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A seven-vertex model on the honeycomb lattice is solved exactly by the Bethe ansatz method.
The vertex model is equivalent to the critical O(n) model on the honeycomb lattice. The
equivalence is made exact for lattices wrapped on a cylinder with one finite and one infinite direc-
tion, by the introduction of a seam into the vertex model. Thus asymptotic finite-size amplitudes of
the critical O(n) model are obtained exactly. Applications of the theory of conformal invariance,
which relate these amplitudes to the central charge and critical exponents, confirm the existing re-
sults and conjectures for these quantities. The finite-size amplitude corresponding to the tempera-
ture exponent was not obtained from the exact solution. However, this amplitude was accurately
determined from numerical finite-size results obtained by the transfer-matrix method. This result
also agrees with recent predictions.

I. INTRODUCTION

The n-vector or O(n) model in d dimensions describes
a system of n-dimensional vector variables with rotation-
ally invariant interactions. ' A case of special interest is
the O(n) model for d =2, which is both nontrivial and, at
least to some degree, amenable to exact analysis. This
model, as well as other models connected to it by rules of
universality, exhibits a wide spectrum of interesting phys-
ical phenomena. It contains the self-avoiding walk prob-
lem along with the Ising, XY, and Heisenberg models as
special cases, and is closely related to the cubic, Potts,
and Ashkin- Teller models.

While the O(n) model in two dimensions is too compli-
cated to be solved in general, progress can be made if one
restricts or "truncates" the interactions in the Hamiltoni-
an, allowing the model to be mapped onto a "loop mod-
el." The partition function of this latter model is

where the sum is over all distinct graphs 6, with G con-
sisting of a number P of closed and nonintersecting loops.
Here X is the total number of sites on the lattice and b is
the number of edges covered by a loop. The variable t is
a measure of the coupling between the original vector
variables. An interesting property of (1.1) is that n may
be considered as a continuous variable. Such a generali-
zation of the O( n ) model serves to enhance its inherent
richness of physical phenomena.

The initial mapping to the loop model, along with a
number of plausible assumptions, were used by Nienhuis
to demonstrate the asymptotic equivalence of the critical
O(n) model on the honeycomb lattice with a Gaussian
model and its Coulomb gas representation. This enabled
him to derive the critical point and the temperature and
magnetic exponents, among others in the interval

—2~n ~2. The temperature exponent is in agreement
with an earlier conjecture by Cardy and Hamber. How-
ever, a relevant question is whether the critical exponents
derived by Nienhuis apply to the O(n) model in general,
or to perhaps only a subset, as a consequence of the par-
ticular choice of the interactions. A rather powerful
method to determine critical exponents numerically is to
derive finite-size data by means of a transfer matrix, and
to apply finite-size scaling ' or phenomenologica1 renor-
malization to the data. Results obtained by Kolb et aI.
for the quantum O(n) model agree with the Nienhuis pre-
diction for the O(n) model. Furthermore, a comparison
with the n-component cubic model can be made. For
d =2 and n (2, the cubic anisotropy is found to be ir-
relevant, and subsequently for n (2 the n-component
cubic model is expected to renormalize to the O(n) fixed
point. The finite-size method was applied to this model
by Blote and Nightingale, ' who constructed a transfer
matrix for continuous values of n, and confirmed the va-
lidity of the Nienhuis result for the temperature exponent
with an accuracy on the order of 10 for a series of n

values between +2 and —2. This clearly supports the
idea of Nienhuis's results applying to the O(n) and relat-
ed models in general.

These results provide strong evidence for the precise
nature of the critical behavior of the O(n) model. Only
an exact solution could remove any remaining doubts.
An important step in this direction was recently made by
Baxter" who evaluated the partition function per site of
an equivalent vertex model on the honeycomb lattice.
Baxter gives each loop in G [recall Eq. (1.1)] an orienta-
tion, which may be visualized by placing arrows on the
bonds occupied by G. Thus seven distinct vertices are
possible on each of the two sublattices (Fig. 1). The ver-
tex weights are chosen so that summation of the vertex
weight products over the two orientations of each loop
yields precisely the weight implied by Eq. (1.1). This ver-
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FIG. 1. The allowed arrow and nonarrow configurations for
the two types of site, with the corresponding vertex weights.
The weight s is defined as s =e ' . lnA"'= Ly—+ ~'+

0 (1.4)

to the analytic part of the free energy to this amplitude
appears to be zero in general, ' the actual finite-size am-
plitude of the free energy can be used to determine the
central charge of the model. To be specific, if the eigen-
values of the transfer matrix of a system with finite-size I.
are denoted by Ao ',Ai ',Az ', . . . in decreasing order,
conformal invariance predicts' ' that

tex model was solved exactly by Baxter using the Bethe
ansatz technique under the restriction

n=2 —(2—t ) (1.2)

i.e., the criticality condition derived by Nienhuis. Since
each loop covers an even number of lattice edges, the sign
of t is irrelevant and one may choose t ~ 0. On
parametrizing t by

2 sin3a=t —2 ( rt/6& a & vr/6)—, (1.3)

it is apparent that e and —o; correspond to the same
value of n (n =2cos6a). Thus the solution can be divid-
ed into two branches: branch 1 for e ~ 0 and branch 2
for a(0. According to Nienhuis, branch 1 represents
the critical O(n) model, with branch 2 a critical low-
temperature phase.

Baxter's interest in the critical O(n) model lay in the
thermodynamic limit. It is known that on the honey-
comb lattice this model is equivalent to a zero-
temperature antiferromagnetic Potts model on the tri-
angular lattice, which in turn is equivalent to the
chromatic polynomial of the triangular lattice. This led
to the calculation of the large-lattice limit of the
chromatic polynomial of the triangular lattice. "' How-
ever, the exact mapping of a finite O(n) or loop model
onto a vertex model may give rise to complications, de-
pending on the boundary conditions. In particular, the
bulk weights defined in Fig. 1 do not yield the correct
weights for loops closing over the periodic boundaries.
Thus the Baxter solution" does not contain the finite-size
effects of the O(n) model with periodic boundaries (and
indeed, nor was it intended to).

