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Effective-medium theory for the fracture of fractal porous media
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A general energy-balance theory is developed for the fracture of fractal porous media using an
eff'ective-medium approximation to couple the fracture resistance to the (fractal) mass distribu-
tion. The decreasing resistance field derived increases the size and rate of size increase of flaws

under the influence of localized loading. A general destabilizing field associated with a uniform

applied stress is presented and used to examine the strength behavior: Strength is predicted to
scale with the dominant flaw size according to oo —co ', where D is the fractal dimension
of the medium ( & 3), and a is an exponent characterizing the variation of the destabilizing field

with crack length () 1). Hence, for a given distribution of flaw sizes, a porous fractal medium
will exhibit lower, more variable strengths than a homogeneous medium.

Fracture of porous media has been primarily examined
by computer simulations of systems of L x L bonds, dilut-
ed by the removal of bonds to some fraction p, &p & 1,
where p, is a characteristic bond fraction at which a prop-
erty of interest of the system disappears. ' For example,
the scaling of the elastic modulus with (p —p, ) has been
examined, ' as has the way a critical failure stress scales
with the system size L for fixed initial (p —p, ) and/or dis-
tribution of bond strengths. ' Similar simulations have
examined the behavior of critical voltages for the analo-
gous systems of electrical fuses. Some experimental
studies have investigated the modulus and fracture' of
randomly holed films. However, only in a very few cases
have connections been made with the energy balance
framework of fracture mechanics in the consideration of
the behavior of the single (dominant) fiaw in a body. "'
This is a significant omission for two reasons. First, most
brittle materials fail by the propagation through the body
of a single Aaw which interacts with elements of the mi-
crostructure (e.g. , porosity) which remain essentially stat-
ic. '3 Second, consideration of the energy exchanges pro-
vides constraints on the fracture behavior which must be
obeyed, independent of the actual mechanisms of bond
rupture or the detailed nature of the stress concentration
field about a crack tip.

Crack propagation is mediated by the exchange of
mechanical energy U~ (essentially the elastic strain ener-

gy stored in the body less the work done by the applied
loading), with surface energy Ug. Hence, consideration of
the variation of the total energy UT =U~+Up for virtual
crack advance yields predictions about the fracture behav-
ior. ' For'example, the strength of a body may be deter-
mined by calculating the condition for equilibrium at
given crack length (i.e. , the first derivative of UT is zero)
and showing that the equilibrium is unstable (i.e., the
second derivative is negative). In his classic 1920 paper
Griffith used the first of these conditions to predict
correctly the strength behavior of glass. ' The essential
physics of the unstable equilibrium is that a crack advance
decreases the strain energy in a volume of material,
whereas the surface energy increases merely with crack
area.

Here we present a general theory for the fracture prop-
erties of porous media based on the energy balance ideas,
and use this theory to examine the stability and instability
of single cracks under general loading conditions. Scaling
relationships are derived between the strength of the body
and the dominant crack length. Our analysis wi11 be an
effective-medium formulation, as the work necessary for
incremental crack extension will be coupled to the mean
density of bonds on the crack front. This is equivalent to
"smearing out" the interatomic bonds to a continuum over
the prospective crack path (not necessarily planar) and
constraining the crack outline to be similar at all stages of
propagation.

The model porous system considered is formed by the
aggregation of small particles in multiple generations
(Fig. 1). ' This structure is closely allied to those arising
in simulations and, as we shall see, provides a great con-

FIG. 1. Schematic of multiple generation aggregates forming
a fractal, porous material.
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Us =2y(c/B)D 'a, c ', (2)

where 2y is the surface energy of the generating particles,
c is the projected crack length, a,c ' is the "extent" of the
crack, and DT is the topological dimension of the crack
[e.g., for a circular crack (a, DT) is (x, 2)]. The scaling
of U& with the scalar variable c via the mean density of
Eq. (1) is the appropriate effective-medium approxima-
tion, rather than the scaling of 2y as used previously. "
Strictly, Eq. (2) applies only for integer values of DT
where the areal and lineal relative densities of random
slices through the fractal network scale as given by Eq.
(1).' For noninteger values of DT, D in Eq. (2) repre-
sents the actual variation of bonds encountered by the
crack on its (fractal) path, and is related to the mass frac-
tal dimension by a function involving the perturbation of
DT from an integer. In any event, the limit 3 —D & DT
applies, i.e., the propagating crack cannot remove bonds
more rapidly than were omitted in the original aggrega-
tion process. The fracture resistance R (the work per unit
area necessary for virtual crack advance) is given by
diff'erentiating Ug with respect to the extent of the crack

