuprate
superconductors. Spin-glass-type effects are observed in
these materials, at the level of relatively large domains in
the superconducting phase, ' but also at a more micro-
scopic level in nonsuperconducting samples, as seen in
various muon precession experiments on compounds of
the family La2 Sr„Cu04 (Refs. 27 and 28) and on
YBazCu306+s (Ref. 29). Aharony et al. have argued
that doping introduces frustration-type disorder in these
compounds and that spin-glass behavior can then be ex-
pected by analogy with other materials, at least within a
classical, localized spin description for the copper ions.
This approach is in a sense orthogonal to the standard
Hubbard-Anderson model approach, where frustration
also arises, but from purely quantum-mechanical effects
rather than from the disorder. ' Because of the complex-
ity of the real materials, the theoretical situation is still
quite confused so that different lines of thought are worth
investigating, even if their starting point is oversimplified.
The random frustrated XYmodel plays an important part
in the arguments of Aharony et al. and we discuss in Sec.
V some of its features which might be relevant to the in-
terpretation of the spin-glass properties observed in
La2CuO4 and other copper-oxide compounds.

II. ONE ISOLATED ANTIFERROMAGNETIC BOND

We consider the Harniltonian

H= —$ J~S;.S

where

H(0) —
( 8(i) g( j) )2p J

1)J
(4a)

H'"= ——(1+A, )(g' ' —8' ')
2

H(2) g(g(A) 8(B))4 g~ (8(i) 8(J))4J
24

(4b)

(4c)

The prime in (4c) indicates that the summation excludes
the bond AB and 8" (equivalently 8 „)denotes the devi-
ation of the spin located at site i of coordinates (m, n) By.
Fourier transforming one obtains

H (1)

q

(1+A, ) g U*Uq, g*g, .
q, q'

(5a)

In these expressions

V =2 g sin ( —,'q u„),
Iu„ I

(6a)

merit of simplicity, and it also suggest a direct extension
to a finite concentration of AF bonds (see below).

Above the threshold (A, ) 1) the ferromagnetic state is
unstable and the ground state is a canted Villain state.
By treating the AF bond as a perturbation one may ex-
pand the energy as a function of the spin deviations from
perfect alignment, supposed to be small near. K, . For pla-
nar spins on the square lattice this expansion takes the
form

H =H"'+H'"+H"'+ . . -,

where the S; are X classical unit vector spins on a period-
ic lattice and the J; are nearest-neighbor interactions
which may be either ferromagnetic (strength J)0) or an-
tiferromagnetic (strength IC= —~. Suppose only one
AF bond is present, between spins at nodes A and B of
coordinates R~ =(0,0) and R~ =(0, 1), respectively. All
spins remain strictly paralle/ in the ground state of the
system unless K is large enough to overcome the effective
exchange stiffness J,z due to all the other interactions.
This can be simply seen by noting that there is a direct
relation between J,z and a quantity studied in the prob-
lem of conduction in regular resistor networks —namely,
the conductance between nodes A and B when the direct
connection between them is removed (for a derivation see
Kirkpatrick ). Translating back to the exchange prob-
lem we obtain for the critical AF interaction

U =2 sin( —,'q u0)exp[i —,'q (R„+R~)], (6b)

where Iu„ I denotes the set of the nearest-neighbor dis-
placements and up=R~ —R~. Since the perturbation
H' " is separable it is straightforward to minimize
H' '+H'" with respect to O'. This yields for the Fourier
components of the critical mode

0 ~Uq/Vq,

and the self-consistency condition on (+8~U~) implies

(1+A,, ) '= g(~U ~
/NV )=2/z .

q

One obtains finally the deviation in real space for the
square lattice

zK = — ——1 JC (2)

~mn &mn
'2

a„= ' I'dq, f dq,
2 sin(qz /2)

(7a)

with z the number of nearest neighbors of each site.
Thus, for either planar or Heisenberg spins,= ~K, ~/J= 1 for the 2D square lattice and 1,, =2 for the
30 simple cubic lattice. The same critical value has been
obtained independently by Feigelman and Tsvelik as the
threshold for the appearance of a localized magnon
bound to an AF bond. The electrical analogy has the

sin +sin
2 2

X cosmq, sin(n —
—,
' )qz,

(7b)
where the normalization factor 0 is the deviation of the
spins adjacent to the AF bond (80 )