Recently much interest exists in such finite-size effects
in connection with the theory of conformal invariance
and two-dimensional models at criticality. ' Using the
conformal mapping of an infinite plane on an infinitely
long cylinder (with a finite cross section) Cardy' has re-
lated the correlation functions of both systems. Thus he
derived a direct relation' between the correlation-
function exponent g in the infinite plane and the finite-
size amplitude of the corresponding correlation length
along the cylinder. If these finite-size amplitudes are
known for a conformally invariant system, the corre-
sponding scaling dimensions then follow immediately. In
addition, a relation has been derived' '" between the
finite-size amplitude of the singular part of the free ener-
gy per site for a system on a cylinder, and the central
charge e via the transformation properties of the stress-
energy tensor. Furthermore, since the contribution due

[p(m +1)—mq] —1

4m(m+1) (1.6)

where p and q are integers. Exponents associated with
rotationally invariant observables (specific heat, suscepti-
bility, . . . ) satisfy X =26, . Thus an exact calculation
of the finite-size effects in the O(n) model would be of
considerable interest. In this paper, we present such a
solution, based on the Bethe ansatz. A brief account of
our results has already appeared and the central charge
e has also recently been derived by Suzuki, using the
same methods.

The passage to the bulk or thermodynamic limit from a
discrete set of Bethe ansatz equations to a solvable in-
tegral equation was pioneered by Hulthen in his treat-
ment of Bethe's seminal solution of the isotropic linear
spin- —,

' antiferromagnet. Recently, de Vega and- Woy-
narovich have gone further and given a systematic
method for calculating the dominant finite-size correc-
tions to the eigenvalues of any Bethe ansatz soluble mod-
el. This method has since been extended and applied to a
wide range of critical models. In addition to the XXZ
Heisenberg chain (or equivalently the six-vertex mod-
el), the Hubbard chain, 5 and the higher-spin
Takhtajan-Babudjian models, the list also includes the
eight-vertex, ' Ashkin- Teller, and Potts models.

The outline of the paper is as follows. In Sec. II we
derive the Bethe ansatz solution of the vertex model, tak-
ing particular account of the loops closing over the
periodic boundaries. This solution is then used to derive
the amplitude of the finite-size correction to the free ener-
gy per site, and thus via Eq. (1.4), the central charge c. In

where f is the reduced bulk free energy per site and g is
a geometric factor: the ratio between the units of length
parallel and perpendicular to the axis of the cylinder [g
can also account for the effect of anisotropic interac-
tions, ' and allows for an extension of the results to
(1+1)-dimensional quantum Hamiltonians]. On the oth-
er hand, the ratio of the leading and the ith eigenvalue is
found to determine a scaling dimension, X;, as follows:

X, = lim Lln(A' '/A' ')1

2rtg L—

If the eigenspectrum of the transfer matrix is known as
a function of system size, and the model is indeed confor-
mally invariant, a consistency check is possible because
the critical exponents can also be derived from c using
the Kac formula ' ' for e ( 1. Parametrizing the cen-
tral charge by c =1—6/[m(m+ I)], the scaling dimen-
sions of the operators in the Virasoro algebra are
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a similar manner we treat a class of excitations which
from Eq. (1.5) yield a sequence of scaling dimensions
which includes the magnetization and polarization ex-
ponents. The section closes with the calculation of the
so-called correction-to-scaling exponents, the exponents
of which appear as the next leading finite-size correction
to the result (1.4). Beyond the analytic results derived in
Sec. II, we also give some numerical results for the con-
formal anomaly and scaling dimensions in Sec. III. These
are obtained from the eigenvalues of the transfer matrix
by numerically solving the Bethe ansatz equations for
finite system size L. In this way we are able to consider-
ably extend the range of finite lattice data obtained by
more conventional numerical methods, which are typical-
ly restricted to L ~15. However, the solutions of the
Bethe ansatz equations that we have obtained do not in-
clude the eigenstate associated with the thermal correla-
tion function. Therefore we have used the conventional
method to obtain the thermal exponent. These results
are also given in Sec. III. In Sec. IV we give a summary
and present our conclusions.

II. ANALYTIC RESULTS

We begin this section by considering the vertices of
Fig. 1 on the honeycomb lattice depicted in Fig. 2. As
motivated above, we are particularly interested in finite
periodic lattices (we wrap the lattice on an infinitely long
cylinder) for which the loops that close over the periodic
boundaries are weighted incorrectly. However, it has
been shown in general how this can be overcome by
placing a "seam" in the lattice and modifying the weights
along the seam. The chosen position of the seam is indi-
cated in Fig. 2 and the correspondirig weights, defined
along the seam, are shown in Fig. 3. Each oriented loop
around the cylinder now acquires an extra weight factor
e —+", and summation over the two orientations yields a
factor of 2cose. Thus for 2cose=n (i.e., for the particu-
lar choice e=6a), the correct weights are obtained. For-
tunately, the introduction of such a seam does not inhibit
the Bethe ansatz technique used by Baxter" to solve the
vertex model.

A. The Bethe ansatz solution

Each of the lattice bonds can be in one of either three
states: occupied by an arrow, pointing two possible ways,

)L 1(

t 1 e-i& el& S-1 cia e-i&

FIG. 3. The modified vertex weights along the seam.

p(z) = 1—
1 —z

(2.2a)

1
v(z) =—+

z 1 —z

Similarly the l parameters z are seen to satisfy

! S(zkz)
z =( —1)' 'e" g

, S(z,zi, )

for j= 1, . . . , l with

(2.2b)

(2.3)

S(z, w)=(1 —z —w+zw+t z)(1 —2 w+z w+t2w) .

