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Noise and ac-dc interference phenomena in the charge-density-wave conductor Ko 3Moo3
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We demonstrate that extremely thin ( & 1 pm thick) samples of the charge-density-wave (CDW)
conductor KQ 3MoO, display high-quality narrow-band noise spectra when driven by a dc electric
field. In the presence of combined dc and large-amplitude ac fields, the CDW becomes mode locked
to the external signal, giving rise to Shapiro steps in the dc I-V characteristics. In the presence of
combined dc and small-amplitude ac fields, distinct resonance features in the complex ac conduc-
tivity 0(co) are observed whenever the internal and external frequencies coincide. Analysis of the
Shapiro-step interference suggests that the ac-dc interference arises from a direct coupling between

the driving fields and the low-frequency dielectric relaxation mode in Ko 3Mo03. Resonances in the
ac conductivity are shown to be analogous to those present in a phase-shifted resonant harmonic os-

cillator. Both noise and interference experiments yield a ratio between the narrow-band noise fre-

quency and the CDW current-density of fNaN /Icos = 12+3 kHz cm /A, suggesting that the intrin-

sic pinning potential in Ko 3Mo03 has a periodicity equal to the CDW wavelength.

I. INTRODUCTION

V= Vd, + V„cos(cot) . (2)

The effects reAect a direct interaction between the de-
pinned CDW oscillating at a frequency fNBN and the
external fields oscillating at a frequency co/2'

For values of V„comparable to or larger than the
CDW depinning threshold voltage VT, the CDW can be-
come mode locked to the external signal over an appre-

The study of the dynamical properties of the
sliding —charge-density-wave (CDW) state in quasi-one-
dimensional materials began in 1976 when Monceau et al.
first discovered that the CDW in NbSe3 could be de-
pinned by applying a small dc electric field along the
crystal chain axis. Since this initial discovery, a great
deal of work has been performed by many researchers in
an attempt to understand the transport properties of the
dynamic CDW state. One of the most intriguing proper-
ties associated with CDW conduction is that of the so-
called narrow-band-noise (NBN) oscillations which ac-
company the dc motion of a sliding CDW. NBN oscilla-
tions have been observed in all sliding CDW conductors.
The fundamental NBN frequency fNBN directly scales
with the charge-density-wave current density Jcow.

~CDW afNBN

where a is a sample- and temperature-dependent con-
stant. Although debate continues, there is much evi-
dence to suggest that the NBN oscillations are a bulk
phenomenon, possibly originating from the CDW s in-
teraction with the potential provided by pinning impuri-
ties.

A number of unusual interference effects occur ' in a
charge-density-wave material when it is driven by corn-
bined ac and dc driving fields of the form

ciable range of dc bias voltage. This results in the forma-
tion of so-called Shapiro steps in the current-voltage
(I V) charac-teristics of the sample; the steps also appear
in the sample's differential resistance. Shapiro-step in-
terference occurs whenever the externally applied fre-
quency co/2n is related to the internal NBN frequency
fNBN by

P qINBN2%
(3)

where p and q are integers. The index n of a specific step
is defined as n =p /q. For integer values of n, the Shapiro
step forms due to the interaction between the NBN fun-
damental fNBN (q= 1) and the nth harmonic of the
external signal; this is referred to as a harmonic Shapiro
step. For noninteger values of n, the Shapiro step is re-
ferred to as a subharmonic step. Shapiro steps have been
extensively studied in NbSe3, ' and to a lesser extent in
TaS3."

For small values of V„(V„«VT) mode locking of
the entire CDW condensate does not readily occur.
Nonetheless, the sample ac conductivity is strongly
affected by interference between the internal and external
frequencies. The complex ac conductivity o.(co) is deter-
mined by measuring the in-phase and out-of-phase
response of the sample at the frequency co/2m when a
driving field of the form given by Eq. (2) is applied, with
V„«VT. As the test frequency co/2n or the dc bias Vd,
is swept, interference in o (co) occurs when the conditions
of Eq. (3) are satisfied. Whenever co/27r =fNBN, a
dramatic "inductive" resonance occurs; this effect has
been studied extensively in highly coherent NbSe3 (Refs.
7 and 10) and less extensively in Ko 3Mo03. '

KQ 3Mo03 (potassium blue bronze) undergoes a Peierls
transition at T+ = 180 K which gives rise to the formation
of a depinnable incommensurate CDW. ' In addition to
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displaying nonlinear conductivity and NBN, this material
also exhibits a low-frequency ( &10 MHz) dielectric re-
laxation mode whose characteristic frequency is highly
temperature dependent. ' ' The mechanisms responsible
for the creation of this mode are thought to be closely re-
lated to those which cause many metastable effects. ' In
the microwave region () 100 MHz), Ko 3Mo03 also ex-
hibits a conductivity mode analogous to that seen in oth-
er CDW materials. '

Usually, Ko 3Mo03 samples display very weak NBN
spectra, indicating that the sliding state in this materia1 is
generally very incoherent. ' In contrast, the semimetallic
CDW material NbSe3 shows highly coherent behavior.
Samples of these two materials are usually very different
in size. NbSe3 grows in fine needlelike whiskers with typ-
ical dimensions of 1 mm X 5 pm X 1 pm (volume of
5 X 10 cm ), whereas blue-bronze samples are far
larger, with typical dimensions of 1XO.SX0.25 mm
(volume of l.25 X 10 cm ). Hence, a typical blue-
bronze sample which displays weak NBN is also 5 orders
of magnitude larger in volume than a typical highly
coherent NbSe3 crystal. This suggests that NBN genera-
tion is, in general, a finite-size effect in CDW materials, as
has been suggested for NbSe3. For this reason, we have
examined extremely thin samples of Ko 3Mo03, with typi-
cal volumes of 10 —10 cm, in order to observe
strong CDW coherence effects. We find that these sam-
ples do indeed display a highly coherent dynamic CDW
response.

