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A number of one-dimensional quantum systems like interacting fermions or spin chains can be
described in terms of a generalized quantum sine-Gordon Hamiltonian. The transfer-matrix formu-
lation of critical two-dimensional models also frequently leads to sine-Gordon Hamiltonians. We
compute here the different correlation functions of such a model using a real-space renormalization
technique. Our renormalization calculation gives us the exponents of the correlation functions as
well as the corrections to the usual power-law behavior due to marginally irrelevant operators. Ex-
cept on the critical line, where logarithmic corrections exist at all length scales, the correlation
functions decay like power laws, with amplitude corrections from the marginal operators. The loga-
rithmic corrections always appear at short length scale. The complete crossover between the two
behaviors is given by our equations. The implication of our calculation for physical systems like the
one-dimensional electron gas, quantum spin chains, and two-dimensional statistical systems is dis-

cussed.

I. INTRODUCTION

In one-dimensional quantum systems an ordered
ground state with a broken continuous symmetry cannot
exist, due to strong zero-point quantum fluctuations.
Typical examples of this behavior are interacting fer-
mions in one dimension!? or Heisenberg quantum spin
chains.®* In a mean-field-like approach these systems
would exhibit symmetry-breaking phase transitions at
nonzero temperatures, however the order is destroyed by
quantum fluctuations even at zero temperature. Never-
theless, the tendency of the system to order manifests it-
self in different correlations functions which in many
cases exhibit power-law decay at long distances, frequent-
ly with nonuniversal exponents. Correspondingly, there
are generalized susceptibilities which show power-law
divergences as T—0.

Similarly, broken continuous symmetries are forbidden
in two-dimensional systems at nonzero temperatures, in
this case due to thermal fluctuations.* However, in some
cases, below a certain temperature, quasi-long-range or-
der, characterized again by power-law decay of correla-
tion functions, exists. The most prominent example of
this type of behavior is the two-dimensional XY model,
and the associated two-component Coulomb plasma.>$

In all the above examples, the power-law decay of
correlation functions is related to the fact that the asymp-
totic long-distance properties of these models are de-
scribed by a Gaussian model, or equivalently by a nonin-
teracting massless boson theory. The Gaussian model
also describes the critical properties of a number of two-
dimensional models with a broken discrete symmetry like
the eight-vertex and Ashkin-Teller models.”~® However,
in all these cases there are corrections to this ideal behav-
ior, coming from marginally irrelevant operators. As we
shall show, these terms lead quite frequently to logarith-
mic corrections to the long-range behavior of correlation
functions. These corrections can be important in the
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determination of the phase diagram of weakly coupled
chains, e.g., quasi-one-dimensional conductors!® or
quasi-one-dimensional magnets. The corrections are also
of significance if one wants to determine exponents nu-
merically from finite-size calculations.!!-1°

It should be mentioned here that even though power-
law correlations do occur frequently in low-dimensional
systems, they are by no means universal. There are well-
known examples where fluctuation effects are strong
enough to lead to exponentially decaying correlations:
the O(n)-vector model with n >2 in two dimensions,!®
for example, or quantum spin chains with integer spin.!”
On the other hand, power-law correlations do not univer-
sally imply an underlying noninteracting boson model:
Wess-Zumino type models!®-2° (and some particular
spin-chain models related to them?!) do exhibit power-
law correlations, however, the underlying field theory is
not a noninteracting Bose field. Logarithmic corrections
in this last case have been studied by Affleck et al.!®

Corrections to the leading power-law behavior of ener-
gies in the presence of symmetry-breaking perturbations
have been considered previously,”?>?3 and logarithmic
corrections have also been found in the spin-correlation
function of the two-dimensional XY model.® In this pa-
per we compute the different correlation functions of a
generalized sine-Gordon model onto which the different
physical systems related to the Gaussian model can be
mapped. Our computation will give the long-range be-
havior of the correlation functions, including the different
corrections, as well as the complete crossover between
the short and large distance behavior. In all cases fluc-
tuations play a major role and simple treatments such as
straightforward perturbation expansions or RPA are
insufficient. We therefore use a real space renormaliza-
tion technique similar to that of Kosterlitz® or Nelson?*2°
to perform the calculation.

The plan of the paper is as follows. In Sec. II we intro-
duce the model and the different correlation functions we
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will consider in the following. We give the renormaliza-
tion equations for the coupling constants. In Sec. III the
lowest-order renormalization equations are obtained for
the most general case. Their behavior is studied in detail
in some particular cases. In Sec. IV our results are ap-
plied to one-dimensional interacting fermions, quantum
spin-chains, and two-dimensional critical systems. Final-
ly in Sec. V we examine some consequences of our results.