(2.4)

or empty. Now Baxter's approach is to transform the ar-
rows to different types of lines and to subsequently con-
sider the number of lines in each row of vertical edges.
For these rows there are either zero, one, or two lines on
a bond. Thus a 3 X3 transfer matrix can be defined be-
tween two successive rows of vertical edges. In each such
row, let there be n+ (n ) upward (downward) pointing
arrows; then Baxter's number of ljnes l, defined by
I=L+n n+, is t—he same for each row (conservation
of arrows). Consequently the transfer matrix breaks up
into 2L + 1 disjoint sectors, each labeled by l.

It is necessary to introduce the seam in the I =L sec-
tor, and to do so only in the I=L sector, where loops
may indeed close over the periodic boundaries of the
cylinder. In other sectors, there is a net arrow Aux along
the cylinder, and the condition that the loops be nonin-
tersecting prohibits loops winding round the cylinder.

The Bethe ansatz has a long and interesting history.
As is customary in applications of the Bethe ansatz, the
solution is built up by first considering the sectors 1=0,
1, and 2. Following Baxter, "we find that the seam only
affects his grouping of "right" terms and in general the
eigenvalues are given by

l I
A' '=e" g iu, (z )+ g v(z ), (2.1)

j=1 j=1

where

/ /

/ /
/ /

/ /
/ /

/ /

Thus the eigenspectrum is given by (2.1), with (2.3) the
so-called Bethe ansatz equations.

B'. The thermodynamic limit

Here our aim is to evaluate the quantity

1ln8'= lim —lnAo
L ~ L

(2.5)

FIG. 2. The periodic honeycomb lattice of width L. Dashed
lines indicate the position of the seam.

in terms of which the reduced free energy per site is given
by f„=—ln W. In order to proceed, a convenient
change of variables" is
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lP
z =eJ (2.6)

where r =e' with 20=~+6m and t =2—2 cosO. On
further defining w. =exp(2A, ), the eigenvalue expression
(2.1) can be written

general the Fourier transform pair

G(to)= f g(A. )e'" dl, ,

g(A, )= f G(co)e ' "dto .1

(2.16a)

(2.16b)

I Slnh( A,J. l 0)
A' '(0 e)=e" g sinhk, .

J Jsinh(2 +i 0)cosh(A, i 0—/2)
sinh A, cosh( A i +i 0/2 )

For real A, , (2.6) is equivalent to the substitution

The solution of (2.15) is

&3a sinh(2al, )

sinh( 3a k)

(2 7) where we have introduced the quantity

2&a=
3(~—0)

(2.17)

(2.18)

p =2 tan '[tan(0/2)tanhA, ], (2.&)

and taking the logarithm in (2.3) gives the equations in
the form

Given the solution (2.17), and using the definition (2.5),
we readily find

In8'= —,
' f dA, cr„(A, )f(A, ), (2.19)

I

Lg(A. , 0/2)=2~I +e—g 8(A, —Ak)

for j= 1, . . . , l. Here we have defined the function

(2 9) where

cosh 2k —cos20
A, =ln

cosh2A, —1
(2.20)

8(A. ) =f(A, , 0/2)+P(A, , 0), (2.10a) Equivalently, (2.19) may be written as '

where

g(A, , 0)=2 tan '(tan0 tanhA, ),
P(X, 0)=2tan '(cot0tanhA, ) .

(2.10b)

(2.10c)

In (2.9), I is an integer for l odd, and half an odd integer
for I even. In particular, for the largest eigenvalue in
each sector we make the choice

I =j—(l+1)/2, (2.1 1)

for j=1, . . . , l with l =I. for the largest overall eigenval-
ue.

Following deVega and Woynarovich, we introduce
the function

Zt (k)= g(A, , 0/2) ——+—g 8(A, —Xk)
1 1

2m
' I I

(2.12)

in terms of which the roots A, are equally spaced, i.e.,

ZL(A, )=I /L .

The derivative of (2.12) is denoted by

dZL (k)crL(A)=,

(2.13)

(2.14)

(2.15)

where the prime denotes differentiation with respect to
the A, variable. The integral equation (2.15) can be solved
by Fourier transforms. In order to do so, we define in

and is directly related to the density of the roots. This
asymptotic root density satisfies

o „(A,)= g'(A. , 0/2)+ f dpo. „(p)8'(A,—p),

in&= f dx &„(x)f(x)
4m

(2.21a)

To calculate the dominant finite-size corrections to the
eigenvalues, we follow the treatment given by Hamer
et ah. for the modified XXZ chain. In parts 1 and 2 of
this section, we set out in some detail the calculations for
the vertex model with no seam (e=0). The full model
with the seam is then a straightforward generalization of
these results. This variation is treated in part 3.

1. Largest eigenvalue with no seam (a=0)

Recall that in taking the thermodynamic limit, we
were left with the integral equation (2.15), with the solu-
tion giving the bulk free energy per site through (2.19).
For finite L, de Vega and Woynarovich have shown

sinh(0x )sinh(rr —0)x
~

~

x sinh(~x )[2 cosh(~ —0)x —1]
which is the result obtained by Baxter" for @=0, as of
course it must be. We have been able to evaluate this in-
tegral at two points. These results are &=2+&2 at
0=3m/4 and 8'=2 at 0=m. /3, respectively correspond-
ing to self-avoiding walks (n =0 on branch 1) and the Is-
ing model in the low-temperature phase (n = 1 on branch
2).