Our extremely thin, optically transparent single crys-
tals of K03Mo03 display NBN spectra of exceptional
quality. When examined in the presence of combined ac
and dc driving fields, the crystals exhibit both strong
mode locking in differential resistance (dV/dI) traces
and large resonance anomalies in the complex frequency-
dependent conductivity. We have measured the
Shapiro-step spectrum as a function of both applied ac
amplitude and frequency (10—100 kHz), and find reason-
able agreement between the data and a simplified classical
single-particle CDW equation of motion. ' The analysis
suggests that the external fields couple to the lom-
frequency dielectric relaxation mode'" rather than to the
high-frequency pinned-phason mode. We have also in-
vestigated the ac-dc interference effects on the complex
ac conductivity ( oo) c{co/2m &1 MHz). Large and nar-
row inductive dips occur when the external frequency
equals the narrow-band-noise frequency. We show that
this resonance phenomenon appears analogous to that
present in the response of a phase-shifted resonant har-
monic oscillator. The highly coherent response of the
samples examined in this study provides a means of accu-
rately measuring the CDW-current-density —to —NBN-
frequency ratio; we find that the empirically determined
value implies a pinning-potential periodicity equal to the
CDW wavelength. '

The remainder of this paper is organized as follows. A
description of both sample-preparation techniques and
experimental methods are presented in Sec. II. Experi-
mental results are given in Sec. III, followed by an
analysis in Sec. IV. Lastly, we briefly summarize our
findings and present concluding remarks in Sec. V.

II. SAMPLE PREPARATION
AND EXPERIMENTAL TKCHMQUKS

Single crystals of Ko 3Mo03 were obtained using an
electrochemical growth technique which produces
high-quality crystals with typical dimensions of 2X 1 X 1

mm . The thin, optically transparent samples were
prepared by first cleaving a large crystal down to a thick-
ness of roughly 200 pm. The cleaved face was then glued
to a sapphire substrate with a cryanoacrylic adhesive
("super glue" ). The mounted crystal was then cleaved
still further using the "Scotch tape" method, until a
transparent piece was obtained. By following this pro-
cedure, we have been able to obtain samples with uniform
thicknesses ranging from 0.1 to 1 pm and areas of up to 1
mm . The sample used to study ac-dc interference effects
in blue bronze was determined to be 0.2 pm thick by us-
ing a Tencor Instruments step-height analyzer; the
sample's complete dimensions were 0.625 mm X0.5
mmX0. 2 p,m (volume of 6.25X10 cm ), with the b
axis directed along the largest dimension. Electrical con-
tacts were made to this sample via evaporated indium
pads and silver conducting paint. The two-probe room-
temperature (RT) resistivity was found to be
p~z= 3.5 X 10 0 cm. All measurements presented in
this paper were made by using a two-probe current-
driven configuration. For comparative purposes, all data
presented in this paper are from the same Ko 3Mo03 SM11-

ple. We have obtained qualitatively similar results on all
submicrometer blue-bronze samples that we have exam-
ined.

Current-driven narrow-band-noise spectra were mea-
sured with a Hewlett-Package 8558B spectrum analyzer.
Shapiro steps were obtained by simultaneously driving
the sample with both a dc and an ac (co/2+=10 —100
kHz) current. The difFerential resistance dV/dI was
measured via a low-frequency bridge with lock-in detec-
tion of a low-frequency (280 Hz) modulation signal.

The complex ac conductivity o(co) (both frequency and
dc-bias dependent) was measured at frequencies between
100 Hz and 1 MHz by a computer-controlled Hewlett-
Packard 4192A impedance analyzer. The ac amplitude
was always kept well below the CDW depinning voltage,
so that the ac signal would act only as a probe of the
sample's conductivity. The evaporated indium contacts
were found to be of high quality by analyzing the sample
response in the complex impedance plane. '

Our experiments were performed at 77 K to facilitate a
comparison of the data with other previously published
results. The extremely fragile crystals were slowly cooled
in a helium-gas-How system to prevent fracturing them
during the cool-down process. The helium-gas-Aow sys-
tem also provided stable temperature control.

III. KXPKRIMKNTAL RESULTS

The NBN spectrum produced by a 0.2-pm-thick blue-
bronze specimen at 77 K is presented in Fig. 1. The spec-
trum exhibits a sharp fundamental at f~B~ =70 kHz, as
well as four higher harmonics at 140, 220, 280, and 360
kHz. This sharp spectrum indicates that the sliding
CDW state is very coherent. The quality of this NBN
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(4)

where I is the total sample current, Vd, is the sample dc
bias voltage, and Ro is the sample low-field ( Vd, ( VT ) dc
resistance. The linear relationship between IcDw and

fNsN was found to hold true for the entire frequency
range examined experimentally ( ~ 150 kHz). Hence,
strongly coherent Ko 3Mo03 samples do not exhibit any
deviation from a linear CDW-current —to —NBN-
frequency relationship. The ratio between the NBN fre-
quency and the CDW current density for the sample con-
sidered here was found to be fNBN /JcDw = 12+3
kHzcm /A.

We have also examined the narrow-band-noise spectra
of blue-bronze samples with volumes larger than that
whose NBN spectrum is shown in Fig. 1. In general, the
NBN quality drops sharply as the volume of the crystal
examined varies from that of a transparent sample
(volume of —10 cm ) to that of a more typical, bulk
sample (volume of —10 cm ). In varying the volume
from 10 to 10 cm, the NBN peaks progressively be-
come smaller in size and larger in width. In the large-
volume limit, the noise spectrum displays no narrow-
band peaks, but instead exhibits a fairly continuous noise
distribution out to a critical frequency f, . Beyond f,
the noise level drops to zero. We find that this critical
frequency varies linearly with the sample bias. These re-
sults clearly suggest that NBN generation in Ko 3Mo03 is
a bulk phenomenon, in agreement with research concern-
ing NBN generation in NbSe3.