II. GENERALIZED SINE-GORDON MODEL

We consider the generalized sine-Gordon Hamiltonian
284

H=Ho+ 5 [ dx cosV'3¢
2g¢
T Gl f dx cosV'86, , (2.1)
where H, is defined by
-1 2 u 2
Ho=~— [ dx [(uK)(rT12+ ra X2 ] (2.2)

where 7II(x)=09,0 is the momentum density conjugate
to ¢:
[o(x), M(x")]=i8(x —x') . (2.3)

In order to regularize the theory we have to introduce a
short distance cutoff . We introduce the abbreviation

K=1+g,/2mu . (2.4)

For g,=g,=0 u is the velocity of the low-energy excita-
tions of H, whereas K determines the exponents of
different correlation functions, see Sec. III. H is invariant
under the transformation ¢<>60 g,<>gy, K<>1/K.

To describe the physical properties of our system we
will consider the correlation functions

Ro=2(T, cos[V2¢(r,)]cos[V2¢(r,)]) ,
R, =2(T, cos[V26(r,)] cos[V26(r,)]) ,
R,=2(T,sin[V20(r)]sin[V26(r,)]) ,
R;=2(T_sin[V2(r,)]sin[V2¢(r,)]) ,

(2.5)

where r =(x,u ), and T, is the time-ordering operator.
The generalization to other correlation functions will be
given in Sec. III D.

From a perturbation expansion of the correlation func-
tions we have previously derived the renormalization
group equations for the change of the effective coupling
constants under a change of the cutoff a—e’a:!°

dyo

7 =e—yi,

dy,

— =—y,(Dyo(l) , (2.6)
dyg _

a Yo(Dyo(l) ,

where we have introduced y, for g, /7u and expanded to
lowest order in y,. From these equations one finds a crit-

39 CORRELATION FUNCTIONS OF ONE-DIMENSIONAL QUANTUM ...

4621

ical plane go—Igyl+[gel=0. This plane separates the
two behaviors go—>+o. For go— — o the quantum
fluctuation (kinetic energy) term in (2.2) is suppressed and
lg ¢| increases under renormalization. Therefore one has
long-range order of the ¢ field, and correlations of 6 de-
cay exponentially at large distance. The behavior for
go— t o is obtained from the transformation ¢<>6. The
average values of the ordered fields are given by

g8,>0 ¢=m/V8,
o> > g,<0 ¢=0,

2.7

g8o<0 6=m/V8,
go—> T lg.50 6=0.

The case go=0 (or g,=0) corresponds to the usual
case of a Kosterlitz-Thouless®> transition. There is (for
g6=0) a line of fixed points g§, g,=0 if go> (g¢|. If
g0 < lgd,l there is a renormalization to strong coupling
with go— — o, which gives the same ordered fields as be-
fore.

III. CORRELATION FUNCTIONS

A. Renormalization of the correlation functions
In the absence of g, and g, terms the functions R; are
easily computed:?

Ri(ry—ry))=exp[—K;U(r,—r,)], 3.1

where
— )2 N 2
Ulr—r)=tin |[E=X P @lrmr|¥al | g,
a
with Ko=K;=K, K,=K,=1/K. If r >>a then
Ulr)~In(r/a) . (3.3)

We will use this approximate form of U in the following.
Let us consider the functions F;(r;—r,)=R;(r,
—ry)exp[K;U(r; —r,)]. In the absence of g, and gy, F;
reduces to the constant 1.

If we now include the interactions g4 and g4 and com-
pute F perturbatively, the development is divergent for
large r; —r,. To handle such a situation we use a method
similar to that of Kosterlitz.® If r,—r,~a the develop-
ment in powers of g,, 8¢ is convergent and for small
enough coupling constants F; ~1. We will thus try to
find a function I; such that

Fi(r,ae',g()=I(dlLg(),
Fr,ae't¥ g(1+4dl), (3.4)

where the different g (/) are the solutions of (2.6), for an
infinitesimal transformation a(l +dl)=a(l)e®. Here and
in the following a always denotes the initial short-
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I=In(r/a)
Fi(r’a7g(a))= H

1=0

distance cutoff, whereas the rescaled cutoff is written as
a(l)=ae’. If we use

F;(r,r,g(In(r/a)))=0(1),

I(dl,g (D))

(3.5)