R =de/d(a, c ')

trast with the fracture properties of conventional materi-
als. The mass M of material as a function of radial coor-
dinate r is given by M(r) =mo(r/6) where mo is the
mass of the smallest particle, 6 is the range of interaction
between the particles, and D is the mass fractal dimension
given by D =3+in(P)/ln(S) ~ 3 where P is the packing
fraction for a single generation of aggregates and S is the
size ratio between generations of aggregates. The relative
density of such a structure is then

p/po-(r/S)D ',
where po is the effective density of the smallest particle
and the upper-bound density of the system. We anticipate
that at some large dimension 0 the aggregates will begin
to pack in a Euclidean way, ' thereby setting a lower
bound on the density. The connectivity threshold p, for
this system is zero, implying that most choices of L/6 and
D will lead to systems outside the "critical region"
identified by Sornette, ' so that effective-medium ideas
are applicable. In addition, we assume isotropic force
constants between the particles once packed, such that the
rigidity and connectivity thresholds are identical. '

For materials described by Eq. (1) the surface potential
energy is
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als such as glass and single crystals where the density of
bonds does not vary throughout the material. ' ' We
note in this context that other packing schemes generate
different dependencies of density on scale. For example,
the packing of uniform disks around a central seed so as to
maintain orientational order generates structures which
increase toward the Euclidean density as the scale in in-
creased, ' in contrast to the decreasing density described
in Eq. (1). For this latter case, the fracture resistance
scales as R-c, and the properties of such a resistance
field variation have been examined in the context of ener-
gy dissipation mechanisms arising during crack propaga-
tion.

The parameter characterizing the change in mechanical
potential energy UM of the system during virtual crack
advance is the mechanical energy release rate,
G = —dU~/d(a, c '). Equilibrium of the fracture system
is obtained for 6 =R [i.e., for d(UT)/d(a, c ') =0], and
the equilibrium is stable for dG/d(a, c ') (dR/d(a, c ')
[i.e., for d (UT)/d(a, c ') &0]. We see that the de-
creasing R curve for these materials acts to decrease the
likelihood of stability. Mechanical energy release rate
fields which give rise to stable cracks usually derive from

-localized loadings and are written generally as

CRACK LENGTH c

FIG. 2. Variation of the fracture resistance g with crack
length e for a porous fractal aggregate (logarithmic coordi-
nates).

2y(c/~) [(D 3+DT)/DT] G =Dc (4)

=I c (3)

shown in Fig. 2. The resistance field decreases with crack
length from an upper bound of 2y to a lower bound of
I 0, according to the degree of departure of the aggre-
gates from Euclidean packing, g = (3 —D). The ampli-
tude of the resistance field I is proportional to the surface
energy of the particles and is held above 0 by the (D,DT)
constraint above.

The decreasing fracture resistance of such materials is
in contrast to the flat R curves observed in brittle materi-

(I-l/I-) 1/( —) (5)

shown in Fig. 3. The stable crack length increases with
the amplitude of the stabilizing field and decreases with
the amplitude of the resistance field. Localized fields are
the cause of stable Aaws which may only propagate to

where H is the amplitude of the field and r characterizes
the geometry of the loading. For r )g stability is assured,
and the stable crack length is obtained by simply imposing
the equilibrium condition [equating Eqs. (3) and (4)] to
gain
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which is consistent with the limiting solution for infinite
homogeneous media (a e 1) of'9

Q'p T/ lj/co (10)

co-a

STABILIZING FIELD II

FIG. 3. Variation of crack length co with amplitude of the
stabilizing propagation field II (logarithmic coordinates).

failure under the action of subsequent destabilizing load-
ings. We see in Fig. 3 that not only are the Aaw sizes
greater in the fractal region than in the Euclidean region,
but that co increases more rapidly with H in this latter re-
gion.

