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Superconducting pairing of holes in the antiferromagnetic state of the
two-dimensional Hubbard model

G. Vignale
Department of Physics, University of Missouri Co-lumbia, Columbia, Missouri 652I I

K. S. Singwi
Department of Physics, Northwestern University, Evanston, Illinois 6020I
(Received 26 August 1988; revised manuscript received 4 October 1988)

The weak-coupling form of the effective interaction between two holes in the antiferromagnetic
state of the two-dimensional Hubbard model near half-filling is derived. It is shown to predict a
Cooper instability in the singlet d-wave channel, with binding temperature T, & 100 K. Our re-
sults differ from those of the "spin-bag" theory of Schrieffer, Wen, and Zhang.

The two-dimensional Hubbard Hamiltonian

H = t g QtvQJ~+ U+nt 1 nt l,
&ij )cr i

with nearest-neighbor hopping on a square lattice is
presently the object of intensive study, motivated by the
hope that this model could capture the essential physics of
high- T, superconductors. '

In the limit of a half-filled band the weak-coupling
theory (Hartree-Fock, hereafter abbreviated as HF) pre-
dicts the occurrence of itinerant antiferromagnetism, i.e.,
the ground state is a spin-density wave with periodicity
commensurate with the lattice spacing.

At present, it is not clear whether high-T, superconduc-
tors are better described by a weak- or by a strottg-
coupling picture. But, if we adopt the weak coupling point
of view seriously, we are then obliged to conclude that a
better starting point for an analysis of correlation effects is
the antiferromagnetic HF (AFM-HF) state, and not the
paramagnetic state.

In this paper, we study the effective interaction between
two holes added to the half-filled ground state. The di-
agrammatic analysis of the scattering amplitudes is
modified to account for the fact that the zero-order wave
functions are Bloch waves in the HF state. Our primally
purpose is (i) to derive the weak-coupling form of the
effective interaction between two holes in the AFM-HF
state near half-filling and (ii) to show that, on the basis of
this interaction, the weak-coupling theory unambiguously
predicts a Cooper instability in the singlet d-wave channel
with binding temperature T, & 100 K for reasonable
values of the parameters.

Our results differ from those of the "spin-bag" theory
of Schrieffer, Wen, and Zhang, which predicts a nodeless
superconducting gap in the AFM state. The reasons for
this difference will be discussed in the following.

The AFM-HF ground state at half-filling (noninteract-
ing chemical potential @=0) has a completely filled
valence band v and an empty conduction band c. The
band energies are E„q= —Eq and E,~ =+Eq where
Ek (ek+d )'t and ek= —2t(cosk a+costa) (a is the
lattice spacing). The antiferromagnetic gap 4 is deter-

and

y.k.(l) =L, '"(ave —uket~')e'"'

y k (I) =L ' '(u1, +avke' ')e'"'

(3)

where o +(—)1 for spin t(/), Q=( tra/, tr/a) is the
nesting wave vector, L is the number of lattice sites, and
uk (1+ek/Ek)/2& vk 1 uk ~

Let us introduce two holes with opposite momenta in
the valence band and study their effective interaction.
With the gap equation (2) to guarantee the vanishing of
the first-order self-energy insertions, one can easily verify
that the perturbation expansion for the scattering ampli-
tude retains the same form as in a genuine two-band semi-
conductor. The simplest, nonperturbative form for the
effective interaction is given by the sum of the "bubble"
and "ladder" diagrams shown in Fig. 1. ' The Green's
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FIG. 1. "Paramagnon-type" diagrams for the effective in-

teraction between valence-band holes in the 11 (singlet + trip-
let) and t t (triplet) channels.

mined by the usual HF self-consistency condition:

U
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Here and in the following, the momentum sum is over
the reduced Brillouin zone: —tr/a ~ k„» + tr/a; —tr/a
+ [ k„ f

~ k, ~ n/a —
/ k„ f .

The Bolch wave functions for the two bands are
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function carries a band index n c or v and the interaction lines represent matrix elements of the Hubbard interaction be-
tween the antiferromagnetic wave functions of Eq. (3).