= exp (3.6)

fln(r/a)ln[l(dl,g(l))] )
provided that the couplings g are still small, and repeat 0

(3.4) until the cutoff a(/) reaches 7, we obtain The algebra is left to the Appendix, and we obtain

|

Ro(r)=exp [—K In(r/@)+ [ dl{—py(D+ 43D —p3DInlr /(D] ] :

R, (r)=exp

—K 'n(r/a)+ fo‘“"""dl{ +yo(—Ly3(D—pi(D]In[r /a(D]} ] ,
(3.7)

—K (/@) [ dl (= poD =33 D=y} (D] Inlr /a(D]] ] ,

—K In(r/a)+

Oln(r/a)dl{+y¢(l)+%[yi(l)—y§(l)]ln[r/a(l)]} ] :

From (2.6) we obtain

r

In(r/a)
[ A=y

a(l)
=—dyoIn(r/a)+1 [ yonal . (3.8)
As K =1+y,/2 we have
Ro=%Li'L,Ly",
R1=%L1L2L3 ,
(3.9
RZZ%LlevlLfl )
R3=%L1_1L2_1L3 )
with
In(r/a)
L,(r)=exp %fo dlyo(l)} ,
Lyn=exp [+ ["7 dilysD=y,01], 610
Ly(r)=exp %f()]"(r/a)dl[yg(l)+y¢(l)]] .

Equations (3.9) and (3.10) give the correlation functions
to lowest nontrivial order in the coupling constants.

B. Solution for some particular cases

The general solution for the correlation function will
be given in the next subsection, but it is interesting to
study the equations for some simple cases. We treat here
the limiting case y,=0. We limit ourselves to y, =y,
i.e., the case where a fixed point at finite coupling exists.
Other cases can be treated similarly provided that one
limits oneself to sufficiently small distances, so that one
remains in the range of validity of the renormalization
equations. We will denote in the following the initial
values of the coupling constants by y, and by y{ the final
ones, i.e., those for I = In(r/a).

Equations (2.6) are easily solved:

f
yoll)=A/{ tanh[Al + artanh(A /y,)]} ,
y4(D=A/{ sinh[Al + artanh(A/y,)]} ,

(3.11)

where A =( y(z) - yﬁ, )'/2 is an invariant of the renormaliza-

tion equations. We have from (3.10) Ly =1/L,.
L yo=y,

In this case yo(I)=y,/(1+y,l) and

Ly=Ly=Wo/y{)"*. (3.12)
If r— oo then y§ ~1/I and
Ro(N=<1"r /1) ,
(3.13)

Rl(r)=R2(r)=R3(r)=%lnl/z(r/a) .

All the correlation functions decay with the same ex-
ponent, but logarithmic corrections enhance R , 3 over
RO.
2. A#0
In this case we have

L,(n=[ cosh(A1)+1A‘l sinh(AD]'2,

(3.14)
L2%=C,ytanh{[A]l + artanh(A /yy)]1/2} ,

with C;=1/tanh[ artanh(A /y;)/2]. Then, from (3.9)

Ry=2L7'L7?,

r
R3=%L,—1L§, (3.15)
R1=R2—£:-L1 ,

As now we have y,#y,, R3 and R, , are no longer de-
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generate. There are two different qualitative behaviors
depending on the values of / = In(r/a). If Al <<1 one
can expand the hyperbolic functions and it is easy to
check that to lowest order in A the results (3.13) are
recovered. Thus, for short enough length the system
behaves as if the couplings were isotropic (A=0). In par-
J
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ticular all the correlation functions decrease with the
same exponent, up to logarithmic corrections. At an
“anisotropy” length given by In(r/a)=1/A there is a
crossover from a regime of isotropic correlation functions
to a regime dominated by the anisotropies. By using
Al >>1 one can expand L, and L, and finds

1+A/2 y ‘_A 172 A
— 1 -12 | & 0 a 2A
Ro(1N=C3'[(1+yy/A)/2] 1+2 yo+A] ~ | Folarm |,
14+4/2 po—A 172 A
— -1n2 | _ 0 a 2A
Ry(1)=C;[(1+y,/A)/2] 1—2 o ~ | +O0(arr) )l, (3.16)
1—A/2
R,(rN=R,(nN=[(14y,/A)/2]/* | & [1+0((a/r)*™)] .

Thus the correlation functions decay with different ex-
ponents: 1+A/2 for Ry and R;,1—A/2 for R, and R,.
There are no logarithmic corrections but rather power-
law corrections to the main divergence which become
negligible when » — . The fact that logarithmic correc-
tions have existed up to the “anisotropy” length manifest
itself in the prefactors of the different correlation func-
tions. If we go closer and closer to the isotropic limit the
prefactors enhance R , ; over R,,.