= —800=6). The in
tegral in (7b) can be evaluated for finite (m, n) as a sum of
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now, in Fourier space

II(1)— (1+A, ) +8qSq + +9 T
q q

n ——'
22

~ m +(n —
—,')

(&) with

hypergeometric functions. For large distances the in-
tegral is dominated by the region q —+0 and the expres-
sion reduces to (12)

showing that the spin deviation is asymptotically a dipo-
lar field with moment p=(26/m) centered on the AF
bond. The value of 8 is Axed by higher-order terms in
the energy, contained in H' ', which for %=K&=—J
have the form

H' '=Je ( —,
' —5),

5= —'~'( "—' ') =0.0620 .
24 ~

E7J

S =2 exp[~ —,'q (R„+R~)]»n—,'q (R„—R~),

Tq =2 exp[~-,'q. (Rc+RD )]sin —,'q. (RC —RD ),
(13a)

(13b)

I I I I I I I I

for two AF bonds located between points (A, B) and
(C,D), respectively. One obtains an equation for the (un-

The coefficient 6 represents the softening by the fer-
romagnetic bonds of the dominant quartic term due to
the AF bond and its numerical value has been obtained
using Katsura and Inawashiro's formulas. It is con-
venient to express the results through a Ginzburg-
Landau (GL) energy functional, parametrized by the
asymptotic strain Geld dipole moment p:

F(p, )=2AJ(1 A)p —+B, AJp +0(p ) (10)
t !

I I I

I I I 1 I

I I I

with A =(m. /2) and B =(m/2) (—', —5). This expression
for F is valid for (1—A, ) small, and it shows that the tran-
sition is second order and that for 1 »k —1&0 the dis-
tortions which minimize I' have an asymptotic moment
p=+( A IK+J~/BJ)'~, the two signs corresponding to
the two possible Villain states. For larger p higher-order
nonlinear terms in the GL functional must be taken into
account. The ground-state spin distortions obtained nu-
merically are shown in Fig. 1, for K/J= —1. 1 and for
Q ~—oo.

For large values of ~K~ the dipole moment p increases
more slowly than (K, —K)'~ and it saturates as
K~ —~ (Fig. 2), but the numerical evaluation of the
saturation value turned out to be uncertain due to strong
size efFects on the lattices we studied (up to 20 X 20). Let
us note that the reduction in the total magnetic moment
from the fully aligned state is given by

bM= g (1—cosO „)—=(p /4)lnN
m, n

and diverges logarithmically with the size of the system,
though the magnetization per spin is unchanged. This
shows that the e6ect of an impurity is much more pro-
nounced for vector spins than for Ising ones: in the latter
case the distortion is always localized and AM is 6nite,
whatever the impurity bond strength.

III. INTERACTION OF TWO AF BONDS

A. Exact results for the instability threshold

When two AF bonds of the same strength K = —AJ are
present, the threshold for instability of the perfectly
aligned ferromagnetic state is shifted to a weaker value,
which depends on the relative location of the two bonds.
The quadratic term H''" in the perturbative expansion is

I I I I I

I I I I

I I I I I

I I I I I I I I I I I I

I I I I I I I I I I I I
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FIG. 1. Ground state of a square lattice of XY spins, with
one antiferromagnetic bond of strength K: {a) EC/J = —1.1, {b)
K = —~. The filled squares indicate frustrated plaquettes.
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normalized} eigenmode of H' '+H'" in Fourier space,

(14)

with Y= g OqSq, Z=g OqT~, which implies in turn
two linear relations between Y and Z. The compatibility
condition yields finally a simple expression for the thresh-

old, using the fact that g (~Sq ~ /XVq ) = —,
' on the square

lattice:

1 —2fxf
I+2[S] '

where for nonadjacent AF bonds,

4= g (SqTq )/NVq

sin(q. p&/2)sin(q p2/2)
dq, dq, e'q "

sin (q&/2)+sin (qz/2)
(16b)

1 m pl

II= ~ ( 2+ 2)2
cos24
2+R

(17)

where N is the angle between R and the x axis:
tan@=nlm, R=(m'+n')' ' The si.gn o b,

~~

ch»ges
when @=m /4; this just rejects the intuitive fact that it is
energetically favorable to have two dipoles of opposite
sign when they lie side by side, and of same sign when
they lie on top of each other.