The efFects of joint ac and dc driving fields on the
differential resistance of the 0.2-pm-thick Ko 3Mo03 sam-

ple are shown in Fig. 2. The upper trace shows the

FIG. 1. Narrow-band noise spectrum from a thin sample of
Kp 3MOO3 at T=77 K.

spectrum exceeds that of those published previously, '

suggesting that the CDW's in thin blue-bronze samples
are more coherent than in the large samples (volume of
—10 cm ) usually examined.

The NBN frequency fNBN varies linearly with the ex-
cess CDW current IcDw. IcDw is given by

-5 0 5
bias current (N, A)

FIG. 2. Ac-dc interference effects in KQ 3Mo03 at 77 K. The
top trace is with no ac signal, while the bottom trace shows the
differential resistance in the presence of a 60-kHz and 80-mV ac
signal. The two traces have been vertically offset for clarity.

sample's current-driven difFerential resistance in the ab-
sence of any external ac signal. The CDW clearly depins
at a threshold current of IT=2.5 pA, beyond which
d V/dI smoothly decreases as the CDW proceeds to slide.
The bottom trace shows the changes in the difFerential
resistance when it is measured with an additional 60-kHz
ac signal of magnitude V„=80 mV =4VT applied across
the sample. This trace shows a number of partially-
mode-locked Shapiro steps, each of which is labeled in
the figure according to its index n. The fundamental har-
monic (n = 1) as well as three subharmonic (n =

—,', —,', and
—, ) steps are visible in Fig. 2. The lower trace also indi-
cates that the mode-locking quality depends on the direc-
tion of the current bias, with the locking quality for nega- '

tive biases being higher than for positive biases.
The degree to which the CDW becomes locked to the

external ac signal is a strong function of the ac amplitude
V„. This is shown in Fig. -3, where the Shapiro-step
spectrum in a 40-kHz ac field is depicted as a function of
V„. V„varies from 20 mV ( V&) to 120 mV (6VT). The
data in Fig. 3 indicate that the Shapiro-step height in-
creases with increasing V„,up to roughly 80 mV, beyond
which it begins to decrease again. This is more clearly
shown in Fig. 4, where the Shapiro-step magnitude 5V,
the area under a Shapiro step in a (dV/dI)-versus-I
trace, is plotted as a function of V„ for the n =1 Shapiro
step. This general step-height and step-magnitude depen-
dence on V„appears to hold true for both harmonic and
subharmonic Shapiro steps. Increasing V„also acts to
decrease the CDW threshold current, and to move a
given Shapiro step to progressively lower total current
biases. Effects similar to these have also been observed in
mode-locking experiments performed on NbSe3 crys-

To ensure that the mode-locking condition as stated in
Eq. (3) holds for blue bronze, we have measured the
CDW current density on each locked step as a function
of the external locking frequency co/2m. The results for
n =2, 1, and —,

' are presented in Fig. 5. We find that the
CDW current density on a particular mode-locked step



39 NOISE AND ac-dc INTERFERENCE PHENOMENA IN THE. . . 3029

KQ 3 MOOg

T = 77 K 5kn
m/2z = 40 k Hz 7.5 -' I

KQ 3 MoOg

T=77 K ii =2

mV)

20
5.0—

40

80

100

a2.5—0

/2

n=1 1/2

0

1/2

120

0—
I

0
I

25
I

50
I

75

bias current (pA)
FIG. 3. Shapiro-step spectrum at 77 K with a 40-kHz ac sig-

nal. The ac amplitude varies from 20 mV (VT) to 120 mV

(6VT ). The traces are vertically offset for clarity.
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FIG. 5. CDW current density plotted as a function of exter-
nal locking frequency for both Shapiro-step data (circles) and
narrow-band-noise data (squares).
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J& k is independent of the ac amplitude for the entire
range of measurements ( V„&6Vr ). The NBN frequency
as a function of CDW current density is also plotted in
the figure. These data indicate that J&„k is linearly relat-
ed to the locking frequency for all three values of n. The
empirical locking-CDW-current-density —to —locking-
frequency ratio is f,„/J&„kP/n, where P= 12+3
kHzcm /A.

We now turn to an examination of dc-bias effects on
the complex ac conductivity o (co) in Ko 3MoO3. In these
experiments, a small-amplitude ( V„«VT ) ac signal
V= V„cos(tot) is applied across the sample and the re-
sulting current I„ fiowing through the sample at the
same frequency is detected. A bias voltage Vd, may also

be applied. The complex conductivity, o(co)=Reer(ro)
+i Imo (co), is determined from

L Iac i8o.(to) = e'
ac

(5)

where 3 is the sample cross-sectional area, L is its length,
and 0 refiects the component of the current response
which is out of phase with the input voltage. Our zero-
bias complex-conductivity measurements on thin samples
of Ko &Mo03 at 77 K show a rise in Reer(co) beginning at
roughly 20 kHz; this low-frequency mode is the exten-
sively studied dielectric relaxation mode apparently
present in all completely gapped depinnable CDW ma-
terials. ' ' The rise in Reo (co) indicates that the charac-
teristic frequency fDR for this mode is roughly 20 kHz.