It is important to realize that the result (2.2lb) is only
valid in the range 00&0(m with HO=0.4279. . . ."'
Fortunately this covers all of branch 1, and for branch 2
the range n ) —1.311. . . . Beyond this point the leading
eigenvalue corresponds to a different eigenvector, and
subsequently not to the choice of I~ given in (2.11). This
crossing of levels results in a "kink" in the bulk free ener-
gy as a function of n. We have not yet considered the
range beyond this point in any detail.

C. Finite-size corrections
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+ f dp e'(A, —p)SL(p), (2.22)

where

1

SL(p)= —g 5(p —
A,, ) ai (p—) .

j=1
(2.23)

The result (2.22) can be treated as an integral equation in
o L (A, ) —o „(A,), with solution

oL(A) —cr (A)= f dpp(A, p)SI(p—), (2.24)

where

p(A)= f e

that the problem can be recast in terms of a similar set of
integral equations. We consider the root density (2.14)
first. Using the definition (2.12), the difference between
the finite and the infinite system is, after some manipula-
tion,

o L(A) o—. (I)= f dp[crL (p) o. —( p)]e'(A, p)—

5f = —
—,
' f dp+ f dp J(p)oi (p)

+ [J(A+ )+J( —A ))

J'(A+ )+
24I. ' ~, (A )

J'( —A )
+O(L ),

crL —A

(2.30)

p'(A, —A)
12L crl (A)

+ —f dpp(A, p)o~(p—)

where A+ and —A are the two largest roots in magni-
tude. For the leading eigenvalue in each sector, corre-
sponding to the choice (2.11), the roots are distributed
symmetrically on the real axis, so that A+ =A =A. In
this case (2.29) and (2.30) reduce to

o L (A, ) —o „(X)= —f dpp(A, p)crL —(p)+
oo p(A, —A)

X sinh( Oco/2) +sinh[( m. —20)co/2]
sinh(8co/2) I 2 cosh[(~ —8)co/2] —1 I

(2.25)

+ p(A, +A)
2L

p'(A, +A)
12L ol (A)

5f =—1nAO —ln8"= ,' f J—(p)SI(p)dp,

where

(2.26)

In a similar manner, the difference between the finite-size
free energy per site and the limiting expression (2.19) can
be written

and

5f = —f dp J(p)~, (p)+
oo J(A)

+ +O(L ") .
12L cri (A)

(2.31)

(2.32)

dx;„2sinh[(m —9)x /2]Jp = e'"
x 2 cosh[(m. —6)x /2] —1

This last integral can be evaluated by a standard contour
integral in the complex plane, with result

2 2 cosh(a p) —1

Thus for the choice (2.11) of the I, A is determined by

Zl (A)= (2.34a)

We now need an expression for A. From the definitions
(2.12) and (2.14), we find

f o L (A, )dA. =—+
oo Lm

where a is defined in (2.18).
Application of the Euler-Maclaurin formula ' to

(2.24) and (2.26) leads to

OI

oL A, dA, = 1+ L —l-] 0
2L

(2.34b)

—A

o I (A, ) —o (A) = — f 1p+ f dp p(A, —p)crI (p)
+

+ [p(X—A+ )+p(A, +A )]
1

2I

As for the XXZ chain, the bracketed terms in (2.31)
are small, and may be neglected in determining the
leading-order finite-size corrections as L ~~. This
leaves a Wiener-Hopf equation which is to be solved for
the root density crL(A, ), subject to the constraint (2.34b).
Following Hamer et at'. , we define

p'(A, +A )+
12L, ' ~, (

—A )

+O(L ),

p'(A, —A+ )

crL(A+)

(2.29)

k(A, ) =p(k),
f (A, ) =cr (A, +A),
X(A)=crl (A, +, A) .

(2.35a)

(2.35b)

(2.35c)

Setting r =A, —A in (2.31) then gives the Wiener-Hopf
equation,
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X(t)+ f k(t s)—X(s)ds =f (t)+ k (t) k'(t)
o 2L 12L crt (A)

We then use the decomposition

rr/sinmz = I (z)I ( 1 —z ), (2.38)
(2.36) to "factorize" (2.37) in the form

From (2.25) and (2.35a), the kernel of this equation is

1+&( )
sinh( co/2)

(2 37)
sinh(Oco/2) I 2 cosh[(ir —O)co/2] —1 j

[1+K(co)] ' = G+ (co)G (co),

where

(2.39)

6+ (co) =2&rrO

r 1 —l —e"'"'
2

. Oco ~ 1 . (ir —O)co 5 . (m. —O)cor 1 —l I. ——l I
2~ 6 4~ 6 4m

(2.40a)

=6 ( —co) . (2.40b)

Here the functions 6+ (co ) are holomorphic and continu-
ous in the upper and lower halves ~+, respectively, of the
complex plane. The function h(co) is determined by im-
posing the condition that 6+(co) are continuous and
equal to 1 at

~
co

~
~ oo (in sr+, respectively). Using

Stirling's formula, we find

'(g i co) 1
P(co) =

12L ~cr~(A) 2L
(2.48)

However, due to the diff'erent kernel K(co), the diff'erence
lies in the value of g, and also in the function

6 (
—ia)e

(2.49)
h(co) = ln

Then as
~
co

~

~ ~ in rr+,

6+ (co)-1+ + + O(co ),
CO

where

(2.41)

(2.42)

'17 CO&3 — i (rr —O) ——
3 2

The solution (2.46) is now used to determine the finite-
size correction. As we are interested in the largest eigen-
value, we take i=L in the constraint (2.34b). Recalling
the definitions (2.35c) and (2.45b), this constraint is con-
sistent with the solution (2.46) if Q+(0) = —P(0), i.e., if

l 1 1T 2

3( O)
N Ã2 gg 1 (2.43) 6 (

~

)
—aA lg(

12L crL(A)
(2.50)

Finally, at co=0,

6, (0)=&O/~ . (2.44)

Also from the definition (2.45b) and the solution (2.46),
along with the relation crL (A) =X(0)=2X+(0), we have

Returning now to the Fourier-transformed version of
(2.36), we further split the functions X(co) and F(co) into
+ components (again to be holomorphic and continuous
in ir+, respectively), i.e. ,

ig, 2G+ (ia )e
crL(A) = + +

24L crL(A) 2L &3(rr O)—(2.51)

Equation (2.51), together with (2.50), gives a quadratic
equation in o t (A), with solution

with

X(co)=X+ (co)+X (co),

X+ (co) = J e'"'X(t)dt,
0
0X (co)= e' 'X(t)dt .