(ii) If the two bonds are orthogonal, m and n are half-
integers and one has

In these expression R denotes the vector joining the
centers of the two AF bonds, p& and p2 the vectors AB
and CD, respectively, . For two parallel bonds on the op-
posite sides of an elementary square one finds, for in-
stance, b, =2/m —

—,
' and A,, =m. /2 —1, showing that two

such bonds are less e6'ective for spin canting than a single
bond of strength 2K.

Explicit analytic expressions may be obtained when the
distance between the two bonds is large

(i) If the two bonds are parallel, R=(m, n) with m and
n integers and one has

In both cases the instability threshold decreases as
R

IK, (R)l/J =1—4I&l —= 1 —g(C )/R', R»1 (19)

where g(@)=(2/m. )Lcos2@L for parallel bonds (Lsin2@L
for orthogonal bonds). Conversely, there is no interac-
tion energy at all if R ~ R;„,when A, & 1, with

1/2

min = (20)

For A, ) 1 there is a long-range interaction between the di-
polar distortions, and numerical calculations show that
their interaction energy decreases as R . The case
A, =X, =1 gives a weak long-range interaction, with a
higher power law, because the Villain dipoles do not
preexist in the unperturbed medium. As a consequence
the efFective interaction will be strongly temperature
dependent and may be viewed as a Van der Waals force
between thermally fluctuating dipoles. Examples of
ground states with two bonds, obtained by a conjugate
gradient method, are given in Figs. 3 and 4.

(a.u.)
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I I I IFIG. 2. Schematic variation of the dipole moment p of the
magnetic strain field induced by an isolated AF bond in a square
ferromagnetic lattice, as a function of the impurity strength.

FIG. 3. Ground state with two parallel AF bonds on the
same row (K = —10+, showing the pairing of opposite dipoles.
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adjacent orthogonal bonds

(i) p(=$2=0, if ~C;~ (2e.
(ii) P(= —(t)2=[(C; —2F)/4b)', if C, )0 and C, )2e.

The two dipoles point in opposite directions and the
ground-state energy is Eo = —(C; —2e) /8b.

(iii) P(=$2=[(—C, +2e)l4b]', if C, (0 and

C; & —2e. The dipoles point in the same direction, with a
ground-state energy Eo = —(C;+2@) ISb

Comparison with the results of the previous section for
the threshold therefore implies the choice

C, (R)=-4J cos24&/(~R ), (22)

and for e & 0 the interaction energy of the two impurities

E;„,(R)=E()(R)—E()( ~ ) = iC;(R)ie'I(2b),

decays as R
For E= —J, a similar calculation yields (t)(=-c'/R and

E;„,-=—c'/R, but our numerical calculations seem to
indicate that the interaction energy decays faster thanR, so it is likely that the single-parameter assumption
leading to Eq. (21) is not valid in that case.

B. Ginzburg-I. andau functional

The explicit calculation of the quartic terms, which fix
the magnitude of the deviations 0" and the ground-state
energy, is cumbersome but a simple energy functional
may be written, assuming that a single variable for each
bond is sufhcient to parametrize the total energy. This
assumption is reasonable for two parallel AF bonds, since
for large distances the two dipoles can be aligned along
the same far field direction; for orthogonal bonds the an-
gle between the dipoles has also to be determined and it
should be included as a third variable. We restrict here
our attention to parallel bonds and, taking as variables
the mean relative deviations of the spins adjacent to the
AF bonds,

( g( A) g(B) )/2 y (g(c) g(D) )/2

we write

F(AA) =«4'(+ 0'»+ b(4 (+6')+ C; 4(4&+ (21)

In this expression e~2(K+J) when R ~ ~ and is sup-
posed to be small, and we have omitted terms of the form
P,Pz which just renormalize the value of the coefficient b.
The interaction coefficient C;=C, (R) vanishes when
R ~ ~ and has to be chosen so as to reproduce the exact
results of the previous section. The minimum of F with
respect to P( and P2 is obtained for the following.

Another interesting consequence of the perturbation
analysis is the existence of a distinct threshold K for the
metastability of the state where the two dipoles have the
opposite relative orientation,

E (R)=J /K, (R) .

The barrier height between the two states is just given by
the ferromagnetic configuration.

IV. FINITE CONCENTRATION OF AF BONDS

A. CPA approximation

(J —J')
, =0.

