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We present a theoretical study of magnetostatic excitations in ferromagnetic and antiferromag-
netic films and in superlattices composed of alternating layers of such materials with paramagnetic
and nonmagnetic substances. The motivation for this study is the possibility of observation of these
modes of motion in slabs and superlattices of diluted magnetic semiconductors by inelastic light
scattering. We classify the excitations in films as “bulklike’”” and “‘surfacelike.” Periodic excitations
propagating along the growth axis of a superlattice occur which can be classified as “pure bulk”
modes if the magnetization of the media behaves sinusoidally in each layer; as “pure interface”
modes if they propagate along the boundary separating adjacent layers while their amplitudes decay
exponentially within each medium and as “bulk-interface” modes when a behavior occurs having
“bulk” character in one medium and “surface” character in the other. We give an analysis of the
dispersion relations of these modes and the ranges within which their frequencies lie.

I. INTRODUCTION

In addition to the ordinary spin-wave excitations in
bulk magnetic crystals there also exist surface modes of
magnetization in finite structures. The amplitude of
these excitations decays exponentially from the surface of
the material toward the interior. Damon and Eshbach'
have studied such modes in ferromagnetic slabs in the
magnetostatic limit. Since their work appeared, consid-
erable interest in surface magnetostatic modes has been
stimulated by the possibility of fabricating superlattices
formed by alternating layers of two different magnetic
materials. Camley, Rahman, and Mills? and Griinberg
and Mika® investigated the spin-wave spectra of semi-
infinite and infinite stacks of ferromagnetic slabs magnet-
ized at right angles to the growth axis and separated by
nonmagnetic gaps. This work was extended by Camley
and Cottam* to slabs of antiferromagnetic materials
separated by nonmagnetic gaps and to ferromagnetic-
nonmagnetic superlattices when the magnetization lies
along the axis of the structure.

These studies are directly applicable to metallic mag-
netic structures. These collective excitations have been
observed in the Brillouin spectra due to magnons in
Mo/Ni superlattices by Grimsditch et al.® and by Schull-
er and Grimsditch.® In this paper we focus on excitations
which are significant for magnetic semiconductors. In
order to provide appropriate background, we review
some of the properties of these materials. We study spin
waves in diluted magnetic semiconductors (DMS’s). The
properties of these materials have been reviewed by Fur-
dyna.’ 10

A typical example of a DMS is Cd,_ Mn, Te which
can form homogeneous solid solutions for Mn atomic
concentrations, x, ranging from 0 to 0.75. Cd,_,Mn,Te
crystallizes in the zinc-blende structure for 0 <x <0.75 in
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which, at random cation sites, Cd is replaced by Mn
atoms. For x <0.17, Cd,_,Mn,Te is paramagnetic for
all temperatures. If x >0.17 there is a magnetically or-
dered phase due to antiferromagnetic coupling between
neighboring Mn?* ions below a critical temperature
T.(x). For example, Cd,_,Mn, Te with x =0.75 is in an
antiferromagnetic phase below 40 K. The magnetic exci-
tations of these materials can be investigated using Ra-
man scattering.!"!> These investigations constitute the
motivation for this work.

A Raman scattering study in superlattices of diluted
magnetic semiconductors was carried out by Suh et al.'?
That work was concerned with scattering by acoustic and
optical phonons as well as by magnetic excitations. Only
the paramagnetic spin-flip excitation was observed even
at liquid-He temperatures in a superlattice composed of
alternating layers of Cd, goMn, ;;Te and Cd, s(Mng sqTe
in which one of the components is expected to exhibit a
magnetically ordered phase. This was taken as an indica-
tion that the magnetically ordered phase had not been at-
tained.

One of the purposes of this paper is to investigate the
nature of the magnetostatic modes in superlattices of
magnetic semiconductors such as those of Ref. 13. We
discuss the possible magnetic excitations in the cases in
which the applied magnetic field H is either parallel to
or perpendicular to the axis of the superlattice 2. The
sample is assumed to be formed by a series of alternating
layers of antiferromagnetic material separated by
paramagnetic or nonmagnetic gaps. For simplicity we
take the axis of easy magnetization to be parallel to or
perpendicular to the growth axis, Z, of the superlattice.
In addition, in each case we take H, along the axis of
magnetization.

In order to understand the nature of the magnetostatic
modes in magnetic superlattices, we first study such
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modes in ferromagnetic and antiferromagnetic slabs.
This is done in Sec. II. We classify the slab modes as
“bulk” and “surface” modes depending on whether their
amplitudes are periodic or decaying along the normal to
the slab. When Hj, is along the normal 2 to the plane sur-
face of the film there are no surface modes while if Hj is
perpendicular to 2 then both bulk and surface excitations
are present.

Section III deals with the magnetostatic modes in su-
perlattices following the work of Rodriguez, Camacho,
and Quiroga.'* In Sec. IV we discuss the application to
the two cases of superlattices of antiferromagnetic semi-
conductors separated by gaps of paramagnetic or non-
magnetic materials. We also investigated ferromagnetic-
nonmagnetic superlattices.

We classify the magnetostatic modes in these superlat-
tices as: (i) “pure bulk” modes, (i) “pure interface”
modes, and (iii) “bulk-interface” modes. In the first the
magnetization is a trigonometric function of the com-
ponent of the wave vector along the superlattice axis. In
the second, the magnetization decays in both types of lay-
ers. Finally in the third the modes behave like bulk
modes in one type of layer and as surface modes in the
other.

" II. MAGNETOSTATIC MODES
IN FERROMAGNETIC AND
ANTIFERROMAGNETIC FILMS

An electromagnetic mode in a magnetic material is
said to be magnetostatic if its frequency v is small com-
pared to v /A where A is its wavelength and v its phase ve-
locity. Under such conditions, the relevant Maxwell
equations are the equations of magnetostatics, namely
VXH=0, V-B=0, where H is the intensity of the mag-
netic field and B=H+47M the magnetic induction. But
these fields vary in time because of the precession of the
magnetization M in an external magnetic field.

We take the z axis of a Cartesian coordinate system
along the normal to the surface of the film which we sup-
pose to extend to infinity in the x and y directions. The
material of the slab is contained in the region 0=z =d, d
being its thickness.