C. General solution

We will now solve the complete Egs. (3.7) and (3.10).
We will restrict ourselves to y;>0, y4>0, y,>y, and
).

2 2
Ly(n= RN NS }1)/(2 71 2. 7.2
[ +a®)yd=+bI)]1 “+ybh* —yo+ys +re
y§+p+a?) 2 |2
Ly(r)= R
2 Yotys+ye
Lar= Yot+Ve—Ve 2
3 yE+ {2 +bH)172 :

If the system is not on the critical plane the renormaliza-
tion Egs. (2.6) leads to strong couplings. Therefore the
solution (3.19) is only valid for length scales shorter than
the correlation length of the ordered phase. For larger
length scales one can use the renormalization equations
to map the problem onto the exact solution of Luther and
Emery for a particular value of the coupling constants.?®

If the system is on the critical plane the couplings
remain weak and the solution (3.9) is valid at arbitrary
length scales. On the critical plane we have y,=y,—y,.
In terms of the variables y, and y , = Y4ty the Egs. (2.6)
become

dy, _
7~ —YoVo »
(3.20)
Yo,
dl Yo -

Yo—Y4 Ty <0. Other cases can be straightforwardly ob-
tained by the same method. We introduce

a2:(y9+y¢)2_y% >0,

5 5 5 (3.17)
b*=(yg—=y4) —»5>0,
(aZ_b2)1/2
g=—""""
The solution of (2.6) is given by
y4=b sc[F(arctan(y,/b),q)—a In(r/a)lq], (3.18)

where sc(x |q) is a Jacobi elliptic function. Moreover we
have by straightforward integration of (3.10)

1/4

(3.19)

These are the standard Kosterlitz-Thouless equations.®
The problem is then similar to that of the Sec. IIIB:
there are power-law correlation functions, with correc-

~ tions to the amplitude coming from the marginal opera-

tors. The only case where logarithmic corrections appear
at arbitrary length scales is y3=y2. This corresponds to
Y=0 and yoy=y, or y,=0 and y,= —y,, i.e., a pure
Kosterlitz-Thouless transition line.

D. Generalization to other correlations functions

The calculation of the previous section can easily be
generalized to other correlation functions such as

R (2,1)=AT,[0] (2,70, ,(0,0)]) , (3.21)
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where a?+p?
R a,l?: a e 2iab Arg(r)
Q.
— ’ r
Oa,bzei(a\/2¢+b\/26) . (3.22)

In the absence of y e and y _ interactions we have

' (2 2 ;@
Ra ,b' — Sa a’sb,b'e (a“K +b /K)U(r)eZIabArg(r) , (3.23)

where Arg(r) is the angle between r and the x axis.

If we now include the Y4 and y, interactions we can
use the same method as above. If as£1(b=£1) there are
no first order terms such as [see (A1)]

V30 V20— VR g (3.24)

(T,e
(or the equivalent term with ¢—0). Of course such terms
are also absent from the correlation functions if y,=0
(resp. yp=0). By using the same method as in the appen-
dix we find, for as£1,bs£1
J

R{Y)=(T, cos[1/2¢(z,¢)]e“”‘/29‘“) cos[V'2¢(0,0)]e ibY2000,0))
‘1 '=(T, sin[V'2¢( z,r)]e"b‘/w(zyf) sm[\/2¢ (0,0)]e ibV/26(0,0,) ) ,

with the result

1+52
R(l.;): a eZibArg(r)exp _flnr/a)dl ¢(l)dl
’ r
R(i) o 1+52 mA,g(r)e fln(r/a)dl (1)dl (1
— | X
5 . e plJ, Ve

IV. PHYSICAL SYSTEMS

The generalized sine-Gordon Hamiltonian (2.1) can be
related to a variety of one-dimensional quantum systems
or two-dimensional classical systems.

A. Interacting fermions in one dimension

We use the standard ‘g-ology” description of one-
dimensional interacting fermions.?> As the important
|

H= E UF(rk —kF )aercrarkU

(1 bz) fln(r/a)

- 2 nr/a
— LS8 [ al

_ (a®>—bY fln(r/a)

X exp yoll)dl (3.25)

On the critical Kosterlitz Thouless type lines the correla-
tlon functlons RY have logarithmic correctlon factors
ln(b —a )/Z(r/a) (foryg () Yo= |y¢\ or ln(a —b? )/z(r/a)
(for y4=0, y =—|pyl). For example, for =0, o=y,
b =1, a =0 this formula gives an exponent % for the loga-
rithmic correction, in agreement with (3. 13) for R, 3:
for y =0 there is no first-order term for the 6 correlation
fv.ctions. On the other hand, as y,+0 formula (3.25)
cannot give the exponent of the logarithmic corrections
fora =1.