(d —l)J +J' (23)

The content of this equation is simply that J be chosen
so that the averaged response of the system to long-
wavelength strains is uniform across local regions which
are described exactly but embedded in the effective medi-
um J . For the distribution

p (J')=(1—x)5(J' —J)+x5(J'+M)
we find

(d —1)(J /J)'

(24)

—(J /J)I(1+A)(1 —2x)

+(d —2)[1—x ( 1+2))I+A, =O . (25)

In d =2 this means that

In the previous section we observed that the presence
of a nearby negative bond decreases the critical value
K, ~

at which stable spin deviations are first induced.
The threshold is lowered because the nearby AF bond di-
minishes the magnetic stiffness felt between sites 3 and
8, even when Jz& is set equal to zero. Next we want to
understand the consequences of a finite concentration of
AF bonds. The equivalence between the magnetic
stiffness of an XF spin system and the macroscopic con-
ductivity of a resistor network, fo."which self-consistent
effective medium theories can be constructed, makes
this possible.

An effective medium consisting of a uniform exchange
strength, J, per bond can be defined to describe the re-
sult of any distribution p(J') of bond strengths. To
determine J we require that
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J /J=(1+A, )( —,
' —x )

+ —,'[(1—
A, ) —4(x —x )(1+A, ) ]' (26)

are also plotted in Fig. 5. The CPA solution in that case
is

4J /J=(1+A, )(1—3x)+1
where the sign in front of the radical is determined by
continuity from the pure case x =0 (the other branch is
obtained when starting from the AF state, x = 1). We no-
tice that for X= 1, which was previously shown to be the
threshold bond strength for 2D, J is complex for
0 & x & 1, with its imaginary part proportional to
[x(1—x)]' . Thus the instability towards forming spon-
taneous spin deviations is signaled by the appearance of a
complex stiffness. Solving for the condition that the
imaginary part vanishes in Eq. (26) we can obtain an ex-
pression for the concentration x, (A, ) at which widespread
spin deviations should appear:

x, (A, )=- for d=2. (27)
2 1+A,

This relation is plotted in Fig. 5. Notice that as A, ~O,
x,~—,', i.e., the percolation threshold concentration x,
given exactly in this approximation. Thus, as x ap-
proaches xz, AF bonds of any strength give rise to ex-
tended spin deviations. Notice, too, that the critical bond
strength is a very rapidly decreasing function of concen-
tration. For example, at x =0.05, A,, =0.4.

Results of the analogous instability calculation for 3D

2.0

IKc(

and

+ I [1+(1—3x)(1+A,)] —8A, ]
'

x, (A, )=—,'(&2 —t/A, ) /(1+k), for d =3 . (29)

=J(X/2)', for d =3 . (30)

B. Numerical simulations

We have performed numerical calculations for various
values of x and I,, using both a conjugate gradient
method and a Monte Carlo cooling algorithm, in order to
confront the predictions of the simple CPA theory. Some
typical ground-state spin configurations so obtained for a
2D system are displayed in Figs. 6—8, showing that two
very different situations are encountered. For values of
the parameters below the line X,(x) local deviations exist

Note that A,, =2 when x =0, so the calculation agrees
with the exact result for an isolated impurity, as it
should, and in this approximation the percolation thresh-
old is x =

—,
' for A, =O, close to the correct value x =0.69

for bond percolation on the cubic lattice.
The stiffness we calculate via J is observable as the

coeKcient of q in the spin-wave dispersion relation. We
predict within CPA that long-wavelength spin waves be-
come strongly damped, with a linewidth proportional to
their energy, for x )x, (A. ). The real part of J does not
become soft before this happens: at the instability bound-
ary it is found to be

J [x, (A, )]=JR,', for d=2

1.5

0.5

0.0
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

FIG. 5. CPA calculation of the critical AF impurity bond
strength iL, = ~K, ~/J at which a finite density of extended spin
defects appears for vector spins, as a function of the impurity
concentration x. Lower curve, d =2; upper curve, d =3.
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FIG. 6. Ground state of a 2D XY spin system, for x =0.06,
KIJ= —0.3 (arrows omitted for clarity).
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but are not sufficient to destroy correlations on the scale
of the samples studied. On the contrary, well above the
line, the spins are strongly disordered. The agreement
with the CPA results is only qualitative, though: for
A, =0.3, Eq. (27) predicts x, =0.08, whereas very little
disorder is in fact observed for x =0.09 (Fig. 7). A more
detailed study will be necessary to obtain the precise loca-
tion of the line. Anyway, the question of whether long-
range order may indeed be present at zero temperature
for finite x is subtle, and a conservative interpretation of
our results is in terms of a crossover line rather than a
true transition —but note that Serge et al. have found
that in a fully frustrated XY model the ground state
remains perfectly ferromagnetic if the AF bond strength
/X/ &Jy3.