The fields H and M can be written as sums of time-
independent and time-dependent components in the form

H=H, +he i (2.1)
and

M=M,+me "/ . (2.2)

Here h and b=h-+47m also obey the equations of mag-
netostatics and, hence, h can be derived from a magnetic
scalar potential ¢ defined by

h=—-V¢ . (2.3)
The quantities H; and M, are the magnetic field inside
the slab and the saturation magnetization of the system in
this field. The field H; =H,+H) where H; and H, are
the applied and demagnetizing fields, respectively.

In terms of ¢ the magnetostatic equations reduce to
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—V+47V-m=0 . (2.4)

The magnetization M evolves in time according to the
Bloch equation of motion, M=yMXH. Keeping only
linear time-varying terms,

—iom=yMyXh+ymXH, . (2.5)
Equation (2.5) can be written as
m=Y-h , (2.6)

where Y is the susceptibility tensor. Outside the film,
V2¢=0 while inside

dh, 3k,

aZ
144y, =— . L
3 ram)g §== 3 amyy |50 -5

i i i<j

=0. (2.7

The boundary conditions require the continuity of ¢ and
of

—_9% _ 8¢
b, " 2 AT (2.8)

atz=0and z =d.
Solutions for the scalar potential of the form

p=1(z)e T TYY (2.9)
are
Ae'P+Be % 0<z<4d,
Wz)={Ce ", z>d, (2.10)
De?, z<0,
where g7 =g +¢} and
0= — x40y 07 1/t @.11)

with p; =1+4my,;. Application of the boundary condi-
tions shows that waves of the type (2.9) exist when

tanQd = _2qu:u'zz[ q% ~Q21u'32
+(47T)2(szQX +Xzyqy )2]71 .
(2.12)

We can now classify the magnetic modes according to
whether or not their amplitudes decay exponentially
along the z direction. If Q is real, the excitation is “bulk-
like,” while if Q is imaginary (Q%<0), it decreases ex-
ponentially along the normal to the film and we call it a
“surface wave.” Now we consider the cases of ferromag-
netic and antiferromagnetic slabs.

A. Ferromagnetic slab

We consider first a ferromagnetic slab and the two
cases in which the applied field is perpendicular to and
parallel to the surface of the film.

(i) H, parallel to 2. Here the nonvanishing components
of ¥ are
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Xox =Xy =MoH,[H}—(0/y)*]"! 2.13)
and
Xy ="Xypx =iMol/Y)H}—(0/y)*]" . (2.14)

The dispersion relation (2.12) for magnetostatic waves be-
comes

tanQd = —2Qq,(¢? —Q@H ! (2.15)
However, from Egs. (2.11), (2.13), and (2.14)
Q2: _q_%ru’xx . (2.16)

The dispersion relation is obtained solving these equa-
tions for Q and ¢, as functions of the angular frequency.
Bulklike waves are obtained when Q is real, i.e., when
Ly, <O which requires H; <w/|y| <V HH,;. The exter-
nally applied field H, differs from H; by the demagnetiz-
ing field, i.e., H;=H,—4mwM,. For bulklike modes the
dispersion relation reads

q1d =(—py, )" arctan] —2(—p )21 +p,, )7 .
(2.17)

Figures 1 and 2 give the frequency expressed in dimen-
sionless form Q=w/47|y|M, as a function of ¢,d and
Qd, respectively. In these graphs we took H,=40 kG
and 4mM,=20 kG. We note that there is an infinity of
bulk waves in which the values of ¢g,d for different fre-
quencies differ by integral multiples of m(—p,, )" '"%
The corresponding values of Qd differ by integral multi-
plies of 7. We note that ¢, d tends to zero for all modes
in the lower limit of the range of , namely H;/4wM,
(equal to unity in the numerical example shown in Fig. 1).
As Q approaches the upper limit to its range, namely

V' HyH,; /47M,, the corresponding values of g,d tend to

1.5 T T T

1.4

1.3+ _

Q
1.2 -
11 i
1.0 [ | 1 I
o 10 20 30 40 50
q,d

FIG. 1. The reduced frequency Q=w /47|y |M, as a function
of q,d for “bulklike” waves in a ferromagnetic slab. The exter-
nal magnetic field, normal to the slab, is taken equal to 40 kG
and the saturation magnetization is such that H, /47M,=2.
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FIG. 2. The reduced frequency Q for the same situation as in
Fig. 1 but as a function of Qd. We note that  is periodic in Qd
with period 7.

'

infinity. There are no surface waves because, if @ =iQ' is
purely imaginary, then, Eq. (2.15) implies that

tanh(Q'd)=—2Q’'q,(g>+Q')™!

which can have no solution in Q' except Q' =0.

(ii) H, perpendicular to 2. We take the x axis parallel
to Hy in the plane of the slab. Here the nonvanishing
components of ¥ are

ny :Xzz:MOHO[H(Z)—(w/Y )2]_1

(2.18)

(2.19)
and
Xy =Xz =iMy(0/Y)Hi—(02/7)]7" . (2.20)
It is convenient to define the frequencies w,= |y |H, and
w,=y[(HoBy)' *=|y|[Ho(Hy+4mM,)]'? .