The case where @ =1 or b =1 can be treated by a slight
generalization of Sec. III A, the only change being the ap-
pearance of the angular part in functions containing both
¢ and 0. This angle-dependent part is not renormalized.
As an example, we will give results for the case
a=1,b#1. It is more convenient to introduce linear
combinations of the O operators. We will then consider

(3.26)

yo(Ddl

2 0

(3.27)

f

processes are those close to the Fermi surface, the spec-
trum is linearized around k, and —kjp. The interactions
between electrons are parametrized by constants. If the
band is not half-filled (no umklapp process), one can show
that all the processes at the Fermi level can be described
by few constants.!® The complete one-dimensional Ham-
iltonian then is

k,o,r
-1 t t
+L 2 (@b, 81180, -0k k68" k)00 4 k) + 2kt po D=k ~2kp—pro
kl’kz,P,U,U'
- P! t t
LT X (880,00 F8280, oo+ 0PI o (—P)HL 2 8%k, —0% k=08 kytpo@tk—po s 4D
p,0,0' kl,kz,p,a
[
where r == denotes right- and left-going fermions, o == indi-
PoP)=3 a:k tpolrko s cates gpin up and down, and a,ka.(a,lq ) is the annihilati'on
k (4.2) (creation) operator for a fermion in state (r,o) with
Vo(x)=L 7123 a, e, momentum K.
k
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We now use the boson representation”‘w of fermion

operators, introduce charge (p) and spin (o) density
operators in the standard way,> and define the phase

fields:
¢.(x),0.(x)
= _TT _l_ —alpl/2—ipx + 4
> [vilp)Ev_(p)], (4.3)
L pw0 P
v=por o .
In A,B= . . . the upper sign refers to 4, and a is a

short-range cutoff parameter of the order of the lattice
constant. In terms of boson operators the Hamiltonian is
expressed by

284,

H=H,+H,+— 5

f dx cos(V'8¢,)

2,
(27a)?

where H,, and H,, are defined by

[ dx cos(V36,) , (4.4)

_ 1 2 2
H,=5— [ dx|(u,K, )L, + ~ |(B:40) J ;
1/:
B P R 7 0 RN
(N R Y | 2mvp—g, ’ '
g,,,,g‘7=g1||‘gzn$82l >

and II, is the momentum density conjugate to ¢,. The
charge part of the one-dimensional Hamiltonian corre-
sponds to the free Hamiltonian (2.2), whereas the spin
part is the complete Hamiltonian (2.1). The physically
interesting correlation functions for the one-dimensional
electron gas are the 2k charge density wave (CDW),
spin density wave (SDW) or singlet (SS) and triplet (TS)
superconducting Cooper pairing type. These fluctua-

tions are described by the correlation functions'>?
R,(x,7)=—(T,0,(x,7)0(0,0)) , (4.6)

where 7 is the Matsubara imaginary time, and

2ikpx

O cow(x,7)=*—— exp[ —iV24,(x,7)] cos[V 2, (x,7],

2ikpx

Ospw (x,7)= € exp[ —il/§¢p(x,r)]cos[ v26,(x,7)],

4.7)

2ikpx

Osnwy (x,7)= € exp|[ —i\/itﬁp(x,r)] sin[\/ioa(x,r)] ,

2ikp,

Ospw, (x,7)= exp[ —iV'2¢,(x,7)]sin[V'2¢,(x,7)].
Ogs and Oqg are obtained with kz=0 and replacing
#,—6,. The spin part of the correlation functions corre-
sponds to the four functions R; of (2.5), whereas the
charge part is easily obtained.!?
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In this model y,—y, describes the spin anisotropy be-
tween the x—y plane and the z axis, and y, the spin-
anisotropy in the x -y plane. For spin-independent in-
teractions y,=y, and y,=0. For repulsive backward
scattering (y, =y, >0), so-that y,(I = )=0, and using
(3.13) we find the asymptotic behavior

1+K
3 n'%r/a),

Rspw_ =RSDWy =Rspw, =

1+K

P
Repw = In"*%r/a) .