The effects on the 50-kHz complex conductivity when
a depinning bias field is applied to a thin Ko 3Mo03 sam-
ple are depicted in Fig. 6. The real part of the conduc-
tivity is presented in Fig. 6(a), while the dielectric con-
stant e, given by

4m Imo (co)
e co (6)

0 ~ 5—

0
I

2 4

V„/VT

FIG. 4. Shapiro-step magnitude 6V plotted as a function of
the applied ac driving signal amplitude. The external ac fre-
quency was set at co/2+=40 kHz. The solid line is a fit to the
data (see text).

is presented in Fig. 6(b). There is very little change in
Reo(ro) for Id, &IT=2.5 pA, while e(co) does show a
slight increase just below threshold. Past threshold, the
complex conductivity changes drastically: the real part
of the conductivity begins to increase while the dielectric
constant decreases towards zero. In addition to this gen-
eral depinning response, both Reo(ro) and e(io) exhibit
distinct anomalies for well-defined values of the bias
current. In particular, e(co) displays a well-defined induc-
tive (he&0) dip at Id, =5.7 pA, and a smaller dip at
I„,=4.3 pA. Anomalies at these bias currents also show
up in Reer(ro) The featu. re in Reo(ro) centered around
Id, =5.7 pA is particularly noticeable. This anomaly is
characterized by a drop below the background CDW con-
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I
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ductivity at a value of Id, just below that which gives the
large inductive dip in e(n)). A similar rise above the
background conductivity occurs for values of Id, slightly
larger than the inductive dip bias. An examination of the
NBN spectrum shows that, for Id, =5.7 )LtA, fNBN=SO
kHz, while at Id, =4.3 pA the second NBN harmonic
occurs at 50 kHz. This suggests that the anomalies at 4.3
and 5.7 pA are related to resonances between the 50-kHz
probing signal and the second NBN harmonic or the
N8N fundamental, respectively. Similar well-defined
anomalies have been extensively studied in NbSe3. '
Very broad anomalies at low frequencies have also been
previously reported for Ko 3MoO3. '

The bias current at which the strong resonance
anomalies occur should be a strong function of the probe
frequency since they occur when the internal NBN fre-
quency matches the probing frequency. This is shown to
be the case in Fig. 7, where the dielectric constant e(co) is
plotted as a function of bias current for several ac prob-
ing frequencies. The resonance current bias clearly scales
linearly with the ac frequency. This is evident in Fig. 8,
where the CD%' current density at resonance is plotted as
a function of the resonance frequency. The experimental

6

~~
O
49

~
0)
U

27(; (kHz). 20 60 120

I

5 10
current bias (pA)

FIG. 7. The dielectric constant e(~) measured as a function
of dc-bias current at three frequencies (20, 60, and 120 kHz).

NBN frequency fNBN to CDW current density relation-
ship is also plotted in the figure. Clearly, both sets of
data lie on a line which has a slope of fNBN/JcDw = 12
kHzcm /A. This conclusively shows that the anomalies
which appear in both e(co, Id, ) and Reo (co, Id, ) are
caused by a direct interference between the internal NBN
signal at fNBN and the external signal at n)/2~.

Returning to the data in Fig. 7, the placement of the
inductive dip is not the only frequency-dependent aspect
of e(co, Id, ). The below-threshold dielectric constant ap-
pears to decrease with increasing frequency. Additional-
ly, the depth of the inductive dip also decreases with in-
creasing frequency. At 20 kHz, the change in e(co) due to
the dip is b, e(20 kHz) = —8 X 10, while at 120 kHz it is
only Ae(120 kHz) = —1.4X 10 . At frequencies below 20
kHz, the dip continues to increase in size. This is shown
in Fig. 9, where the bias-dependent dielectric constant is
plotted at 1, 40, 80, and 120 kHz. The inductive dip mea-
sured at 1 kHz clearly dwarfs the anomalies at the
higher frequencies; the size of the dip at 1 kHz is

10 (b) K, ,MoO, ~ T = 77 K

50 kHz
I

current bias (pA)
10

0 40 80 120
frequency (kHz)

FIG. 6. (a) The real part of the ac conductivity, Reo.(co),
measured at co/2n. =50 kHz as a function of dc-bias current. (b)
The dielectric constant e(co) measured at co/2~=50 kHz as a
function of dc-bias current.

FIG. 8. The CDW current density at resonance plotted as a
function of the resonance frequency (circles). The CDW-
current-density —to-NBN-frequency (f NsN) ratio is also plotted
in the figure (squares).
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FIG. 9. e(co, Id, ) at low (1 kHz) and high frequencies (40, 80,
and 120 kHz). The comparatively small high-frequency reso-
nances are indicated by arrows.

b,e(1 kHz) = —160X10, a factor of 114 higher than the
dip at 120 kHz. This indicates that he diverges as 1/ro in
the limit that co goes to zero.

The anomalies in the complex ac conductivity depicted
in Figs. 6, 7, and 9 are observed by measuring rr(~o) at a
fixed frequency while varying the dc bias. Presumably,
the same e6'ects should occur when the dc bias is held
fixed and the measurement frequency is swept. The
frequency-dependent ac conductivity at a depinning bias
of Id, =7 pA is depicted in Fig. 10. At this bias, the
NBN fundamental occurs at fNBN =70 kHz. Inductive
dips are clearly present in the imaginary part of the con-
ductivity at ro/2m. =fNaN/2 (35 kHz), fNsN (70 kHz),
2fNBN (140 kHz), and 3fNBN (210 kHz). In addition,
anomalies show up in Reer(ro) centered about these four
frequencies. The anomaly at 70 kHz is larger than those
at the other frequencies. Details of the resonance around
this frequency are shown in Fig. 10(b), where the ac con-
ductivity is plotted versus frequency utilizing a linear fre-
quency scale. The imaginary part of the conductivity ex-
hibits an inductive dip with a magnitude of 1.3 (0 cm)
Reo(co) shows a smaller, less pronounced positive and
negative set of peaks above and below 70 kHz, re-
spectively. These two peaks have equal magnitudes
of 0.7 (0 cm) ' above and below the background
CDW —plus —normal-electron conductivity of roughly 15
(Qcm) '. At the 70-kHz resonance frequency, Reo(ro)
appears unchanged from the background-conductivity
value.