The latter is the frequency for long wavelengths 27 /q,.
The expressions for p,, =1+4my,, and 4my,, in terms of
these frequencies are

03— w?
,uyyz—z)z‘w—% (2.21)
and
2_ 2
w ©0;7 0y
4 =]— 7. 2.22
TX 2y ta)l oot (2.22)

We obtain these expressions from Egs. (2.5) and (2.6)
recalling that in this geometry there is no demagnetizing
field parallel to the surface of the slab. The condition for
the existence of magnetostatic modes is now

tanQd = —2p,,0q,[¢} + (47X ,,q,)* — (n,, 0’1"
(2.23)

with
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q:
Hyy

We designate by 0 the angle between the magnetic field
and the direction of propagation of the wave in the plane
of the slab, ie., g,=g,cos0, g,=gq,sin6. Then, Egs.
(2.23) and (2.24) are written in the form

tanQd = —2u,,(Q /q,)[ 1+ (4my,,sin6)?
—(:u’ny/qJ_ )2]—1

Q*=—g;— (2.24)

(2.25)
and

(Q/q, )= —sin*0—p, 'cos’0 . (2.26)

The frequency range for which propagation at an angle 6
takes place is given by the requirement

0< —p,, <cot’d (2.27)

or

03,(0)= w3c0s?0+ w3sin®0 < w? < @3 . (2.28)

This restriction seems to have been overlooked by previ-
ous workers in this field. In Figs. 3 and 4 we show Q as a
function of ¢, and Q for various choices of the angle 6.
If Q =iQ’, Q' >0, we obtain the condition for the sur-
face modes, namely,
tanhQ'd = —2p,,(Q'/q,)[ 1+ (4mx,,sin6)
+(p,, Q' /.17 ", (2.29)
and
(Q'/q,)*=sin’0+pu,,'cos’0 . (2.30)

These equations can be rewritten in the form

2.5 T T T T

FIG. 3. The reduced frequency Q as a function of q,d for
two values of the angle 0 between Hy and q,. Numerical param-
eters corresponding to the ferromagnetic slab in Fig. 1. The
magnetic field is in the plane of the slab.
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FIG. 4. The reduced frequency (} for the ferromagnetic slab
of Fig. 3 as a function of Qd for =0 and 7 /4. H, in the plane
of the slab. ’

tanhQ'd =(Q'/q, w3 — [’ —w*(8)] ! (2.31)
and
(Q'/q,)=[w*—w}(0)(w*—w3) ", (2.32)
where
©*(0)= 10} + Lwicos’0+(w}/20})sin’0
=lot+ Hw,/0,)w0])(0) . (2.33)

The conditions for the existence of surface modes propa-
gating on the plane of the slab are that the right-hand

2.52 T T T n

2.50

Q 248

2.46

244 ! ! . !

FIG. 5. The reduced frequency as a function of ¢q,d for “sur-
face” waves in a ferromagnetic slab. The parameters are the
same as for Figs. 1-4. Three different angles 6 between H, and
q, have been selected. Hj in the plane of the slab. Note that no
“surface” waves exist for 0=0.
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2.50

6=7w/2
2.49 -

— e ——

2.48 /// 6=57/12

) 247 _
2.46 .
6=mw/3
2.45 - " -
2.44 L L
0 I 2 3

Q'd

FIG. 6. The reduced frequency as a function of Q'd for the
conditions of Fig. 5.

side of Eq. (2.31) lie between O and 1 and that of Eq.
(2.32) be positive. These requirements are satisfied if (1)
@?—w?(0) and w*—w?} have the same sign, 2) w?—w3
and ©’—wX@) have opposite signs, and (3)
2ww,sind < w?+ wisin?@. For example, for =0 there are
no surface waves while for 6=m/2 there are surface
waves propagating on the plane of the slab, for frequen-
cies such that

0, <o <(0?+w3) 20, . (2.34)

For arbitrary angles 6 surface waves exist only for
sinf > w, /w, and their frequencies are in the range

0, <o < (0} + wlsin?0) /(2w,sinf) . (2.35)

No propagating modes exist for w <w,. Figures 5 and 6
show the reduced frequency of “‘surface” modes as func-
tions of g,d and Qd, respectively. The calculations are
carried out for three different values of 6.

B. Antiferromagnetic slab

In an antiferromagnet the magnetic ions are classified
into two classes with opposite preferential orientations.
We label them by subindices 1 and 2 so that, e.g., their
contributions to the magnetization are M; and M,, re-
spectively. We consider a uniaxial antiferromagnet with
an anisotropy field H ,. The equations of motion for
these quantities are

oM, ,

ot
where AM, (AM,) is the exchange field due to magnetic
ions of type 1 (2) on ions of type 2 (1). For simplicity we

shall take the externally applied magnetic field H, paral-
lel to H 4. The partial magnetizations are of the form

M, ,=+M,+m, e, (2.37)

=yM,,X(H—AM, +H ),

(2.36)

where M, is parallel to H ,. We neglect demagnetizing
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fields since M=M,;+M, is small. Neglecting terms of
second order in m,;(i =1,2) and h, Egs. (2.36) and (2.1)
with H; =H, yield

_iwmlz ‘)/M()Xh—';/HE Xm2

—y(Hy+Hg+H ) Xm, (2.38)
and
—iom,= —yMyXh+yHg Xm,
—v(Hy—Hz;—H ) Xm,, (2.39)

where we define the exchange field as Hy =AM,. Form-
ing m;*m, with the aid of Egs. (2.38) and (2.39) and

eliminating m; —m, we obtain the total magnetization
m=m,+m,=y, h+y,HyXh , (2.40)

where the longitudinal and transverse magnetic suscepti-
bilities y; and y are

2v’MyH (0’ — w0 0_)

Xe™= (0> — % N0 —0l) 241
and
. 3
Xr=— (;li;(ofzf{aj{) 242)
with
o, =*t|y|Hy+|y(H}+2H Hg)'? . (2.43)

It is convenient to introduce the angular frequency w 4
defined by

w4 =y|(87MH ', (2.44)
and the permeability
p=1+4my, = (wi—a?)(wz-aj,) , (2.45)
(0"~ 03 0" —02)
where
ol= Lo+’ +o?)
+ioY +20% (0 —0 )+ (0% —0 ]2 . (2.46)

The transverse susceptibility is expressed in a similar way
as

ivoy (0, —o_)

(@*—o* N*—0?)

dmyp= (2.47)

The equations for the scalar magnetic potential and the
boundary conditions yield, of course, the results in (2.11)
and (2.12) which we now apply to the special cases of H,
parallel to and perpendicular to the axis of the slab (z
axis).