The three spin-correlation functions are identical, as ex-
pected by spin-rotation invariance, and decay with the
same power-law behavior as the CDW function. It is
only the logarithmic correction which, for y,> 0, favors
spin- against charge-correlation functions. This can also
be found, in momentum space, integrating the first-order
renormalization equations for the correlation functions.!
The pairing correlation functions are obtained from (4.8)
replacing K,—1/K,. In a half-filled band umklapp
scattering can lead to “frozen” charge fluctuations, i.e.,
the electrons are localized. The correlation functions in
this situation are given by (4.8), with K,=0. The correla-
tion functions then have the same aymptotic behavior as
that found for an isotropic S =1 antiferromagnet [Egs.
(4.12) and (4.14)]. This is of course expected on physical
grounds: localized electrons interact via an exchange in-
teraction, and therefore their properties are those of the
spin-chain model.

The corrections found here can be important if one
wants to determine which phase is realized in a physical
system. This becomes especially important when inter-
chain coupling it taken into account to describe quasi-
one-dimensional systems. '°

B. Quantum spin chains

A rather general Hamiltonian describing quantum spin
chains is

N
H=— 3 [(S}S¥;, +S}S? )+, S8 —D(S?],

i=1
4.9)

where S?=S(S +1), and the index i labels consecutive
lattice sites. D =0,J,=1 is the isotropic ferromagnet,
D =0,J,=—1 is the isotropic antiferromagnet (after a
spin rotation by 7 around the z axis on every second lat-
tice site), and in general there is both exchange and
single-ion anisotropy, but the model is isotropic in the xy
plane.

In a certain region in the parameter spaces D,J, the
model (4.9) has a massless excitation spectrum. In this
region the long-range behavior of different correlation

functions is believed to be governed by the Hamiltoni-
an>31,89,32
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-1 2 2
H=—— [ dx |(uK)xTD*+ (3,9)

+

2g,

(27ra)? @10
with u,K,g, functions of D,J,, and S(g,=~J,), and
m =1(m =2) for S integer (S half-odd integer). The
operators ¢, I are related to the operators used in Ref. 32
by ¢=2V'S ¢, [I=x,/(2V'S ). In the massless region
one has g¢(l )—0 for [/— o under renormalization,
whereas outside the massless region g, increases with in-
creasing /. For half-odd integer S and D =0 the massless
region is —1=<J,<1,31713 whereas for integer S the
lower limit of the massless region (for D =0) occurs at
Joe>—1 (Refs. 17 and 32) [numerically one finds
J,.=~—0.1for S =1 (Refs. 34-36)]. For S > 1 and arbi-
trary D the boundaries of the massless region have to be
determined numerically.3%3¢

Obviously, the Hamiltonian (4.10) is of the form (2.1),
with gg=0. Consequently, we can use the results of Sec.
III B to obtain correlation functions. For half-odd in-
teger S the spin operators (more precisely, the part of
them giving the slowest decay of correlation functions)
are

Stix)=~e

cos(\/imqﬁ)J ,

—iV200) §2(x) e '™ cos[V2(x)] - (4.11)

On the critical line, i.e., the boundary to the antifer-
romagnetically ordered phase, we then have (after going
back to lattice operators)

(SF85 )=(—1)(Sz53) z% In'Xx/a), (4.12)

whereas inside the massless phase there are corrections to
the asymptotic power laws of the form (3.16). Another
interesting operator is the dimerization of the nearest-

neighbor exchange which intervenes for example in the
spin-Peierls transition.’’ Its continuum representation is

(=S} S +S578S )~ sin[V2¢(x)] . (4.13)

Again using the results of Sec. III B, one obtains for the
corresponding correlation function

(S5S 8785 )(STST +S5S1))

z(—nxg—ln*”(x/a). (4.14)

One should note that in the present antiferromagnetic
case one has g, <0, and consequently the roles of
sin(V2¢) and cos( V2¢) are interchanged with respect to
Sec. III B. We therefore find the same asymptotic behav-
ior for the three components of the spin-spin correlation
functions (4.12), as to be expected for an isotropic model.
The different logarithmic factors in (4.12) and (4.14) can
play an important role in discussing the competition be-
tween antiferromagnetic and spin-Peierls order in weakly
coupled magnetic chains. These logarithmic corrections
have not been taken into account in previous work on
this problem.>® Of course, the correction terms found
here are closely related to those found in the analysis of
finite-chain data.!l'!?
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For integer S,S T (x) takes the same form as in (4.11),
however, the argument of the cosine term in the Hamil-
tonian is changed. After a simple transformation of the
fields ¢—2¢,0—6/2 and using the results of Sec. III D
we find for the spin correlations on the boundary between
the massless and the singlet phase
1/4