(2.45a)

(2.45b)

(2.45c)

lg)
crL (A) =- +

L 3(rr O) 2—
l kg )

—OP 9( —O) 12

(2.52)

X+ (co)=C(co)+6+ (co)[P(co)+Q+ (co)], (2.46)

The solution of (2.36) is precisely that given in Hamer
et a/. , namely, showing an explicit 1/I dependence. Finally, approxi-

mating (2.28),

with J(A, ) —6e (2.53)

C(co) = +
12L o.L(A)

(2.47) and using the quadratic in cr~(A), the equation (2.32)
gives rise to
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v'3'
12L

(2.54)
These results are now used in conjunction with the more
general expansion (2.30). After some algebra, we arrive
at the formula

Thus, with /=&3/2, the usual geometric factor for the
honeycomb lattice, comparison with (1.4) indicates that
the central charge is given by c= 1 for all 0.

of- 1 —3
12L m G (0)

2

(2.61)

2. Extension to other sectors (e=0)

The result (2.54) is easily generalized to the other sec-
tors. In doing so, a convenient sector label is
l, =L —l =0,+1, . . . ; the largest sector having l, =0, etc.
Use of the constraint (2.34b) then generalizes (2.50) to

Comparison with (1.4) now indicates that

c=1 37TE /0, (2.62)

which is the desired result. Setting @=6' and recalling
that 20=sr+6+, the centra) charge of the loop model is '

thus

h, 8

2L 12L'o~(A) 2L~G+(0) '
3 20c=1— —1

~6j m

'2

(2.63)

(2.55)

with G+(0) given in (2.44). Together with (2.51), and
proceeding as for /, =0, this leads to the result

12L

l, O

m G+(0)
(2.56)

In this case, comparison with (1.5) gives the set of scaling
dimensions

D. Corrections to scaling

We first consider the result (2.54). The next-leading
corrections arise from the approximations made in the
derivation. Arguing as for the XXZ chain ' these
corrections are O(p(2A)/L ). For our model, the lead-
ing poles of (2.25) are at to=i 2m/9 an. d co=ia, implying

p(A, )-c,e +cue ' as A, ~~ .

From the asymptotic root density (2.17),

3. Largest eigenvalue with the seam (e&0)

(2.57) o.„(k)- — e ' as A, ~~ .
3(m —8)

Using this result in the constraint (2.34b), we find

(2.65)

When the phase angle e is nonzero, the root density
oL (A, ) is no longer symmetric in A, . However, a similar
situation occurs in the XXZ chain as the result of a
"twisted" boundary (see also Ref. 32). In this case
A+&A and the regions A, )A+ and A( —A must be
considered separately. For the largest eigenvalue (i, =0),
the constraints equivalent to (2.34b) are

—A

o L (A, )dk= 1+—
oo 2L 7T

(2.58a)

J crL (A)dA, = 1 ——
2L vr

(2.58b)

In this case we effectively consider the regions A, )&A+
and A, « —A . The first difference is that A is replaced
by A+ in (2.49). Secondly, use of (2.58) replaces (2.50)
with

2L
lgi

12L oL( —A+)

+
2L ~G+ (0)

Similarly, the analogous result to (2.51) is

(2.59)

2
—a A+

ig, 2G+ (ia )e
cr L (+A+ ) = + +

24L o (+LA ) +2L v'3(~ —8)

(2.60)

e
—aA

2&3L '

and so

p(2A) aiL ~~ e o+a L as L~ ao

(2.66)

(2.67)

Hence finally

&3m.

12L
1+O(L )+O(L '" '

) . (2 68)

In general, corrections of the same order should appear
in.the results (2.56) and (2.61). However, in each case the
amp/itudes of these corrections can of course be different.
And indeed, as we shall see further below, they may even
turn out to be zero.

III. NUMERICAL RESULTS

The numerical solution of finite systems of Bethe an-
satz equations have also been of recent interest. Such
solutions led to, for example, a dramatic increase in the
available finite-lattice data in the eight-vertex model
and the quantum Hamiltonian versions of the critical
Potts and Ashkin-Teller models. ' We now turn to a
brief discussion of similar calculations for the 0(n) mod-
el.

A. Bethe ansatz calculations

In this paper we have considered a particular class of
eigenvalues [those corresponding to the choice (2.11)].
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For this class, our basic assumption has been that the
Bethe ansatz roots A. satisfying (2.9) all lie on the real
axis in the complex k plane. This assumption is borne
out by our numerical solutions of the Bethe ansatz equa-
tions. We first consider the vertex model with no seam
(e=O). An initial solution is obtained from the large-r
limit in (2.3), or equivalently, neglecting the e terms in
(2.9). The final solution is then easily obtained by an
iteration procedure.

To estimate the central charge c, we define the quantity

6L 1 lnA—,"I+f„ (3.1)
vr

5m /6 n/2 m/6

2
4
8

16
32
64

128
256

1.037 650
1.009 275
1.003 501
1.001 544
1.000 682
1.000 299
1.000 131
1.000057

1.002 272
0.997 318
0.998 939
0.999 712
0.999 927
0.999 982
0.999 995
0.999 999

1.188 357
1.100 132
1.005 465
0.999042
0.999 686
0.999 917
0.999 979
0.999 995

TABLE II. Typical finite-size estimates, defined in Eq. (3.1),
for the central charge of the seven-vertex model. The exact
value is c = 1, independent of 0.