IV. ANALYSIS

We first examine the relationship between the CDW
current density and the NBN frequency in blue bronze.
The three sets of experiments discussed in the preceding
section provide an accurate estimate of the ratio
fNaN/JoDw, which can be directly compared to an ex-
pression which holds true for NBN phenomena in both
NbSe3 and TaS3. We next use a simple single-particle
classical model of CDW dynamics to analyze the
Shapiro-step —magnitude dependence on ac signal ampli-
tude. Lastly, we will discuss the underlying mechanisms
which cause the resonance features in the dc-biased com-
plex ac conductivity.

A. CDW-current-density —to —NBN-frequency relationship

A simple model predicts that the fundamental NBN
frequency is linearly related to the CDW current density
by

dc

fNBN

JcDw

1
9

7lc e ~pin
(7)

0
50

I

75
frequency (kHz)

100

FIG. 10. (a) Real and imaginary parts of the conductivity in
the presence of a depinning current bias of Id, =7 pA. At this
bias, the NBN fundamental occurs at fNaN =70 kHz. The har-
monic resonances at 35, 70, 140, and 210 kHz are indicated by
arrows. In (b) a close up around the 70-kHz resonance is shown
in a linear-frequency-scale representation.

where 1, ;„ is the intrinsic pinning potential wavelength,
and n, is the CDW electronic carrier concentration.
NBN studies indicate that Eq. (7) holds true for both
NbSe3 and TaS3. ' It has been suggested that for CDW
conductors the pinning-potential wavelength is equal to
the CDW wavelength (A, ;„=A,cDw). There has been
some controversy as to whether or not Eq. (7) holds true
for Ko 3Mo03. ' ' ' A large variation exists in the
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values reported for fNBN/JCDw based on NBN measure-
ments. This is due primarily to the low-quality NBN
spectra typically exhibited by Kp 3Mo03 samples. The
very-high-quality spectra displayed by our thin samples
make a determination of A, ;„ from Eq. (7) more reliable.
With the measured ratio fNsN /JCDw = 12+3
kHz cm /A, the measured sample dimensions, and using
n, =4.98 X 10 ' cm as determined from structural con-
siderations (see below), ' Eq. (7) yields a pinning-potential
periodicity A, ,„=10.5+2 A. This length is in close agree-
ment with the CDW wavelength in Kp 3Mo03,
LCD~=9. 9 A. Thus, in this material, A,~;„=A,CDw. Our
observed fNBN/JCDw ratio, and hence the determined
value of A, ;„, is in agreement with recent NMR rneasure-

ments.
The method employed here to determine A, ;„clearly

requires an accurate estimate of the CDW carrier concen-
tration n, . The value used here is arrived at by a simple
potassium-counting argument. ' The Kp 3Mo03 unit cell
contains 20 formula units, and the potassium ions pro-
vide the free carriers in the material. With six K ions per
unit cell (volume of 1205 A ), each providing one elec-
tron, a carrier concentration of n, =4.98X10 ' cm re-
sults. The 180-K Peierls transition completely gaps the
Fermi surface in blue bronze, and hence n, =n, . Band-
structure calculations indicate that the complete unit cell
produces four degenerate conduction bands (two bands
per Mo&00&0 cluster) at the Fermi surface. ' ' ' The
measured Fermi wave vector of —,

'b* is thus consistent
with there being six electrons per unit cell. Additionally,
n, as determined from Hall-effect data agrees with the
carrier concentration as estimated by the above-
mentioned counting argument. Hence, both band-
structure considerations and Hall-effect data support the
notion that n, =4.98X10 ' cm in Kp 3Mo03 as es-
timated from the simple electron-counting scheme.

The value of k;„may also be determined from the
Shapiro-step interference data. During mode locking the
locking frequency f,„and CDW current density J&„„are
related by

fex 1 fNBN

J( Dw

where n is the Shapiro-step index. The data in Fig. 5 give
a value for this ratio of f,„/J&„k=P/n, with 13=12+3
kHzcm /A. Therefore, the Shapiro-step data produce a
value for the NBN-frequency —to —CDW-current-density
ratio of fNBN/JcDw =12+3 kHzcm /A, in agreement
with the ratio determined directly from NBN measure-
ments.

The close correspondence between the value of
f NBN/JCDw as determined from the mode-locking exper-
iments and from the narrow-band-noise spectrum reflects
the very high quality of the noise spectrum. In other
CDW materials, such as TaS3, inhomogeneous current
densities within the sample often lead to a smeared noise
spectrum and a nonlinear fNBN-versus-JCDw relation-
ship;" in such cases, the application of a large-amplitude
ac Geld may serve to homogenize the sample and linearize

the fNsN Jc-Dw relationship. In our specimens of
Ko 3MoO~, a well-defined fNBN /JCDw ratio can be ob-
tained even in the absence of large ac drive amplitude. '

B. Mode locking

2dx &dx 0 . eE
dt Q

(9)

where x is the CDW center-of-mass coordinate, E is the
applied electric field, Q is the periodic pinning-potential
wave vector, cup is the characteristic resonance frequency
of the CDW, and I =1/~ is a damping constant with a
characteristic relaxation time ~; Eq. (7) follows directly
from Eq. (9) with Q=2~/A, ;„. This model accounts for
both the narrow-band-noise oscillations and mode lock-
ing observed in CDW materials. In addition, it quantita-
tively describes the Shapiro-step —magnitude dependence
on ac signal amplitude in NbSe3. ' From our determina-
tion that k„„=kcDw in Ko 3Mo03 we set Q =2m /AcDw
in Eq. (9).