(575~ 2| m'x/a). (4.15)

The exponent of the logarithmic correction is the same as
that found for the two-dimensional XY model,® to which
the present model is related for § =1.3° Contrary to the
case of half-odd-integer spin, the S? correlation function
and the correlation function of the dimerization operator
(4.14) always decay exponentially for integer S. The
above results (4.12), (4.14), and (4.15) are straightforward-
ly generalized to time-dependent correlation functions:
one simply replaces x —[x>— (ut)*]'/2

Another model that can be transformed into (2.1) is the
generalized anisotropic spin-chain model defined by

2[<1+7’)S fe1 HI=y)S7SY,

+A,SPE FASESE L], (4.16)

where the S are spin-i operators. After a Jordan-
Wigner transformation*® we find a Hamiltonian of the
form (2.1) with the identifications (neglecting renormal-
ization effects due to the continuum limit)
Y =808 =MTAygo=A,

For A,=0 (4.16) is the XYZ model, solved exactly by
Baxter.*! Through spin rotations, all the different critical
lines of the model can be transformed into (4.16) with
7y=0,|A;| <1. One then has the model (4.9) with S =1,
and the preceding results can be taken over. It is also of
some interest to consider the correlation function of the
operator for anisotropy in the xy plane. One has

SIS, —S82SY . ~sin[V8A(x)] . 4.17)
For the isotropic antiferromagnet (A;=—1) one has
K (Il =0 )=1, and from (3.25) we find

4
((S387 —SISL SEST=SES) =~ | | In’(x/a) .
(4.18)

For ¥ =0 the model (4.16) has been studied numerical-
ly by Emery and Noguera.'* They find a massless phase
in a large part of parameter space, and determine correla-
tion exponents, taking into account explicitly correction
terms of the type discussed in the present paper.

C. Two-dimensional systems

Following the derivation of Ref. 42 one can see that
the Hamiltonian (2.1) gives the partition function of a
two-dimensional Coulomb gas of charges and magnetic
monopoles. This model is related to the two-dimensional
eight-vertex and Ashkin-Teller models and a generalized
Villain model.®*>** In the continuum limit the partition
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function of these different models reduces to those of a
generalized Gaussian model, and can be shown to be
equivalent to the trace over the imaginary time of the
time evolution operator of the quantum Hamiltonian
(2.2).8%.

In Ref. 8 the quantum-field operator

Op m(r)= exp[iN¢'(x,7)+i2M6'(x,7)] , (4.19)

is introduced, which for two-dimensional classical sys-
tems corresponds to a spin operator and a vortex excita-
tion operator with vorticity M at site . The correspon-
dence between the notations of Ref. 8 and ours [see
(3.22)] is N =2a,M =b /2 and x>=2/K.

As an example, consider the XY model which corre-
sponds to a Gaussian Hamiltonian with a vortex operator
of vorticity 1.° In our model this leads to a term
cos(V'80). The XY model is therefore described by the
Hamiltonian (2.1) with g,=0. The spin-spin correlation
function is given by a spin operator with N =1, in terms
of the ¢’ operators. In terms of the ¢ operators this cor-
responds to @ =, and therefore by using (3.25) we find
an exponent } for the logarithmic correction at the criti-
cal point, in agreement with the result of Kosterlitz.®

Many physical quantities of other two-dimensional
models can be described in terms of a linear combinations
of the O,, operators,>’ and therefore in terms of the
correlation functions of Sec. III D. For example, the en-
ergy operator in the Ashkin-Teller model is given by

oAT=%<om—o*l,o) . (4.20)
As in the preceding section, one has g, <0,8,=0, and
therefore at the end of the critical line of the Ashkin-
Teller model, or equivalently, for the four state Potts
model, the correlation function of this operator behaves
as

<oLT<r)oAT<o>>~—‘:— In"2a/r) . @.21)
A complete description of the physical quantities associ-
ated to these different operators for the various two di-
mensional models can be found in Ref. 8.