We obtain the following expressions for the effective interaction at half-filling and zero-energy transfer:

(,) l (k, k')
1 —U'g.'(k —k')

and

m z(k k'), n'(k, k')g&(k+k')
1 —U gg(k —k'+ Q) 1 —Ugg(k+ k')

p'(k, k')g. (k+ k'+Q)
1 —Ug, (k+k'+Q)

(4a)
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where

( ) 2g p (k,k+q)
1~+E~+

(5)

is the longitudinal spin polarizability of the antiferromag-
netic state at half-filling and g&(q) is the transverse spin
polarizability given by Eq. (5) with the "coherence fac-
tor" p replaced by m. The coherence factors are

I (k, k') =uk uk + vk vk =-1,

m(k, k') ukvk +vkuk =5 /(p +a'),

n(k, k ) ukuk' vkvk'=p /(p +5 ),
(6)

p(k, k') upvk —vkuk =0,
where the approximate equalities on the right hold when k
and k' are near the energy line ~ p. The f ) interaction
contains both the singlet and the triplet scattering ampli-
tudes (parts even and odd in k', respectively), while in the
f f interaction only the odd part in k' is relevant.

We now.discuss the physics of the various terms. The
second square bracket in Eq. (4a) is the contribution of
transverse spin fluctuations and, because of Eq. (6), van-
ishes in the limit p ~ 0. This means that the spin-wave

I

I

mode plays essentially no role near half-filling. The ex-
pressions (1 —U g&)

' and Ug&(1 —U g~) ' in Eqs.
(4a) and (4b) can be decomposed as [(I —Ug&)
~ (1+Up&) ']/2. The first term of the sum is the con-
tribution of longitudinal spin fluctuations, i.e., modula-
tions of the amplitude of the spin-density wave. The
second term is the contribution of charge fluctuations.
Each contribution appears in two distinct channels, which
we denote as the "normal" channel, i.e., the one with
momentum transfer k —k', and the "umklapp" channel,
i.e., the one with momentum transfer k —k'+Q. 7 We see
that at half-filling the effective interaction between holes
of opposite spin is antiperiodic in momentum space,
changing sign whenever the nesting wave vector Q is add-
ed. Therefore, any s-wave average of the interaction on
the Fermi line vanishes exactly.

Similarly, the p-wave average for parallel spin holes
vanishes exactly because the f f interaction is periodic
with period Q, while the -wave symmetry factor
g„(k) sink„a is antiperiodic. Thus, the simplest non-
vanishing possibility is given by the symmetry factor
g~2 y2(k) cosk„a —costa which is antiperiodic.

Following a recent treatment by Scalapino, Loh, and
Hirsch, we now define the d-wave coupling constant

,g„, (k') V(k' —k)g„. ,*(k)
dk I

dk', , dk
g„'~ y2(k),FL vk FL vk'

x —y ~FL x y

where vq=BE+8k, and k and k' are integrated over the Fermi line corresponding to a given band filling set by p. Just as
in Ref. 5 the coupling constant is renormalized by dividing X by I+X, to take into account the wave function and mass
renormalizations. The expression for k, is similar to Eq. (7) with a symmetry factor g 1 and an effective interaction

V+(k —k') -U' I'(k k') +m'(k k')
1 —U gg(k —k') 1 —U gg(k —k'+Q)

+U' n'(k, k') ', +p'(k, k') (g)
1 —Ugg(k —k') 1 —Ugg(k —k'+ Q),

The effective coupling constant is given by

Now, although A, and K are both divergent (because of
the infinite density of states), the ratio X/X, remains finite
in the half-611ing limit. Furthermore, due to the presence
of an extra logarithmic singularity arising from the ~

'

corners of the Fermi line, we are able to calculate analyti-

cally the limit of X as p ~ 0. We 6nd

lim X Ug~(Q) (10)
p, 0

with logarithmic convergence toward the limit. The limit-
ing value of A. as a function of the local magnetic moment
m (2h/U)p~ is plotted in Fig. 2. It tends to 1 for small
U(m ~ 0) and vanishes for large U(m ~ 1) as the inter-
band polarizability g& tends to zero. A crude estimate of
the Cooper pair binding temperature is T, =Aexp( —I/k)
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FIG. 2. Effective coupling constant k and BCS transition
temperature d,e '+ as a function of local magnetic moment m
(in units of Bohr magneton). m is equal to 0.0, 0.38, 0.69, and
0.93 for Ult 0, 2, 4, and 10, respectively.