(i) Hy parallel to 2. In this case p,, =1, py, =@, =p
and the only nonvanishing transverse components of the
magnetic susceptibility are x,, = — X, =xr. We find

(2.48)

2= —pq?
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and

tanQd = —2Qq, (g2 —Q?) ! . (2.49)
Propagating bulk modes exist if

2 2 2y 2 2

Py i
Since

w_<o0_<wi<04 (2.51)
their allowed frequencies occur in the ranges

o_<w<o_ (2.52)
and

0, <w<o, . (2.53)

Figures 7 and 8 show the dispersion of these modes as a
function of ¢, and Q, respectively. The frequency is ex-
pressed in the dimensionless form w/w , and we have
selected, for convenience, H,=60 kG, Hp=200 kG,
H ,=30kG, and M;=0.2 kG. These parameters are ap-
propriate for Cd, _,Mn, Te (x =0.7). We note that we
use a theory valid for uniaxial antiferromagnets even in
the case of a cubic material. As in the case of a fer-
romagnetic material there are no surface modes in this
geometrical arrangement.

(ii) H, perpendicular to 2. This case has been con-
sidered by Stamps and Camley.!> Taking the x axis along
H,, Eq. (2.11) yields

(Q/q,)*=—sin’0—pu cos’6
[0*— 0% (0)][0®—02%(8)]

=— , 2.54
(0*—0% Nw*—0o2) @54

14.20 , ,

1415 7"” ]

440 | -

w/wy

435 l !
o
qd

FIG. 7. The frequency w (expressed in terms of the dimen-
sionless quantity w/w 4) as a function of g,d for the antiferro-
magnetic “bulk” modes. Hj is normal to the plane of the slab.
The following parameters were used: H, =60 kG, H; =200 kG,
H ,=30kG, and M,=0.2 kG.
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14.20 ‘ — ‘ ;

45/// |
440_/ //

4.35
o

A\
A\

w/wA

2 4 6 8 10
Qd

FIG. 8. The frequency w as a function of Qd under condi-
tions identical to those of Fig. 7.

where

d1(8)= HoYsin’0+ 0l +o)

+1[ o¥sin*0+20% (0 —w_)’sin’0

+Ho% —02)*'V?. (2.55)
Equation (2.12) becomes
tanQd = —2u(Q /g [ 1+ (4my rsin0)>—(uQ /q,)*] !
(2.56)

after use is made of u,,=u,,=p, =1, x,, =Xr, and
X.x =0. The angle formed by H; and q, is denoted by 6.
The condition for the existence of bulk modes is

(@*— 0% N0’ —o?)

< —tan’0 .

(2.57)
(0*— 0% Nw?—02)

We note that o_ <o _(0)<o_<w, <0 ,(0)<o, and
deduce that the allowed frequencies of these modes are in
the ranges o _(0)<w<o_ and o, ,(8)<w<o,. The
latter two ranges collapse to single values when 8=1/2.
Figures 9 and 10 show dispersion relations of the bulk
modes for four values of 6 as functions of g,d and Qd.
From Eq. (2.56) we obtain

2

Q

tanQd = — 20
q,

9.

1—

% sin’0

(2.58)

(@0*—0% Nw?—0?)

with the aid of Egs. (2.45) and (2.47).

We can solve Eq. (2.54) for ? as a function of (Q /g, )?
and 6. Substitution of the result thus obtained in Eq.
(2.58) yields a transcendental equation connecting Qd and
q,d and 6.

We now discuss the special cases in which Hy=0 for
all angles and of Hy£0 for 6=0 or /2. If H,=0, then



14.18 ,

14.16

14.14

w/wA

4.38

4.36 1 -
(0] 10 20 30

q,d

FIG. 9. The frequency of “bulk” modes as a function of q,d
for an antiferromagnetic slab. H, is in the plane of the slab.
Material parameters as in Fig. 7. The angle 6 between H, and
q, is O or 7 /4.

0, =0_=wy,=|y|(H}+2H H;)""*,

the frequency of antiferromagnetic spin waves in the long
wavelength limit. Also, in this limit 0% (8)=w?,
+w%sin’0 and o _(0)=w,,. Equation (2.54) reduces to

2 2 2 2
Q

[ —a)M—a)ASin?'Q

9, 2

(2.59)

oyt —o

This condition restricts the frequency of the allowed bulk
modes to the range

(w3 +w%sin?0) 2 <0 <(wi, +0%)? . (2.60)
From Eq. (2.59) we obtain
0*=w} + 0%y — o} [1+(Q/9,)*] cos?d . (2.61)

14.18 , : - ,

14.16

5
3 14.14 B
3
4.38 .
4.36
(o] 10

FIG. 10. Same as Fig. 9 but with w as a function of Qd.
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Use of Egs. (2.58) and (2.59) and of the inequalities
(2.60) shows that, given € and q,, we find Q by solving
the transcendental equations

od _ Qg cos’0
224 _

— (2.62
2 Q%*+g3sin%0 )

ta

2+42%sin%0
tan 24 — _ @ Haisin0
2 Qg ,cos?0

The solutions of Egs. (2.62) and (2.63) verify the condi-
tions 0 <tan(1Qd)=<q, /Q and tan({Qd)=< —(Q/q,), re-
spectively. A schematic graphical solution of these equa-
tions is shown in Fig. 11. We observe that the solutions
become Qd =nw (n integer) for large values of Qd and
hence, for large n, there are modes of frequency

(2.63)

0? =0} +o} —o}[1+(nm/q,d)?*] 'cos’d . (2.64)

For Hy=0 we consider the extreme cases 6=0 and
0=m/2. If 6=0 the allowed frequency ranges become
w_<w<o_ and w, <w<o,. The relation between q,
and Qis

q,/Q =tan(1Qd) (2.65)

or
q./Q =—cot(10d) , (2.66)

where Qd is selected so that the right-hand sides of these
equations are positive. The frequencies of the magneto-
static modes are

0% + o’ +w*cos

2@_]
2

20d
2

(0% —0% )P +20% (0 —o _ ) cos? ==

172

+o*cos , (2.67)

4 Qd
2

(0] 7T!/2 m
Qd/2

FIG. 11. Graphical solutions of Egs. (2.62) and (2.63) for
6=m/6and q,d =0.5.
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when Q is obtained from the solution of Eq. (2.65). If Q
is obtained from Eq. (2.66) the expression for « is the
same as in (2.67) except that cos(Qd /2) is replaced by
sin(Qd /2). Both signs in Eq. (2.67) are allowed since,
when cos*(Qd /2) and sin*(Qd /2) range from O to 1, the
corresponding frequency intervals are w_ <w <o _ and
o, <w<o, for the lower and upper signs, respectively.
When Hy£0 and 6=1/2, since o, (7w /2)=0,, we find
(Q/q,)*=—1 and there are no bulk modes.