In the region k ) A,,(x), locally ordered regions are still
observable in the simulations, for, say, x (0.1 (Figs. 9
and 10). Inspection of the pictures reveals that

FIG. 9, Ground state for x=0.05, E/J= —2 (the solid
squares indicated frustrated plaquettes).

"domains" ordered along diA'erent directions exist in re-
gions that are relatively free of frustration, because of
Auctuations in the local density of AF bonds —which
may be important for small x. These domains are
separated by "grain boundaries" associated with regions
of higher frustration. We have not performed a detailed
study of the size of these domains, to see whether it
diverges close to the line A,, (x).

V. REMARKS ON SPIN-GLASS EFFECTS
IN La2CuO4 ~ AND RELATED COMPOUNDS

The high-T, cuprate superconductors are rather com-
plicated materials for solid-state physics, with many
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FIG. 8. Ground state for x =0.20, K/J = —0.3. FIG. 10. Ground state for x =0.10, K/J = —1.
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features possibly relevant for the superconductivity
mechanism. The study of the phase diagram for families
of related compounds, such as La2 ~ Sr~ Cu04 y OI

YBa2Cu307 &, brings important information on the mag-
netic and structural properties, as well as constraints on
the actual mechanism. Spin-glass-type effects on a micro-
scopic scale (e.g. , spin freezing associated to a broad dis-
tribution of local fields) have been observed in these com-
pounds, mainly by muon spin relaxation, for compo-
sitions intermediate between systems with long-range AF
order (close to LazCu04 or YBa~Cu306), and the super-
conducting range, where no magnetic ordering is ob-
served.

Aharony et aI. and Harshman et aI. have proposed
that the origin of these effects lies in disorder-induced
frustration, as in classical spin glasses. For the ordered
parent material (La2CuO„or YBazCu306) the Cu ions
may be treated as S=—,

' quantum spins, interacting via
oxygen-mediated AF bonds (

—J). In the picture of
Aharony et al. for the materials at small doping, a local-
ized hole sitting on an oxygen site between two Cu ions in
the Cu02 planes generates an effective ferromagnetic in-
teraction KF between these spins, giving rise to frustra-
tion around an elementary square of Cu ions. For classi-
cal spins, by a simple gauge transformation ' on one of
the two Neel sublattices, this is equivalent to the problem
of an AF bond ( K~) in a —ferromagnetic lattice (J). The
anisotropy effects in the basal plane are very weak and
as a first approximation, neglecting quantum effects, one
recovers the model of vector spins in the presence of ran-
dom impurity bonds studied in the previous sections.
In view of the complexity of the materials and of the
difficulty to treat disorder in a quantum-mechanical cal-
culation, this classical model is a reasonable starting
point —at least as long as the quantum fluctuations do
not destroy the AF order in the ground state.

The correspondence between the concentrations p of
holes and x of wrong bonds is not direct, however, be-
cause the holes have a localization length of a few lattice
spacings, so in a classical approximation their effect
should be spread out on several bonds. Aharony et al.
argue that the ferromagnetic coupling should be spread
typically on ten Cu—Cu bonds at low p, but it is much
stronger than the AF ones as it is due to direct exchange.
If we bluntly identify K and x in the frustrated LF model
with K~/10 and 10@, respectively, the experimental sys-
tems should still lie above the critical curve A.,(x) for
long-range disorder obtained in Sec. IV, because of the
large value of K~/J and the fast decrease of A,, with x.