In analogy with the Stewart-McCumber model of
Josephson tunneling, Eq. (9) predicts that the magni-
tude of the n = 1 Shapiro step in the high-frequency limit
(co,„))coor) should be

5V=2a VT(co=0) J,
2

COp'7 V„
co VT(co=0)

(1O)

where a represents the volume fraction locked to the
external signal, while co and V„are the frequency and
amplitude of the applied signal, respectively. In the low-
frequency (overdamped) limit (co &coow) the inertial term
(d x/dt ) can be neglected, and a modified Bessel-like
solution for 6V can be obtained numerically. In the ex-
treme low-frequency limit (co «coor), the numerical solu-
tion predicts that 6V has a maximum at V„=VT with an
amplitude of 5V=(co/coor) VT.

'

Recently, a seemingly more general derivation for the
Shapiro-step magnitude was published. ' That derivation
utilized a model-independent approach and assumed that
the pinning potential was in the form of a cusped-cosine
function. Although one might assume that this approach

In this subsection we will examine the quantitative na-
ture of mode locking in blue bronze, particularly the
dependence of the Shapiro-step magnitude 5 V on the am-
plitude of the applied ac locking signal. The data are an-
alyzed within a simple model which qualitatively ac-
counts for Shapiro steps observed in NbSe3. '

A number of models have been proposed to account for
CDW dynamics. Both single-degree-of-freedom and
many-internal-degrees-of-freedom ' models have been
proposed to account for ac-dc interference effects. A sim-
ple single-degree-of-freedom phenomenological model, '

which treats the CDW as an object with charge e and
mass m moving in a sinusoidal potential, has been
surprisingly successful in qualitatively and semiquantita-
tively describing the essential frequency- and electric-
Aeld-dependent features of CDW transport. The single-
particle equation of motion is'
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and

INBN
1 Qre

Qg(Q )2' m ~

n, e ~
og,(&)= g(&),

m
(12)

should yield a more general, model-independent result, it
can be shown that the resulting expression for 5Vis ex-
actly equivalent to that produced by a single-particle
model with a cusped-cosine, rather than a sinusoidal, po-
tential. Nonetheless, this approach clears up two
deficiencies of Eq. (10). First, the new result correctly
predicts the existence of subharmonic Shapiro steps.
Second, because the expression for 5 V involves a summa-
tion of Bessel functions weighted by the pinning
potential s Fourier coefticients, the Shapiro-step magni-
tude does not go the zero at the minima [in contrast to
the predictions of Eq. (10)]. Both of these qualitative
enhancements are directly related to the inclusion of
higher harmonics in the pinning potential. Unfortunate-
ly, the model s quantitative prediction [locations of maxi-
ma and mini ma in 5V( V„)]have yet to be compared to
experimental data due to the complexity of the expres-
sion. Therefore, it is unclear if the approach of Ref. 10 is
quantitatively superior to Eq. (10). For this reason, we
shall analyze the blue-bronze mode-locking data by using
the predictions of the single-particle classical model, Eq.
(9).

A reasonable fit to the data in Fig. 4 can be obtained by
utilizing the numerical low-frequency solution presented
in Ref. 34 and considering no~ to be a fitting parameter.
The solid-line fit in Fig. 4 was obtained in this way with

f0 =coos/2m =25 kHz. It is noteworthy that this value is
roughly 6 orders of magnitude below the characteristic
frequency of the high-frequency pinned mode seen in
K03Mo03 ( —10 GHz). ' According to Eq. (9), the con-
tribution to 5V from the 10-CxHz pinned mode would be
negligible at the frequencies where these measurements
were performed (40 kHz). Further, low-frequency ac-
conductivity measurements indicate that the dielectric re-
laxation mode in the sample considered here has a
characteristic frequency of fDR =20 kHz. Hence, it ap-
pears that the ac-dc interference effects seen in Ko 3Mo03
at 77 K are a result of interactions between the external
ac signal and the low-frequency dielectric relaxation
mode present in this material.

By considering in greater detail the low-frequency be-
havior of blue bronze, it becomes clear that the observed
ac-dc interference effects must relate to the low-frequency
mode. In particular, the narrow-band-noise frequencies
typically produced by Ko 3Mo03 crystals are relatively
low, between 10 and 100 kHz. In addition, dc CDW
motion has been shown to be strongly damped below 100
K, with the degree of damping growing with decreasing
temperature. The damping is such that the CDW con-
ductivity in dc electric fields, far in excess of the thresh-
old field, is limited to the normal carrier Ohmic conduc-
tivity. The NBN frequency and dc conductivity predict-
ed by Eq. (9) are

respectively, where g(E) is a function of the applied elec-
tric field E with the limiting behavior: g (E(Er ) =0 and
g(&&&&r)=1. Equations (11) and (12) indicate that
large CDW damping (small r) is responsible for low dc
CDW conductivities and NBN frequencies (small NBN
frequencies and CDW conductivities cannot be attributed
to variations in Q or m ' because both are tied to the
CDW gap). This suggests that the small characteristic
frequency cooi in blue bronze stems from large CDW
damping.

An estimate of coos can be obtained from the experi-
mental data by considering the threshold dc electric field
in the single-particle model. From Eq. (9) the threshold
field Ez- is

m
~o .

e
(13)

fNBNj,= o„(E»Er)Er .
JcDw

(14)

The pertinent experimentally determined parameters for
the sample considered here are f~B~/JCDw =12+3
kHzcm2/A, Ez =320 mV/cm, and oz, (E »Ez )=10
(Ocm) '. Based on these numbers, Eq. (14) yields a
value of f0=38+10 kHz. This result is in reasonable
order-of-magnitude agreement with the frequencies deter-
mined from both the fit to the Shapiro-step data (f0

=25
kHz) and from the ac-conductivity measurements
(fD& =20 kHz). Hence, it appears that Eq. (9) roughly
accounts for the fundamental frequency of the low-
temperature dielectric relaxation mode in blue bronze.
Further, the analysis indicates that the low-frequency ac-
dc interference effects in this material are a direct result
of the external signals interacting with the low-frequency
dielectric relaxation mode.