The conditions for the existence of surface modes
(Q =iQ') are

12
Q =sin’0+pu " !cos?6
9.

_ [0*— 0% (0)][w?—02(0)]

(@*—o3 Nw?—0?)

>0 (2.68)

and
, 2
Qo

9,

tanhQ'd = — 20
q.

1+

w*sin’0

(@*—0% Nw*—0o?%)

(2.69)
J

(0*— 0} )(0?

— 0y — o
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These equations require that (1)
[0*—0%(0)][0*—02(6)]

and

2

(0*— 0% )No?

—o%)

both be negative, and (2)

,2
1+2 <w?sin?0 .

0= (0*— 0% )04 —w?)
q,

The first condition limits the range of allowed frequencies
for surface modes to the interval 0 _ <w <0, (8)<o0 ;.
As in the previous case of bulk modes, we now consid-
er the special cases in which Hy=0 and 6 is arbitrary and
H(0 for 6=0 or 7 /2.
When Hy=0 Eqgs. (2.68) and (2.69) become

tanhQ'd = — 20

g, (0*— 03 P+ (0 — w3 — 0’ N 0®— vl — v’ sin?g)

Q' 2__ ©*— w3y — w*sin’0
;— = 7 3 (2.70)
1 w Wy~ Wy
and
(2.71)

We note that surface modes can only occur in this case for frequencies w such that ?>w} +w0?% or
0* < 0y +0%sin’0. If 0®> 03, +w?, it follows from Eq. (2.71) that tanhQ’'d /Q'd would be negative and, hence, this
range of frequencies is inaccessible to surface modes when Hy=0. If 0’ < w3, +w?%sin’d, tanhQ’d /Q’d is positive only
if > w,,. Thus, the allowed frequency interval for surface waves in the absence of an externally applied magnetic field

is given by w,, < < (w3, +w%sin’0)!/2.

Eliminating Q'/q, from Eqgs. (2.70) and (2.71) we find four solutions for w as a function of 6 and Q'd. However, only

two of these are in the allowed frequency range. They are

@*= w3 +2w%sin*0{ 1+sin’0+[cos*0+4 sin?6 cothX(Q'd /2)]1 /2] 7!

and

0> =l +20%sin’0{ 1 +sin’0+[cos*0+ 4 sin’0 tanh*(Q'd /2)]'/*} 1 .

For example, for very large values of Q'd both branches
(2.72) and (2.73) tend to the limit
> =} +o’sin?0(1+sin’0) "' . (2.74)

When Q'd =0 we find the limits ©’=w}, and
0’ =l +o%sin?g. In Fig. 12 we display w/w, as a
function of 6 for two values of Q'd, namely 0.2 and 10.0
for an antiferromagnet whose parameters are those of
Cd; _,Mn,Te (x =0.70). These have already been listed
in this paper (see Fig. 7). Figure 13 shows w/w 4 for the
two surface modes as a function of Q'd for various values
of 6. We note that when =0, Q'=0 and the resulting
motion is indistinguishable from a bulk magnetostatic ex-
citation.

When Hy=£0 and 6=0,

(2.72)
(2.73)
|
Q' 7 (0P N0’ —wr)
el I e v 2.75)
q, (0" —o0i Nw"—0%)
and
tanhQ'd =—2Q'q, (g2 +Q'?) . (2.76)

Thus, these modes only occur when Q'=0 and, clearly,
their frequencies are those of the long wavelength antifer-
romagnetic spin-wave excitations, o, and o _.

When Hy5£0 and 6=7/2, we find Q' =g, and

(P =02 NP —02 )= —(a% /22(1—e ) . @2.77)

We conclude that the frequencies of the allowed modes
lie in the interval 0 _ <w <o, and are given by
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9.30 |-
<
3
<X
3
9.25
9.20 1 1 L ! 1
o 15 30 45 60 75 90
6 (deg)

FIG. 12. Frequency of surface modes for an antiferromagnet-
ic slab as a function of 6, the angle between H , and q,, when
H,=0 for two values of Q'd. Material parameters as in Fig. 7.

(0% +0> +0%)
[(0% —0? P +20% (0L —w_)?
ot iz (2.78)

In particular, when H;=0, these frequencies are ex-
pressed by the relation

P =0k + 1o (1xe 1Y) . (2.79)

Figure 14 shows these frequencies as functions of ¢,d for
Hy,=0 and H,=0.2 kG for the numerical example men-
tioned above.

9.35 T T T T

9.30

w/wA

9.25

920 1 1 Il 1
[¢]
]
Qd
FIG. 13. Frequency of surface modes for an antiferromagnet-

ic slab as a function of Q'd for several values of 6. Parameters
and geometrical arrangement as in Fig. 12.

9.35 : : : ,

9.30
<<
3
~N
3
9.25
9' 20 1 1 1 1
0 ] 2 3 4 5
q,d

FIG. 14. Frequencies of the surface modes for an antiferro-
magnetic slab as functions of ¢,d for Hy=0 and 0.2 kG for
6=1/2. Parameters and geometrical arrangement as in Fig. 12.

III. MAGNETOSTATIC MODES IN SUPERLATTICES

In this section, we consider a superlattice formed by al-
ternating layers of two magnetic materials which we label
by the indices 1 and 2. Their thicknesses are denoted by
d, and d,. An example of such a superlattice of the di-
luted magnetic semiconductor Cd,_,Mn,Te can be
designated by the symbol Cd,_lenxlTe/Cd‘MXZMnXZTe

where x,; and x, are the atomic concentrations of mag-
netic ions in the layers 1 and 2, respectively. We take a
Cartesian coordinate system whose z axis is along the
direction of growth of the superlattice.

