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Slope of specific-heat jump at T, in a very-strong-coupling superconductor
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We have calculated the normalized slope of the specific heat at the critical temperature T, as a
function of coupling strength. As the coupling is increased the slope first increases rapidly from
its Bardeen-Cooper-SchrieA'er value of 2.63, reaches a maximum, and then decreases as we reach
the very-strong-coupling regime. Using a 8-function spectral density, a local maximum is estab-
lished which must be satisfied by any Eliashberg superconductor. Comparison with a recent ex-
periment indicates a serious violation of this bound which, if confirmed, implies that some impor-
tant modification of the theory is required.

The specific heat in the oxides superconductors La-Sr-
Cu-0 and Y-Ba-Cu-0 has been measured by many au-
thors. ' At present, there is some agreement among
various experiments as to the size of the jump AC(T) at
T, (the critical temperature) with some significant varia-
tion oA' the average value. This can be seen from Table I
where we have compiled some of the data. ' To make a
comparison with results of Eliashberg theory, ' it is
necessary to form the dimensionless ratio hC(T, )/AT,
where yo is the Sommerfeld constant. This normalization
is necessary to cancel out an electronic density of states at
the Fermi energy factor which appears in both h, C and fp.
Unfortunately, yp is, at present, not well known for the ox-
ides. This introduces additional uncertainties and makes
any comparison between theory and experiment of the ra-
tio d C(T, )/yoT, inconclusive. It is clear that it would be
useful to seek a comparison which does not depend on our
knowledge of yo.

Recently, Junod et a/. have given results for the
difference in specific heat between superconducting and
normal-state AC(T) at any temperature T below T, and
have compared their results with Bardeen-Cooper-
Schrieffer (BCS) theory. They find that the initial de-

crease in AC(T) near T, is much steeper than predicted
by BCS theory. There is, of course, some uncertainty in
their analyses related to their method of subtracting out
the normal-state specific heat which they take to be ap-
proximated by that of a normal sample with Fe substitu-
tion. This straightforward procedure cannot be accurate
as it leads to a violation of the entropy sum rule noted and
stressed by the authors. Still, the data in the region im-
mediately near T, should suffer less from these limita-
tions. If we normalize the slope of hC(T) at T„namely,
T, ldAC(T)/dTljr to the jump at T, [AC(T, )l, this ratio
will be independent of yp and can be compared directly
with theory. The normalized slope

T ~C(T )=—~
dT C

which we denote by R, depends only on the electron-boson
exchange spectral density a F(Q) and on the Coulomb
pseudopotential p

In this work, we calculate R as a function of the
strong-coupling parameter TJco~„where

2 ""a'F(n) tn(n) d nro~„=exp
Q
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TABLE I. Some representative experimental values for the
specific-heat jump at T[h (CT, )] divided by T, in La-Sr-Cu-0
and Y-Ba-Cu-O. This table does not represent an exhaustive
survey of the literature nor does it include values known to us
only in unpublished form.

This quantity sets the energy scale associated with the bo-
sons that are being exchanged in the pairing process. The
BCS limit results for T,/co~„0.0, the usual conventional
strong-coupling regime ends around S0.20 (Refs. 26 and
27) and the very-strong-coupling regime applies for
T,/co~„—1.0. A first calculation is based on the La-
Sr-Cu-0 spectrum a F(Q) calculated by Weber which
we scale so as to get any desired value of T,/co~„. The pro-
posed scaling is a simple constant multiplicative factor on
vertical and horizontal axis '

M La—Sr—CU —01 (4)

&'F~(& ) =&tiL'a-sr-cU —oF(nb),
where the subscript M stands for model and 8 and b are
the scaling factors. The factor 8 can be adjusted to get a
T, of 96 K or, for that matter, any value that might be of
interest, and b is then varied to change m~„. It is a simple
matter to verify that
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line is for a base 6-function spectrum with Einstein fre-
quency placed at coE =12T, which is well beyond the
maximum in the curve of

dd. C(t =0.9) ( )C

shown in Fig. 3 for a base 8 function as a function of the
position of roE. We see that adding spectral weight at low
energies reduces the normalized slope (7) while an addi-
tion at high energies increases it. This is also true for the
dotted curve with mE =8.0T„although now we are closer
to the maximum at roE =6.1T, of Fig. 3 and the ampli-
tude of the functional derivative is reduced. As we go
through the maximum of Fig. 3, the functional derivative
becomes negative definite as seen in Fig. 2 solid curve for
roE =4.0T, . In this case, adding weight at any energy
reduces the slope given by expression (7). Right at the
maximum in the vase 6-function curve of Fig. 3, which
identifies the optimum frequency coE, the functional
derivative is negative everywhere but it is also exactly zero
right at the optimum frequency mE =6.1T,. Thus, adding
weight to the optimum spectral function
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a~2F(n) =Ah(n roE)—
for p* =0.09 right at the optimum coE leaves the slope un-
changed and adding weight anywhere else reduces the
slope. We have thus obtained a maximum normalized
slope. Comparing this maximum normalized slope with
the maximum in the &function curve of Fig. 1, we find it
to be substantially less—3.67 as opposed to 4.76. Thus, it
should be emphasized that this quantity is sensitive to how
it is taken.

It is of interest to compare our maximum normalized
slope R with that found experimentally by Junod et al. "
From Fig. 7 of Ref; 24 we find a slope of 8-14 depending
on the temperature interval used in the determination.
This is much larger than our maximum value of —4.76.
While this theoretical estimate will change a little with
different values of p*, this difference cannot account for
the large discrepancy between theory and this experiment.
We should keep in mind that the experiments themselves
have some uncertainty, as pointed out by the authors, and
that the experiment of Loram and Mirza gives a smaller
value around 5. Nevertheless, it is important to realize

FIG. 3. The normalized specific-heat slope taken at the re-
duced temperature t =0.9[djdtAC(t)1&=09/AC(T, ) as a func-
tion of roe for a &function spectral density a F(Q)
=AS(n coE). —

that if the larger value is confirmed in other experiments,
this would be the first clear indication that some essential
modification of the isotropic Eliashberg equations are
necessary to explain the data. This statement is quite in-
dependent of the choice of kernels in the Elishberg equa-
tions and does not depend on the preferred boson ex-
change mechanism provided it is assumed that the basic
form of the equations remain valid, in a first approxima-
tion, for other nonphonon exchange mechanisms.
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