FIG. 3. Effective coupling constant A, as a function of hole
concentration. Only interband transitions are included. Dashed
line is the result without including transverse spin Auctuations.
Inset: AFM gap vs hole concentration.

where d, acts as a high-frequency cutoff for the interac-
tion. (This is substantiated by our calculations of the fre-
quency dependence of the interaction. ) The maximum
value of T,(-0.08t-460 K for t 0.5 eV) is obtained
around U=3.2t, d, =t, and m =(2hjU)pti=0. 6pti (see
Fig. 2), which is rather close to the experimentally ob-
served value m =0.5pg.

While the above results predict the existence of a Coop-
er instability for just two holes in the valence band, it is
clear that superconductivity cannot occur at precisely
half-filling, since there are no free charge carriers. How-
ever, for slightly less than half-filling, whenever a macros-
copically large number of holes is present, our results do
indicate superconductivity. To substantiate this idea we
have calculated numerically the effective coupling con-
stant as a function of hole concentration. The effective in-
teractions and AFM gap are still given by Eqs. (4), (5),
and (2), but the momentum sums are now restricted to
the occupied states. The integrals in Eq. (7) are per-
formed over the Fermi line corresponding to partial occu-
pation of the valence band. Figure 3 shows k as a function
of hole concentration x at a typical value U 4t. At very
small values of x, X extrapolates well to the x =0 limit of
Fig. 2. In this region X decreases as a function of x. How-
ever, at slightly larger values of x, X begins to increase due
to the switching on of the transverse spin-Auctuation term.
This behavior is expected on physical grounds, since spin-
wave Auctuations become stronger as the antiferromag-
netic gap becomes "softer. " (See inset in Fig. 3.) Note
that the estimated BCS transition temperature remains
quite high (T, ) 100 K for t =0.5 eV) over the whole
range of concentrations in which antiferromagnetism is
present. The only serious approximation in this calcula-
tion was the neglect of intraband transitions within the
partly empty valence band. These transitions, if included,
~ould lead to an instability of the AFM state in favor of
an incommensurate state which is mathematically dificult

to handle. Thus, our point of view has been —as in Ref.
6—to assume that the commensurate state is locked in by
some physical mechanism. In this hypothesis, intraband
transitions should play essentially no role near half-filling.

Recently, Schrieffer, Wen and Zhang (SWZ) suggest-
ed that the exchange of longitudinal spin fiuctuations in
the AFM background could lead to a nodehess supercon-
ducting gap. In the present treatment, the "spin-bag" in-
teraction of Ref. 6 is obtained by considering only the um-
klapp channel in the longitudinal spin-Auctuation term.
This part of the interaction is

yspinbag(k k~) rrt ( & ) (11)
2 1 —Ugg(k —k'+Q)

In agreement with Ref. 6, it is attractive, independent of
spin orientation, and would lead to s-wave pairing. How-
ever, our Eq. (4) shows that there is also a "normal"
channel contribution which must be treated on equal foot-
ing. With both contributions included, the s-wave gap
vanishes and a d-wave gap is found instead. Of course
this conclusion depends crucially on our Fermi line being
assumed close to the large square loop I k~ I

=rr —
~ k„ I.

A different form of the hole Fermi line has been recently
proposed, which can be mapped into a small circle
around one corner of the reduced Brillouin zone. If this
were the actual shape of the Fermi line, then only the
spin-bag term [Eq. (11)]would dominate and would lead
to a nodeless superconducting gap within the circle, in
agreement with the original suggestion of SWZ. This
possibility has not been considered here.

In summary, the central result of this paper is the
derivation of the weak-coupling form of the eA'ective in-
teraction between two holes in the antiferromagnetic state
and, particularly, of its antiperiodic momentum depen-
dence which favors d-wave pairing. On this basis we pre-
dict (i) coexistence of antiferromagnetism and d-wave su-
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perconductivity' and (ii) high T, near half-filling. A pre-
liminary extrapolation of the theory from half-filling indi-
cates that similar features may persist over a wide range
of doping concentrations. Thus, the theory does not ex-
plain why there is no superconductivity in the oxides for
small doping and why antiferromagnetism disappears so
rapidly with increasing x. These difhculties are probably
related to an insufficient treatment of Auctuations, as they
appear also in strong-coupling mean-field theories of the
Hubbard model. "'

Note added in proof. After submitting this manuscript

we became aware of another paper [Z. Y. Weng, T. K.
Lee, and C. S. Ting, Phys. Rev. 8 38, 6561 (1988)l which
provides an analysis of the effective interaction between
doped holes similar to ours, and reaches similar con-
clusions about d-wave superconductivity.
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shape of the Fermi line.
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