The equation governing the behavior of the scalar mag-
netic potential ¢ is given by Eq. (2.7). We must bear in
mind that in each layer of the superlattice the quantity
1+4my;; takes on values characteristic of the material for
that particular layer. ‘

The boundary conditions require the continuity of ¢
and of b,. It is enough to specify the boundary condi-
tions at two successive interfaces and use the Bloch con-
dition

d(x,p,z +d)=eiqzd¢(x,y,z) R (3.1)
where
d=d,+d, (3.2)

is the superperiod along the axis of the superlattice.
The solutions of Eq. (2.7) in our case are of the form

é1,20x,3,2)=1{ 4 1,zeiQ“zz+Bl,ze T2y X ey
(3.3)

where the subindices 1 or 2 are for the layers denoted by
1 or 2, respectively. The wave vectors Q, , are given by
0%, = —(uil2g2 + il Vg?) /. (3.4)

The boundary conditions applied to Eq. (3.3) and use of
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the Bloch theorem (3.1) yield four homogeneous linear
equations in 4, B,, 4,, and B, which have a nontrivial
solution only if

cos(q,d)= cos(Q,d)cos(Q,d,)
—fsin(Q,d,)sin(Q,d,) , (3.5)
where
f= {0 P+ (20,
- lévzl(xél)—x‘zi))qx +(y —x3a, 1}
X uu?0,0,)” (3.6)

We consider the cases in which H, is directed either
parallel to or perpendicular to the axis of the superlattlce

(i) H, parallel to 2 In this case ul?=1,
W =ufh2) =1, 5, and X = x5 =0. Thus,
2
+
_gi+o: (3.7)
20,0,
Equations (3.4) become
Q%= —pi91 - (3.8)

Four types of modes propagating with real g, can exist
depending on the signs of Q% and Q3. If 07, >0 we have
“pure bulk” modes. These occur in the frequency inter-
vals for which both p; and u, are negative. We observe
that f = 1 so that Eq. (3.6) can be written as

)= COS(Qldl +Q2d2)
—(f —1)sin(Q,d,

Since cos(g,d) lies between —1 and 1, not all frequencies
for which u, and u, are negative need be allowed. If Q?
and Q3 are both negative, denoting Q,,=iQ] ,, we have

)= cosh(Q'd)cosh(Q5d,)
+ f sinh(Qd , )sinh(Q%d,) (3.10)

while f =(Q?+Q%)/20Q7Q, > 1. No solutions are pos-
sible since the right-hand side of Eq. (3.10) exceeds unity.
Thus, in this case, no “pure interface” modes exist.

There remains the cases in which Q% and Q3 are of
different signs. Here, we can take, e.g., Q% >0 and
Q3 <0. Such modes, which we call “bulk-interface”
waves, exist in the frequency ranges.in which py; <0 and
uy>0. We write

cos(q,d

)sin(Q,d,) . (3.9)

cos(q,d

cos(g,d)= cos(Q,d)cosh(Q%d,)
_91-07

in(Qd)sinh(Q5d,)
20,0} sin(Qd)sinh(Q5d,

(3.11)

which may imply an additional restriction on the fre-
quency depending on the value of g,d. The expression
for u, is identical to that in Eq (2.21) except that w; and
®, are replaced by )j=|yl( H0—47TM‘2’) and
0y=|y|[Hy(Hy—47M?)]1'/2. Here M is the magneti-
zation in the paramagnetic regions.
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(i) H, parallel to X. Here we have ,u(1 D=p L 2)=H1 2

tox =1, X1y =0, while {2’ =x, ,. The expression (3.6)

becomes
_ MO Hu303 — 167 (X, — X, gy
2p41,04, 0,

(3.12)

and
Q1,=—¢/—nilql. (3.13)

Since we envisage light scattering experiments in which
the wave vector q, is determined by the geometrical ar-
rangement, and since it is difficult to consider general
values of q;, we study the cases in which g, or g, van-
ishes.

If g, =0,
Qi,=—q; (3.14)
and
f=lpi+u3+16m(x;—x2)1/ 21, (3.15)

is a function of the frequency alone. We can only have
“pure interface” modes. In addition, Eq. (3.5) becomes

cosh(qg,d)cosh(g,d,)
+ f sinh(g,d, )sinh(q,d,) .

cos(q,d)=
(3.16)

Formula (3.16) is an implicit equation yielding the fre-
quency @ as a function of g, and g,. Note that when
f =0 there are no real solutions for g,d.

When g, =0,
Q%,zz“‘b?/,ul,z (3.17)
and
f=Wi0t +1303)2u1,0,0,) "~
=(1+x%)/2« , (3.18)
with
=(u, /)% . (3.19)

As before the quantity f depends only on the frequency
and is real if u; and p, have the same signs, i.e., for “pure
bulk” and “pure interface” modes. It is purely imaginary
for “‘bulk-interface” waves.

For the “pure interface” modes we have

cos(g,d)= cosh(Qd, )cosh(Q’d,)

2
+1+K

sinh( Q ’1d1 )sinh( ledz )

which yields no solutions. This is expected since the
same behavior was noted for surface modes in a single
slab (see Sec. IT). In general, such waves exist for an arbi-
trary angle O=arctan(q,/q,). For “bulk-interface”

modes, e.g., 1, <0 and pu,>0 and k=ix"=i(|u,|/u)'"?,
we have
cos(g,d)= cos(Q,d;)cosh(Q5%d,)
2
Sin(Qld] )Slnh(ledz) . (3.20)

2k’
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In a similar way, for “pure bulk” modes we obtain
cos(g,d)= cos(Qd)cos(Q,d,)

+ k2
2k

sin(Q,d )sin(Q,d,) . (3.21)

IV. EXAMPLES OF MAGNETOSTATIC MODES
IN SUPERLATTICES

In this section, we consider a few applications of the
formalism developed in Sec. IIl to superlattices com-
posed of different magnetic materials.

A. Antiferromagnetic-paramagnetic superlattices

We consider here the example in which the layers cor-
responding to the subindex 1 are in an antiferromagnetic
phase while those corresponding to 2 are ferromagnetic
or paramagnetic. We note that in the latter case the
difference between w, and w, is extremely small.