In fact, the net resultant effect is somewhat subtle, be-
cause spreading the impurity coupling can reheve frustra-
tion. Indeed, if one lattice site has its four bonds of the
wrong sign there is no frustration at all. ' A possible way
to distribute the ferro coupling due to the hole between a
"cloud" of nine neighboring bonds is shown in Fig. 11:
only two plaquettes are frustrated and if all the ferro
bonds have equal strength K = —J, the system is
equivalent, up to gauge transformations, to a string of
only three wrong bonds (Fig. 12). For Ising spins the
threshold for a nontrivial, degenerate ground state is then
K, = —2J, corresponding to a total impurity strength

FIG. 11. "Cloud" of nine ferromagnetic bonds (wiggly lines),
representing the effect in an AF lattice of a hole localized on an
oxygen vacancy (empty circle). Only two plaquettes are frus-
trated.

K~ = —18J (instead of —3J in the one-bond case). Other
ways to spread the hole would give different results but
the strong reduction of frustration is a quite general
effect. Note that below the threshold the ground state
may be imperfectly ordered: what changes at K, is the
degeneracy of the ground state and, for continuous spins,
the existence of noncollinearity and of a long-range dis-
tortion.

At very low concentrations (p « l%%uo, say), the large
distance effect of one impurity remains similar to that of
one wrong bond, with a reduced overall strength, but
when p increases the situation becomes more intricate. If
two nearby impurities with their clouds are considered
the spins in the intermediate region are strongly tilted but
the outside perturbation is relatively small, because of the
compensation of the two dipole fields. Figure 13 shows
the interaction of two strings of five negative bonds, of
strength K = —J, for comparison with Fig. 3 (two bonds
of strength —10J). Using the nine-bond cloud of Fig. 11

/ / / / / / / / /

r /

/ / i g y / / / /

1 / t
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t

FIG. 12. Ground-state spin configuration around the string
of three AF bonds obtained from the bond pattern of Fig. 11
through gauge transformations (K = —J).
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FIG. 13. Interaction of two strings of five AF bonds

(E = —J).

one can even easily find an arrangement of four impuri-
ties that creates no frustration at all, though 36 bonds
have the wrong sign. Extensive numerical simulations on
a specific model are clearly necessary to take into account
the correlated disorder introduced by the hole and to
determine the corresponding threshold E,(p) for long-
range disorder.

Let us note that a reduction of frustration in the plane
bringing the system below the critical line A,,(x) would
not mean that its classical ground state cannot have
spin-glass behavior. The local loss of 2D AF order des-
troys the quasicornpensation which is at the origin of the
weak interplanar AF coupling in the cuprate compounds,
thus creating competing interactions between spins in
neighboring planes. ' This leaves open the possibility of
3D spin-glass ordering, even if (quasi-) long-range order
exists within the planes.

Another situation where the above considerations may
be relevant is found at the twin boundaries in the ortho-
rhombic phase of the cuprate compounds. The accom-
panying lattice distortion, in the Cu02 planes, is likely to
bind holes or oxygen vacancies, favoring ferromagnetic
coupling between the two domains. The structural de-
tails of the boundary may have crucial infiuence on its
magnetic behavior if local disorder induces frustration,
which will result in noncollinearity between the spin
directions in the two domains. This could play a role in

the internal Josephson effects observed in the supercon-
ducting materials.

VI. CONCLUSION

When combined with other work on the random-bond
frustrated XF model, ' the present results for the
ground-state properties indicate that the complete phase
diagram as a function of impurity strength, concentra-
tion, and temperature is richer than previously assumed.
It deserves a more detailed study, in particular to eluci-
date the nature of the critical line A,, (x) at finite tempera-
ture. Apart from numerical simulations, it would be ex-
tremely interesting to perform experiments on materials
representative of this model for various values of the ra-
tio K/J, e.g., by generalizing the work of Katsumara
et al. through suitable chemical substitutions.

The relevance of disorder-induced frustration effects
for high-T, superconductors and related materials is
another m.otivation for future work. The realistic situa-
tion, where Coulomb interactions, disorder, and quantum
effects all play a role, is intractable at the present time
and clearly the quantum aspects are essential for the su-
perconductivity mechanism. The study of the nonsuper-
conducting phases is nonetheless necessary to assess the
relative importance of the various factors and there the
classical spin approximation may help to single out im-
portant effects due to the disorder. Various extensions of
the present work may be considered in that spirit, e.g. , in-
troduction of weak 3D couplings and of correlated disor-
der, and would be worth undertaking if further experi-
ments confirm the existence of a spin glass region be-
tween the AF and superconducting compositions of the
cuprate compounds.
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