L 2

XI (L ) —=
277

f ——lnAOI — +1 L) 1

L 12
(3.2)

where by Ao ' we mean the largest eigenvalue in the I, = 1

sector. The estimators (3.2) are shown in Table III along
with the exact value X, =0/(4m), obtained in Sec. II C 2
[Eq. (2.57)].

For the l, =2 sector, we return to L even. In Table IV
we show the direct finite lattice estimates of the ratio
(1.5). In this case (2.57) gives the exact result as
X2=0/~, which is shown for comparison in the table.

which, from (1.4), should tend to c as L ~ oo. In order to
obtain the bulk free energy per site ( f =—in&), we
have evaluated the integral (2.21b) numerically. These
results are shown as a function of selected 0 in Table I.
In Table II, we show the sequence of estimators (3.1) for
increasing lattice size and different values of 0. In each
case the sequences is clearly approaching the exact value
c = 1 obtained in Sec. II C 1.

There is a technical problem in the evaluation of the
largest eigenvalue in the next sector (I, =1). When L is
even there are an odd number of zeros (specifically, there
are L —1), one of which is located at the origin. This
zero leads to a divergence when substituted into the ei-
genvalue expression (2.7). A similar problem occurs in
the six- and eight-vertex models and is overcome by tak-
ing a derivative and then substituting in the zeros.
However, here we simply avoid the problem by consider-
ing the sector l, =1 for L odd. Conversely, the same
problem now exists for the largest overall eigenvalue and
as we wish to compute the corresponding scaling dimen-
sion, the definition (1.5) cannot be used directly. Instead
we now take c =1 and combine (1.5) with (1.4). This
gives the quantity

Before turning to nonzero e, we briefly comment on the
convergence of the finite lattice estimates. As is apparent
in the tables, the convergence is noticeably slower at the
point 8= 5'/6 From. Sec. II D, the correction-to-scaling
exponent at this point is predicted to be ——', , which is no-
ticeably smaller than the exponent of —2 which dom-
inates the corrections at 0=7r/2 and 0=~/6. In fact the
crossover between these two regimes is at 0=2m. /3 where
in analogy to the XXZ chain ' we expect corrections
0 (L lnL ). More spectacular however, is the limit
0~~, in which the exponent tends to zero, resulting in
the appearance of logarithmic corrections.

The seam variable e effectively "shifts" the levels in the
eigenspectrum. For @=6+=20—~, as required for the
loop model, we show in Table V the estimators (3.1) for
typical values of 0 on branch 1. The exact value of the
central charge is given by the formula (2.63). The point
0= 3m /4, at which c =0, represents something of a pecu-
liarity. Here the finite-size corrections are seen to vanish
to all orders. A similar point occurs, for example, in the
q-state Potts chain at q=1. ' These points serve as
valuable checks on the numerical solutions, for in this
case the Bethe ansatz roots conspire to give
Ao=(2+&2) . Another such point occurs at 9=sr/3 on
branch 2. It is important to emphasize however, that in
both cases the rest of the eigenspectrum does indeed pos-
sess finite-size corrections. With regard to the other
points shown in Table V, we see that the convergence of
the finite-size estimates is in some cases more rapid than

TABLE III. Typical finite-size estimates, defined in Eq. (3.2),
for the scaling dimension associated with the leading eigenvalue
in the l, =1 sector of the seven-vertex model. The Exact values
are given by I& = t9/(4~).

TABLE I. Numerical values of the integral (2.21b) appearing
in the reduced bulk free energy per site.

ln 8'

1.282 378

ln( 2+ +2)= 1.227 947

0.954 771

1n2= 0.693 147

0.374 497

3
5
9

17
33
65

129
257

Exact

5m /6

0.202674
0.205 057
0.206 660
0.207 541
0.207 973
0.208 173
0.208 263
0.208 302
0.208 333

m/2

0.125 485
0.125 101
0.125 023
0.125 006
0.125 001
0.125 000
0.125 000
0.125 000
0.125 000

0.023 306
0.035 651
0.041 208
0.041 664
0.041 671
0.041 668
0.041 667
0.041 667
0.041 667
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TABLE IV. Typical finite-size estimates for the scaling di-
mension associated with the leading eigenvalue in the l, =2 sec-
tor of the seven-vertex model. The exact values are given by
X2 = 6I/m.

transfer matrix. Such an algorithm can be used to find
the leading eigenvalues of the transfer matrix, which is
nonsymmetric in the case of the loop model. Details can
be found, for example, in Ref. 48.

5m/6 m./2 m/6 1. Description of the construction

4
8

16
32
64

128
256

Exact

0.792 749
0.812 151
0.823 360
0.828 840
0.831 348
0.832 463
0.832 954
0.833 333

0.509 267
0.502 356
0.500 590
0.500 148
0.500 037
0.500 009
0.500002
0.5

0.158 637
0.166 262
0.166 651
0.166 666
0.166 667
0.166 667
0.166 667
0.166 667

B. O(n) transfer matrix calculations

In order to investigate finite O(n) models in some de-
tail, we have constructed a transfer matrix for the loop
model. More precisely, we have devised an algorithm
that performs the multiplication of a vector by the

predicted in Sec. IID. For example, at 0=5~/6 and
8=2tr/3, the convergence appears to be of O(L ). In
such cases it appears that the amplitudes of the dominant
finite-size corrections simply vanish.