“Pure bulk” modes with Hj, parallel to 2 exist if both
py and p, are negative. These quantities are given by
Egs. (2.45) and (2.21), respectively. Thus, “pure bulk”
modes exist only in the region of overlap of the ranges
0| <o<w)o_<o<o_ and 0|<w<wyw.<w<0,.
The second set of inequalities cannot be satisfied simul-
taneously while the first is satisfied under rather severe
restrictions depending on the intensity of the applied
magnetic field. However, since in the paramagnetic
phase w} S w5, this essentially restricts the allowed modes
to those whose frequency is |y |H;, i.e., the paramagnetic
excitation. For a sample of CdygoMngy ;Te which is
paramagnetic at liquid-helium temperatures we estimate
(5/]7])=~59.56 kG when (0}/|y])=59.12 kG. If o is
outside the range w_ <w <o _ even this mode is forbid-
den. We note that o] increases with increasing H, while
o _ decreases and that o] is in the range o - <w <o _ for
H, larger than 1(H% +2H ,Hg)'/%. There exists also an
upper limit to H, beyond which “pure bulk’ modes can-
not be present, namely, when w}> o _. For the parame-
ters used above (H,=60 kG, H; =200 kG, H , =30 kG,
and M, =0.2 kG) there are no “pure bulk” modes. How-
ever, for other situations they may be present.

“Bulk-interface” modes occur when p; <0 and u,>0
and when p;>0 and p,<0. In the first case w <w] or
®>w), which implies practically no restriction, and
w_<w<o_orw,;<w<o,. In the second situation we
are restricted to the small range v} < < wj and we must
have either w<w_, 0_<w<w; or w>0,. We note
that this range is complementary to that of the “pure
bulk” modes so that an excitation at approximately the
frequency o] is always present. Figure 15 shows the fre-
quency of the “bulk-interface” modes for the parameters
used above as a function of g,d for several values of ¢,d,.
The two branches discussed in the first case above are
displayed. We observe that for increasing value of q,d,
the allowed range of g,d changes. Figure 16 shows the
dispersion relation for the second case above in which @
lies in the extremely narrow range o} < < ®5.

We consider now the magnetostatic modes when Hj is
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14.16 - :
/ q.L32= IO
_ q,d,=05
LR
~~ \\\"\~~~
14.14 -\, \\\\\ T
\3“ q,d,=0.1
3 q,d,=0.05 o
438 _

4.36 L L
[¢]

q,d

FIG. 15. Frequency of the “bulk-interface” modes as a func-
tion of ¢,d for an antiferromagnetic-paramagnetic superlattice.
Several values of q,d, have been selected. We have assumed
that the antiferromagnetic and paramagnetic layers contain the
same magnetic ions but that they occur in different concentra-
tions. This means that the gyromagnetic ratio is the same for
both layers. The thicknesses of the antiferromagnetic and
paramagnetic layers are d, and d,, respectively. The following
parameters were used in the numerical calculation: H,=60 kG,
Hp =200 kG, H ;=30 kG, M;=0.2 kG, and the magnetization
in the paramagnetic layer is 0.07 kG at liquid-helium tempera-
tures. The geometrical arrangement corresponds to H, parallel
to the axis of the superlattice and, for simplicity, to d,=d,
(sample SL3 in Ref. 13.)

parallel to X, i.e., perpendicular to the axis of the super-
lattice. We recall that when g, =0 we obtain “pure-
interface” modes only if f <0. In that case the allowed
solutions lie in two extremely narrow ranges of frequency
for the numerical example considered here. When

4.84 , .

4.83

w/wp

4.82

4.81 ! L
o]

FIG. 16. Frequency of the “bulk-interface” modes occurring
when the frequency lies in the narrow range o} <w <wj. Other
geometrical features and numerical parameters as in Fig. 15.
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14.18 : .

14.16

w/wp

A\

4.39

437 L

s

FIG. 17. Frequency of “bulk-interface” modes when Hy||®
and ¢, =0 as a function of ¢,d for several values of ¢,d,. Nu-
merical parameters as in Fig. 15.

H,=60 kG, for the example already mentioned, the fre-
quencies of the allowed modes are given by w/w 4 =~4.39
and ~14.16 and do not appreciably change when ¢,d,
ranges from 0.05 to 1.0. These frequencies are approxi-
mately equal to o _ and o, respectively.

When g, =0, “pure bulk” modes appear if u, and p,
are negative. The conditions on the frequency are identi-
cal to those of “pure bulk” modes when H,, is parallel to
%, namely, these magnetic excitations exist whenever
there is overlap between the ranges w;<w<w, and
w_ <w<o_. Ordinarily this implies that, if a mode ex-
ists, its frequency is approximately »,. For the material
parameters used in our examples and Hy,=60 kG, there
is no overlap between the intervals w_<w<o_ and

493 T T

4.92

U)/(LJA

4.91

4.90 L L
o}

FIG. 18. Frequency in the range o,<w<w, of “bulk-
interface” modes when Hy||X and ¢, =0 as a function of g,d for
several values of g,d,. Numerical parameters as in Fig. 15.
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o, <o <o, and, hence, no “pure bulk” modes.
“Bulk-interface” modes occur in two cases: (i)
©1<0,u,>0, and (i) pu;>0,u,<0. In case (i) the fre-
quency of the modes is restricted to one of the ranges
o_<w<o_ and w, <w<o, and must lie outside
0, <w <w,, this latter condition implying no practical
limitation for paramagnetic layers. In case (i),
w; <w < w, and the frequency must lie in one of the three
intervals w<w_, 0 _<w<w,,and >0 ,. Thus, again,
we expect a mode of approximate frequency w,. Figure
17 corresponds to case (i). It shows the frequencies of the
two “bulk-interface” modes for p; <0 and u,>0 as func-
tions of g,d for various values of ¢,d,. The numerical
parameters are the same as those used in the previous ex-
amples. Figure 18 shows the frequency as a function of
gq,d for various values of g, d, corresponding to case (ii).

B. Antiferromagnetic-nonmagnetic superlattices

The modes discussed above may also exist in semicon-
ducting superlattices made of alternating antiferromag-
netic (1) and nonmagnetic (2) layers. An example is
Cd;_,Mn,Te/CdTe (x >0.17).