Of perhais more interest is an unstable equilibrium
[dG/d(a, c ') )dR/d(a, c ')], characterizing the
strength of a component. The destabilizing field we con-
sider here is that arising from a uniform stress o, imposed
over a crack, for which

U~= —cr, a c ' /E,
where we scale the extent of the stress concentration field
about the crack, a c ' ', with power e greater than the
extent of the crack. We expect e to be close to its upper
bound of 1 subject to the constraint of DT+e~ 3. E is
the Young's modulus. Hence,

G = —der/d(a, c ') =rr, c'(a /a, ) [DT+e)/DT]/E .
(6)

Equation (6) is a lower bound on the G(c) variation as the
crack length dependence of E has been neglected. In gen-
eral E will be a decreasing function of c (and of L), ' ' as
fewer bonds per unit volume remain as the crack propa-
gates, and, hence, the general form of 6 is

where T=(2yE)'/ is the toughness and @=2/x'/ ap-
propriate to a circular crack (D, DT, tt„a~)=(3,2, m,
—', ), or y n''/ appropriate to a linear crack in a body of
thickness iv(3, 1,2w, xw). (This latter configuration is ex-
actly that studied by GrifItth. ' ) In both homogeneous
and fractal regions the strength scales with the toughness.
However, in the fractal region the decrease in strength
with crack length is far more rapid, shown in Fig. 4. In
this region strength scales as cro —co(D ')/2, leading to a
much broader distribution of strengths for a given distri-
bution of Aaw sizes in the fractal region than in the Eu-
clidean regions.

We note that the scaling relationship for strength de-
rived here is very similar to that observed empirically by
Beale and Srolovitz in their simulations: cro-co '/", for
I ~ p ~ 2 in two dimensions. Beale and Srolovitz sug-
gested that the upper bound on p was applicable to isolat-
ed defects (corresponding to D=3 and a 1 here, i.e., a
homogeneous infinite medium), and the lower bound appl-
icable to adjacent defects (corresponding to the minimum
value of D =2 here, for a one-dimensional crack in a max-
imally porous medium). The scaling of the strength with
respect to the size of the body is also similar to that ob-
served empirically. If the pores in these materials are con-
sidered to be cracks, as is true in the point connected
bonds of the simulations, then the maximum crack size
scales as the correlation length g, ' ' co—g-min(L, Q).
Hence, for L & Q we have from Eq. (9), rJo —L
which compares with oo —L /" derived by Beale and
Srolovitz for the mean strength of a body with Aaws distri-
buted with Weibull modulus I, and which they observed
empirically to describe their data for low m. We note the
further identification of —I/p with (D —4)/2 suggested
by comparison with the critical defect size. For I. & 0 the
strength of the body is independent of the size of the body

—I/2
&0 -co

where a ~ 1. The amplitude of the destabilizing field Zo
at unstable equilibrium is given by equating Eqs. (3) and
(7) at a crack length of cp.

I-

LLI
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I-~ —( +g)
0 CO (8)

Denormalizing Eq. (8) gives the complete scaling law

(2yE ) 1/2c (D —3 —a)/2 (/ / ) 1/2

x [(D —3+DT)/(D +e)] /p (9)

which is more general than that given previously, "and

CRACK LENGTH co
FIG. 4. Variation of strength ego with flaw size co (logarith-

mic coordinates).
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and scales with the maximum flaw size as op 0
A quantitative estimate of the proportionality constant

in the relationship co—min(L, Q) involves consideration
of the second moment of the mass distribution, the la-
cunarity or "gappiness. "' The relationship between P, 5,
and D generates a family of structures with the same
value of D governing the change in the first moment of the
mass distribution (the mean bond density change with r),
but with dilferent second moments (the local bond density
in a particular body of size, L). Calculation of the la-
cunarity should provide a link between this work and the
scaling arguments of Duxbury, Leath, and Beale and
may provide an explanation for the intermediate strength
distributions found in some simulations. '

In closing, we note that the general scaling laws for
fracture developed here [Eqs. (5) and (8)] will also be
applicable to dielectric breakdown where similar propaga-

tion and resistance fields may be defined. ' Many break-
down and fracture processes in real materials however,
occur far from equilibrium, such that perturbations in the
loading (mechanical or electrical) occur on time scales
commensurate with the rate of bond rupture. Hence,
the estimates presented here, as well as the results of
simulations, made in the "thermodynamic limit, '

should be seen as the upper bounds on the strength.
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and T. M. Shaw and M. D. Thouless for useful criticism
of the manuscript. Figure 1 is reprinted with permission
from the American Ceramic Society from "Fractal Di-
mensions of Model Particle Packings Having Multiple
Generations of Agglomerates, "
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