Before proceeding, we need to address the precise
correspondence between the loop model and the seven-
vertex model with the seam. The mapping implies that
the free energies (and hence the conformal charge) of
both models map precisely onto each other. However,
the subdominant eigenvalues of the transfer matrices may
be different. In fact, the eigenvalue spectra cannot match
precisely, because the dimensions of the transfer matrices
are different. Since ratios of eigenvalues are associated
with scaling dimensions, this situation allows the ex-
istence of different sets of exponents in the two models.
However, the mapping between the O(n), the loop and
vertex models also relates the energy-energy and magnet-
ic correlation functions of these models, so that they at
least have the associated relevant exponents in common.
We will come back to this relation after the definition of
the loop-model transfer matrix.

In constructing the loop-model transfer matrix a con-
venient starting point is Eq. (1.1). Complex weights,
which do occur in the seven-vertex model, are thus avoid-
ed. Generally, a transfer matrix is defined in terms of the
Boltzmann weight of the couplings in and between adja-
cent rows of the system. Usually, the indices of the
transfer matrix are defined directly on the basis of the de-
grees of freedom in each row. For the loop model, these
degrees of freedom take the form of bond variables which
assume the value of 1 if the edge is covered by 6, and 0
otherwise. The bond variables, however, do not carry
enough information to serve as indices of the transfer ma-
trix. The nonlocal interactions implied by Eq. (1.1), due
to loops, may depend on bond variables that are far away.
Therefore, we use the transfer matrix in the sense of the
second definition given by Schultz et al. Thus, the in-
dex does not represent the state of variables in each row,
but rather it contains all of the information necessary to
determine the change of energy (or a multiplicative factor
to the Boltzmann weight of the system) when a new row
is added to the system.

Consider a loop model on a honeycomb lattice
wrapped on a cylinder. The axis of the cylinder is chosen
parallel to one of the lattice edge directions (the same
geometry as in Sec. II). The finite-size L is measured in
units equal to the smallest diameter of an elementary hex-
agon. A row is defined as a ring-of L up- and L down-
vertices round the cylinder. We consider a cylinder with
open ends, with a length of N rows of 2L sites, such that
there are L dangling bonds at each end of the cylinder.
Nonzero bond variables on these dangling bonds must
occur pairwise, because the nonzeros form paths that
cannot end in the bulk. For simplicity, we assume that at
most one nonzero bond variable occurs on one end.

First we consider the case of only zeros. This restric-
tion imposes a boundary condition which is equivalent to
the presence of an open end in the spin representation of
the O(n) model. This restriction does not apply at the

- TABLE V. Finite-size estimates (3.1) with increasing system size for the central charge of the loop
and critical O(n) models. The exact values shown are from Eq. (2.63) with n = —2 cos29.

4
8

16

32
64

128

Exact

—1.732. . .
11
12

—1.247 237
—1.261 230
—1.267 648
—1.270 471
—1.271 714
—1.272 267

= 1.2727. . ~

—1
5
6

—0.600 549
—0.600 032
—0.600 002
—0.600 000
—0.600 000
—0.600 000

—3
5

0.500 851
0.500 049
0.500 003
0.500 000
0.500 000
0.500 000

1

1.732. . .
7
12

0.855 807
0.856 730
0.857 021
0.857 111
0.857 135
0.857 141

6

=0.857 143
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other end of the cylinder. The way in which the nonzeros
are distributed, and in which they are pairwise connected
(via a path in G~ on the row 1 to 1V) is called the "con-
nectivity. " It is this quantity which carries precisely the
information needed to determine the indices of the
transfer matrix. Let us now consider the increase in ener-

gy of the loop model when a new row of vertices is added
to the lattice. According to Eq. (1.1), a reduced energy
inn is associated with each loop closed by the vertices in
the new row, and a reduced energy lnt ' which each
nonzero bond variable. Given the connectivity a& on the
L dangling bonds of the S-row lattice, and the 2L ver-
tices in row %+1, the energy contribution follows im-
mediately. Besides, it is possible to determine the con-
nectivity a&+ &

on the new set of dangling bonds due to
the graph 6~+, on rows 1 to %+1. These ingredients
suffice to find the transfer matrix T(a&+„a~) for finite
L.

Thus we have constructed an algorithm which maps
the cL allowed connectivities on the integers 1,2, . . . , cl .
We have used a sparse matrix representation of T, which
leads to a large reduction in computer time and memory
requirements. Details will be given elsewhere. In this
way, the two dominant eigenvalues of T were obtained
for system sizes up to L= 15. These eigenvalues deter-
mine the free energy and the energy-energy correlation
length. The first quantity served to check the numerical
Bethe ansatz results for small systems. The second quan-
tity is also of interest since it is not included in the exact
results derived in Sec. II. It will be used to determine the
temperature dimension Xr [via Eq. (1.5)]. The leading ei-
genvalues of T correspond to eigenvalues of the vertex
model in the l, =0 sector (i.e., where the number of up ar-
rows equals the number of down-arrows).

Secondly, we consider the case of a single nonzero
bond variable on one end of the cylinder. In this case,
the other end of the cylinder has, apart from pairwise
connected bonds, also a single nonzero bond variable.
Thus we had to construct a new algorithm to map the
modified connectivities onto the positive integers serving
as the indices of a new transfer matrix T'. The graphs
6& that occur on the X-row cylinder correspond to the
graph expansion of the spin-spin correlation function of
the O(n) model. Thus the ratio of the largest eigenvalues
of T and T' determines the magnetic exponent XH. Us-
ing alogrithms similar to those used for T, we were able
to determine the leading eigenvalues of T' for system
sizes up to L= 13. These leading eigenvalues were found
to match those of the vertex model transfer matrix in the'
sectors I, =+1, without the seam. Thus from Eqs. (1.5),
(2.57), and (2.63) the exact result for the magnetic ampli-
tude is

(3.3)

with n = —2 cos28 for the O(n) model.