This analysis suggests that large CDW damping is re-
sponsible for relatively low CDW conductivities, NBN
frequencies, and characteristic dielectric-relaxation-mode
frequencies associated with the sliding CDW state in
Ko 3Mo03. Tucker et al. recently pointed out that the
Arrhenius behavior displayed by the characteristic fre-
quency of the dielectric relaxation mode closely matches
the activated temperature-dependent behavior exhibited
by the low-field resistance Ro in Ko 3Mo03. Based on the
close correspondence between fDR(T) and Ro(T), Tuck-
er et al. suggest that both the strong CDW damping and
the low-frequency dielectric relaxation mode that occur
in Ko 3Mo03 result from normal carrier screening of
charge polarizations present in the CDW when in electric
fields below threshold.

The low-frequency interference effects evident in blue
bronze are analogous to those seen in NbSe3 at higher fre-
quencies. ' ' Hence, both the low-frequency and high-

This yields an expression for coo~ in terms of E~ and
Qerlm'. To obtain coos in terms of experimentally
determinable quantities, we utilize the high-field limit of
Eq. (12) [g(E ) = 1], as well as the NBN-
frequency —to —CDW-current-density relation [Eq. (7)].
By substituting these expressions into Eq. (13),
fo=coor/2m becomes
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frequency conductivity modes in CDW materials appear
to be qualitatively similar. This lends support to the
theories concerning screening effects of normal electrons
on the CDW as first discussed by Sneddon and more re-
cently by both Tucker et al. and Littlewood. In com-
pletely gapped CDW materials, normal electrons act to
screen the moving CDW, leading to an enhancement in
CDW damping and the creation of an overdamped, low-
frequency pinned mode. This screening action can only
take place in the low-frequency ( & 10 MHz) limit. In the
high-frequency () 100 MHz) limit, normal electrons are
ineffective in damping CDW motion, and an additional
unscreened and underdamped, "bare" high-frequency
pinned-phason mode should be realized. The Shapiro-
step data presented here provide direct evidence that
these two modes are qualitatively similar in that external
driving fields can couple to them in an analogous manner.

C. ac-conductivity resonances

The data presented in Figs. 6—10 clearly indicate that a
resonancelike anomaly occurs in o (co) when the internal
NBN frequency or one of its harmonics coincides with
the frequency at which the ac conductivity is being mea-
sured. In this section we examine the detailed nature of
these resonant anomalies.

The anomalies appear as sharp inductive dips in either
Imo(co) or e(co). The corresponding feature in Reer(co)
appears as gradual positive and negative peaks located
equidistant above and below the resonance position, re-
spectively. At resonance, Reo(co) appears unchanged
from its inferred value if no resonance had occurred. A
comparison of the anomalies in Reo(co) for bias-swept
data [Fig. 6(a)] and for frequency-swept data [Fig. 10(b)]
shows that the ordering of the positive and negative
peaks relative to the central resonance position are inter-
changed in the two cases. For bias sweeps, a negative
peak occurs just below resonance (fNBN &co/2n), while.
for frequency sweeps this negative peak occurs above the
resonance (co/2m'& fNBN ). This suggests that the param-
eter which best characterizes the resonance condition is

~f =fNBN —
2

(15)

Regardless of which parameter is swept, Reo (co) shows a
rounded positive peak when b,f approaches zero from
above (b,f)0) and a negative peak when approaching
zero from below (bf &0). In either case, a sharp nega-
tive peak occurs in Imo (co) centered at Af =0.

The response at resonance is functionally analogous to
a resonant harmonic oscillator, but with a phase shift
which allows the main resonance at bf=0 to occur as a
negative peak in Imo. (co). To better understand this
phenomenon, we consider the response of the sample to a
low-amplitude ( V„« VT) ac signal in combination with
a depinning dc bias V= Vd, + V„cos(cot). The normal
carriers will respond with a current I„cos(cot ) completely
in phase with the ac signal. The CDW responds with a
current IcDw „cos(cot +8), where the phase angle 8
rejects the fact that the CDW conductivity has both a
real and an imaginary component (8&0). In addition to
these signals, there is the CDW current produced by the

dc bias. This includes both a dc current IcD~ d, and an
oscillating current related directly to the narrow-band
noise, INBNh(~NBNt+p), where h is a periodic function
with a period 1/coNaN. The function h(cot) can be well
approximated by a complex sinusoidal function e' '. The
complete current response becomes

ICDW, d + (I +ICDW; e INBN

The total ac conductivity at the probe frequency co is

( ) (I) ~ cDN', ;@~ NBN~I I . I

(16)

I INBN
& Imo (co =

coNBN ) =
V„

This expression makes a number of specific predictions
about the inductive dip which can be directly compared
to the data presented in Figs. 6—10. First, Eq. (18) sug-
gests that because the size of the NBN oscillations de-
pend only on the dc bias and not on the ac magnitude or
frequency, the magnitude of the inductive dip should be
independent of the frequency at which the resonance
occurs. The measured dip magnitude 6 Imo. is plotted as
a function of the resonance frequency in Fig. 11. Clearly,
6 Imo. is independent of the resonance frequency, with a
value of b, Imo =1.0+0. 1 (0 cm) '. This can be directly
compared to experimental parameters; with an ac signal

1.2

K0 3 MOOg

T = 77 K

I I

40 80 120
frequency (kHz)

FIG. 11. The magnitude 6 Imo. (cu) of the inductive dip in the
imaginary part of the conductivity at resonance. The dip mag-
nitude is roughly independent of frequency, with an average
value of 1.0+0. 1 4,

'Q cm) ' as indicated by the dashed line in the
figure.