When H, is parallel to the axis, Z, of the superlattice,
Q2= —pu,q? and Q3=—g%(u,=1). We see immediately
that there can be no ‘“‘pure bulk” modes. There are
“bulk-interface” modes when p, <0, i.e., forw_ <w <o _
or w, <w<o . There are no “pure-interface” modes.

If H, is parallel to the plane of the layers (Hy||X) we
consider the two cases g, =0 and g,=0. When g, =0,
Q1,=—g; and we only obtain “pure-interface” modes.
The quantity f defined in Eq. (3.15) must be negative in
order for the right-hand side of Eq. (3.16) to be less than

unity. In this case
f=1+10%(0*—0%) He?—a*) " (4.1)

Now f <0 requires w to lie in the interval o _ <w <o .
In addition,

(0*—02 )0 —?) < Lo, (4.2)
so that whenever

(6} —0r)?>20% , (4.3)
we obtain “pure-interface” modes when o satisfies
ot <o’<Nol +o2)—L(o} —0r ) =241 (4.4
or '
Yo% +o2)+ 10} —o2 ¥ —20% 1" <w’<0? . (4.5)
If the quantity under the radical is negative, i.e., if

Hi=[(wo,—w_)/2y]

- (w4 /7)) ’ .6)

" 8w, /y)?+16(H% +2H 4Hy)

then the inequality (4.2) is automatically satisfied and the



39 MAGNETIC EXCITATIONS IN SEMICONDUCTOR SUPERLATTICES

frequency of the “pure-interface” modes lies in the region
o_<w<o,. For our example, (4.6) is satisfied for
H,<0.33 kG.

If g,=0, Q1 =—q?/u,, and Q3= —gq?. There are no
“pure bulk” modes. A simple analysis shows that there
can be no “pure interface” waves. However, ‘“bulk-
interface” excitations occur when u;<0, ie., when
O_<w<o_ or w, <w<o . These results are con-
sistent with those obtained for a slab when the angle 6 be-
tween q, and H, equals zero.
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C. Ferromagnetic-nonmagnetic superlattices

We consider the case of a superlattice with alternating
ferromagnetic (1) and nonmagnetic (2) layers. If Hj is
parallel to 2, Q?=—pu,q? and Q3= —¢q2. We have here
no “pure bulk” modes. There are “bulk-interface” modes
when ;<0 which requires wj<ow<w; since
= (0*—w?)w*—o?)”!. We remark that unlike the
paramagnetic case, wj can now be significantly different
from w}. Equation (3.5) in this case reduces to

J

cos(g,d)=cos[q,d(—p,)""*Jcosh(g,d,)++(1+u ) —p,) " ?sin[q,d (—u,)'"*]sinh(g,d,) . 4.7

There are “pure interface” modes if p; >0 but this turns out to be inconsistent with Eq. (3.5). Therefore, only “bulk-
interface” modes are possible in this geometry.

If H,, is parallel to £ we consider first g, =0. Then Q},= —qy2 so that only “pure interface” modes exist. The disper-
sion relation is obtained from

cos(q,d)=cosh(q,d,)cosh(q,d,)+ f sinh(q,d,)sinh(q,d,) , 4.8)
where
wt+ ot
F=2H1+16723) /(2u,) = w2—~i2~2-2— (=0}, (4.9)
w1

Equations (4.8) and (4.9) can be solved for w as a function of g, and g, but its expression is not particularly useful. The
range of frequencies accessible to the magnetostatic modes is restricted by Eqgs. (4.8) and (4.9) to the values for which
w, <o <[(w}+®3)/20?}]'/%. An additional restriction follows from the requirement that the right-hand side of Eq. (4.8)

must lie between —1 and 1.

For g, =0, Q3= —q?2/u,, and Q3= —q?2. Therefore, there are no “pure bulk” modes. When y,> 0, use of

cos(g,d)=cosh(g,d u; '"*)cosh(g,d;)+ (14 u;

establishes the nonexistence of “pure interface” modes.

Finally,. “bulk-interface” modes exist when p;<0
which limits the frequencies to the range o, <w <w,.
There are, of course, possible additional restrictions aris-
ing from the consequence of Eq. (3.5) applied to the
present conditions.

Our conclusions in relation to magnetic excitations in
superlattices of DMS’s are summarized as follows.

(1) In an antiferromagnetic-paramagnetic superlattice
with H,, parallel to the growth axis there are three spin
excitation branches, corresponding to ‘‘bulk-interface”
modes. There are “pure bulk” modes but at magnetic
fields of 60 kG they are absent using the parameters ap-
propriate to Cd, goMng {1 Te/Cd 30Mng ;oTe. Pure inter-
face modes cannot occur in this geometry.

(2) When H,, is perpendicular to the axis of growth of
the superlattice we distinguish between the cases 0=1m/2
(g,=0) and 6=0 (g,=0). In the first case, an
antiferromagnetic-paramagnetic superlattice can only ex-
hibit “pure interface” modes of which there are, for our
example, three narrow branches at frequencies approxi-
mately independent of g,. One of these occurs at
w=~w|=~w,. In the second case we can have only “bulk-
interface” and ‘“‘pure bulk” modes. There are three
branches of “bulk-interface” modes. For the example
chosen there are no “pure bulk” waves even though for

1 Y%sinh(g,d u; '/*)sinh(g,d,)

(4.10)

other values of the magnetic field they may be present.

(3) In the case of antiferromagnetic-nonmagnetic su-
perlattices the conclusions 1 and 2 are applicable except
that there are no “pure bulk” modes at all.

(4) For ferromagnetic-nonmagnetic superlattices the
conclusions are the same as for antiferromagnetic-
nonmagnetic superlattices except that the frequency
ranges are different.

We note that “pure bulk” modes are only possible in a
superlattice when the allowed frequency intervals of
“bulk” waves in the component layers overlap. This is
expected because such waves can propagate in both
media. When there is no overlap in the frequency ranges
of slab modes, the spin waves propagate in one medium
while their amplitudes decrease exponentially in the oth-
er. Such waves can be regarded as confined to the layer
in which they propagate. This is in close analogy to the
situation occurring in the propagation of optical phonons
in superlattices.!®
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