V. CONCLUSION

We have computed here the different correlation func-
tions of a generalized sine-Gordon Hamiltonian, using a
real-space renormalization technique. The long-range be-
havior of the different correlation functions is a power
law with a nonuniversal exponent which depends on the

J
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_ _ 2g
KU(r,—r,) 3
Ry(r,—r,)=e V2 ——f - [ dx,dTi(T,e
o\ri—r; (2ma)? f 3@T3N L
2
118¢
+ 2 2 T
2 |4xm 6=+l a a
2 ‘
dx,dTy dx,dT
+1 5_97 s [ IR T,
2 |4m" | = a a
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parameters of the Hamiltonian. In addition to this power
law and for certain values of the coupling constants loga-
rithmic corrections can appear. Our computation allows
us to obtain these logarithmic corrections which are of
the form In*(r /a) and to find the exponent v. This ex-
ponent depends on the correlation function considered,
but is independent of the coupling constants.

Away from the critical point the logarithmic correc-
tions are replaced by corrections to the amplitudes of the
correlation functions. The asymptotic behavior is simply
a power law (up to power law corrections decaying at
large 7), but the amplitude of the correlation functions are
different (even for correlation functions with the same ex-
ponent). In particular the amplitudes depend on the dis-
tance from the critical point and diverge for some corre-
lation functions when the parameters approach their crit-
ical values. In fact this indicates that there is a crossover
from a power-law regime with logarithmic corrections to-
wards a pure power-law regime, but different amplitudes
for different correlation functions. The full crossover as a
function of the length scale is given by our calculation.

As discussed in the preceding section, our results apply
to a large class of quantum one-dimensional or classical
two-dimensional systems, to which the sine-Gordon
Hamiltonian can be related. The corrections we find are
important to take into account for the numerical or ex-
perimental determination of critical exponents. More-
over the amplitude corrections can also be important. In
presence of a cutoff (thermal cutoff for example) the

Fourier transform of the correlation functions will
behave for small frequency and momentum as
R ~AY(T /e, (5.1)

where AY comes from the amplitude corrections [see
(3.16), u from the power-law behavior of the correlation
function and € is the physical cutoff of the system (for ex-
ample the bandwidth for an electron gas)]. Due to the
amplitude corrections the apparent energy scale of the
correlation functions € =eA™*/* can be considerably
different from the real one. This is particularly important
close to a point where logarithmic corrections appear,
since in this case A can be very small [see for example
(3.16)].

APPENDIX: A RENORMALIZATION
OF CORRELATION FUNCTIONS

We derive renormalization group equations in a way
similar to Refs. 6, 24, and 25. We compute the functions
F; in a development in powers of g, and g,. We find, for
example for F

iV24(r) iV2(r,) —iV8e(r,)
iV24(r, e 2, 3y

f dx3¢21'r3 dx,dT, T eiV§¢(rl)e—iVa¢(r2)eiV§e3¢(r3)e—i\/§€4¢(r4)>

iv'2 —iV2¢(r,) V86,0 (r;) —iVBe,0 (r,)
e ¢(r1)el ¢(r2el Tyl T Mo el (A1)
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Computing the average values we find
2KU(ry —
Fo(r,—ry)=1—e " 'z_ﬂf

y2 d 3—4K
2o g2 — te ar
+Z2KU(ry rz)fa S

r
a

where U has been introduced in (3.2). The two last terms in (A2) arise from the standard cumulant expansion

AZKU(r —ry)
17737,

2
Yo +o dr
U [T

—2KU(ry—ry)

3—4/K

4 , (A2)

a

a

6,24,25 and

give rise to the renormalization of the coupling constants. The term of first order in y, is important to take into ac-
count for the renormalization of the correlation functions. This term only appears in correlation functions of operators
exp(ia \/2¢) with @ =1 and does not contribute to the renormalization of the coupling constants. f means that the

domain of integration over 7 excludes two circles of radius a around 7, et r,. If one changes a to a'=ae 4 one finds
Folri—r)=1=p,dl + LK} —y5)U(r,—r,y)dl
+y), f dx3dr3 QKU r =) —2KUr —r3) —2KUry—ry)
+3’—"LK2U'(r —py) [ R P ) [ el l—’— ]3_4/1( (A3)
2 iy e | 2 iy o | ’
I
where I(a'/a,y4,y0)
20 2 = exp [y, + 21 2, dl. (A5
V5=V a Y=Y, E‘a_ ) (Ad) =exXp | Tyt n(r/a) 5 n(r/a) . (A5)

and U’ is the function U with the new value of @. The
Egs. (A4) are nothing but the renormalization Egs. (2.6)
for the coupling constants y, and y,. From (3.4) and
(A3) we deduce

Therefore we get
(r)__ exp fln(r/a)[ y¢(l

A similar derivation can be done for other correlation
functions and we obtain (3.7).

y¢,(l)—2y9 Dldl, (A6)
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