(17)

where the angular brackets ( ( ) ) denote a time average,
and 5,b is a Kronecker delta. For co&coNBN, only the
normal and CDW conductivities contribute to the mea-
surement. For ~=coNBN, an extra contribution to the
conductivity will result from the NBN signal. In order
for the resonant conductivity enhancement to appear as a
negative dip in the out of phase component, the phase an-
gle at resonance must be P = —n./2.

The size of the inductive dip is predicted by Eq. (17) to
be
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amplitude of V„=1 mV and a NBN current of
Izaak = 10+3 nA (100 pV across 10 kQ), Eq. (18) predicts
a dip magnitude of 6 Imo =0.6+0.2 (Q cm), in
reasonable agreement with the measured value. With
6 Imo independent of frequency, the ac dielectric con-
stant should be inversely proportional to ~, in agreement
with the data presented in Figs. 7 and 9. The inclusion of
I&a~ in Eq. (18) also indicates why the resonances involv-
ing NBN harmonics are smaller than the resonance in-
volving the fundamental NBN peak. This arises from the
fact that magnitude I&8& of a harmonic NBN peak drops
as the harmonic order increases. Lastly, Eq. (18) would
suggest that, for V„«VT, increasing V„should, in
turn, decrease the relative size of the resonance anomaly.
Although 5 Imo. was not measured as a function of V„
here, a reduction of b Imo with increasing V„has been
observed in NbSe3. '

We now consider the resonance anomaly in Reo(co).
By a simple Kramers-Kronig analysis, positive and nega-
tive peaks in Reer(co) must occur if a sharp, negative reso-
nant peak appears in Imo (co). In terms of the harmonic-
oscillator analogy discussed earlier, it would appear that
off (but near) resonance (bf&0) the phase P of the NBN
signal relative to the ac probing signal must depart from
the value at resonance (P = —

m /2). In order to correctly
account for the signs of the peaks in Reo(co) above and
below bf=0, this phase angle must have the limiting be-
havior P = —m. for bf ((0, and P:-0 for bf ))0. Fur-
ther, the harmonic-oscillator analogy would suggest that
the inductive dip 5 Imo. should be twice as large as the
size 6 Reo of the peaks in Reer. The ratio of these mag-
nitudes in Fig. 6 is (b, lma)/(b, Rea )=1.7, while in Fig.
10 it is (b, Imcr )/(b, Reo. ) = 1.9. Both values are in
reasonable accord with the factor-of-2 harmonic-
oscillator prediction.

The ac-conductivity resonance effects reported here
differ from those previously observed in NbSe3 only in
the relative sharpness of the anomalies in Reo. . In NbSe3,
the anomaly appears more as a steplike feature than as a
pair of positive and negative peaks. The relative sharp-
ness of this feature in a resonant harmonic oscillator is
controlled by the damping parameter. With large damp-
ing, the resonance is broad and a pair of gradual peaks
appear in the out-of-phase conductivity centered about
the resonance frequency. As the damping falls to zero,
these two features form into a sharp steplike anomaly
which occurs exactly at resonance. This suggests that the
damping related to the resonance in K~ 3Mo03 is larger
than that in NbSe3. As discussed in the preceding sec-
tion, the CDW in blue bronze is highly damped below
100 K, ' whereas the CDW's in NbSe3 are not
efFectively damped. Hence, it would appear that the
differences between the resonant anomalies in these two
materials directly reAect the different relative CDW
damping that exists within them.

There is still no complete understanding of why the
NBN oscillations are —m/2 out of phase with the prob-
ing signal at resonance. The general features of these res-
onances in o(co) have been accounted for by numerical

solutions of both a Frenkel-Kontorova model and the
tunneling model' [as yet, the predictions of the single-
particle classical model, Eq. (9), have not been numerical-
ly calculated]. In both cases, no efFort was made to un-
derstand why the NBN signal is —n./2 out of phase with
respect to the probing signal at resonance. In voltage-
driven pulsed mode-locking experiments, it has been
found that the phases of the NBN oscillations are always—~/2 out of phase with respect to the start of the
pulse. Therefore, whatever the cause, the —m. /2 phase
shift between the NBN signal and an external ac signal at
resonance appears to be a general feature of CDW
response.

V. CONCLUSIONS

The results presented in this paper indicate that a high-
ly coherent response can be obtained in very thin
Kz 3Mo03 samples. Further, this strongly coherent slid-
ing CDW state can couple with combined ac and dc fields
to cause a variety of interference effects which are analo-
gous to those scen in NbSe3 and TaS3. In particular, the
CDW can be mode locked to a large-amplitude ac driving
signal, resulting in the formation of Shapiro steps in a
sample's differential resistance. The relative height of the
Shapiro steps observed in blue bronze indicate that up-
wards of 50% of the CDW becomes locked to the exter-
nal ac field. In the presence of small-amplitude ac prob-
ing fields, the dc-biased complex ac conductivity shows
strong resonance features due to the interactions between
the NBN signal and the probing signal. Although a
CDW is a many-particle system and, in general, must be
described by a many-particle Hamiltonian, both of these
phenomena can be accounted for by using a simple phe-
nomenological single-particle equation of motion. This
indicates that the CDW internal degrees of freedom can
be neglected when describing, in a simple way, these ac-
dc interference efFects.

Analysis of the interference features present in the
response of the CDW in Kc 3Mo03 show evidence for
strong damping of the charge-density wave. This is evi-
dent both in the low-frequency Shapiro-step data and in
the relatively broad resonance features which appear in
the real part of the conductivity when cr(co) is measured
in the presence of a depinning bias. Hence, although ac-
dc interference phenomena appear to be universally ex-
hibited by depinnable CDW s, underlying interactions
within the CDW (i.e., internal degrees of freedom) mani-
fest themselves as subtle variations in the overall resonant
and mode-locked response.
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