2. Results fear the temperature exponent

We have calculated the two largest eigenvalues Ao '

and Az ' of the loop model transfer matrix, in the manner

described above, for system sizes L=2 to 13. These cal-
culations were performed for n =+2, +1.5, +1, +0.5,
and 0 on branch 1(a ~0) as well as on branch 2(a(0).
In addition, for n =1 on branch 2 we also did L= 14 and
L=15. The ratio of these two eigenvalues defines a
correlation length which can be identified with the
energy-energy correlation function. Its finite-size ampli-
tude is simply related to the temperature exponent Xz-,
and from (1.5), we define a sequence of finite-size estima-
tors as follows:

X"'(L)=— L ln(A' '/A' ')1

2'
This quantity can be expanded in powers of L

Xr"(L)=Xr+aL "+ .

(3.4)

(3.5)

where the ellipsis stands for corrections to scaling with
higher powers of L '. Thus, iterated estimates Xz' '(L)
of Xz are obtained by requiring

Xr' '(L') =X/'(L)+a(L') (3.6)

TABLE VI. Extrapolated estimates for scaling dimension X&
associated with the thermal exponent of the O(n) model. Es-
timated uncertainties in the last decimal places are given be-
tween parentheses. The expected exact results shown are ob-
tained from Eq. (3.7) with n = —2cos20.

Branch

—2
—1.5

—0.5
0
0.5
1

1.5
2
1.5
1

Estimate

0.03(1)
0.259 7(1)
0.400 0(1)
0.530 98(2)
0.666 68(1)
0.817 760(2)
1.000 000(1)
1.251 891(1)
1.999 99(1)
3.195(1)
4.1(5)

Expected

0
0.259 955
0.4
0.530 956
0.666 667
0.817 756
1.0
1.251 891
2.0
3.195 166
40

for L' =L, L + 1, and L +2, so that the three unknowns
on the right-hand side can be solved for. The new series
of estimates converges more rapidly, but given the max-
imum value of L, it is shorter. This process can be fur-
ther iterated until the. series becomes too short or until
numerical inaccuracies becomes noticeable. Results of
this fitting procedure (in most cases Xz ') are given in
Table VI for several values of n on branch 1, and for
branch 2 at n=1.5 and 1. On branch 2, Xz- becomes ir-
relevant, and the corresponding eigenvalue of the transfer
matrix becomes dominated by other eigenvalues as n in-
creases, at least for the system sizes that we could investi-
gate (L ~ 15). Since our algorithm derives only the two
largest eigenvalues for the larger system sizes, we have no
results for Xz- for n &1 on branch 2. For n =1, our esti-
mate is based on only one system size: L =15. The exact
result in Table VI is the original conjecture of Cardy and
Hamber, ' which in our notation (n = —2 cos28) reads

X~=2m/0 —2 . (3.7)

We return to this result in the next section.
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IV. CONCLUSION XI =l, g/g —(1—g) /2g . (4.3)

We have given a Bethe ansatz solution for the eigenval-
ues of the transfer matrix of a seven-vertex model with a
seam. This model is equivalent to a loop model in which
the loops closing over the edges of periodic strips are
correctly accounted for. The loop model is in turn
equivalent to Nienhuis's version of the O(n) model on the
honeycomb lattice. We have calculated the leading
finite-size corrections in system size to the simplest class
of eigenvalues. The vertex model with no seam (i.e., with
ordinary periodic boundary conditions) is thus found to
be associated with a central charge c =1, which is the ex-
pected value for models with continuously varying ex-
ponents, such as the JJZ chain or six-vertex model. Ac-
cordingly, we find that the leading eigenvalue in each sec-
tor of the transfer matrix is associated with a scaling di-
mension varying with 0 as given in Eq. (2.57). Given this
result, more generally we expect to find the dimensions

(4.1)

with m=0, 1, . . . labeling the excitations within each sec-
tor. Such a structure would then complete the analogy
with the result found for the periodic XXZ chain, ' ' It
would indicate that the corresponding operators are
again analogs of the Gaussian model operators ' com-
posed of a "spin-wave" excitation of index l, and a "vor-
tex" excitation of vorticity m.

The introduction of the seam in the vertex model al-
lows us to identify levels in the eigenspectrum of the loop
model. Thus we have derived the central charge of the
O(n) model, which is given by Eq. (2.63). In terms of the
renormalization coupling constant ' g =20/m, this re-
sult is

c(g) = 1 —6(1—g ) /g, (4.2)

which is the value predicted for the 0 ( n ) model on the
basis of conformal in variance. ' This situation is
analogous to the Potts madel, for which the presence of
the seam in its six-vertex or XXZ equivalent also ac-
counts directly for the variation in c along the critical
line. ' ' The leading eigenvalue in the other sectors of
the vertex model have an amplitude in the loop model
corresponding to

T 0 1 —3 /' X03 / 4~g

XTT X0,2 —3 / XO 3 / 12/g —4

(4 4)

(4.5)

where Xo is as defined in (4.1).
The above results also follow from the Kac formula

(1.6) (see, e.g., Ref. 13). The "magnetic" sequence of ex-
ponents (4.3) is simply given by ' Xi =26, l o. Similarly

the results (4.4) and (4.5) belbng to the "thermal" se-
quence X =26, 2 + i. Thus our results are seen to be in
precise agreement with the previous work on the
Coulomb gas, ' ' and in turn, with the identifications
made by assuming conformal invariance.
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This result is in agreement with the sequence of ex-
ponents found from the mapping to the Coulomb
gas. ' ' The magnetization, polarization, and cubic-
symmetry-breaking exponents all follow from this se-
quence. They are given by XH=X+&, Xp X+2 and
XCB =X~~, respectively.

We have not at present been able to locate the set of
Bethe ansatz roots corresponding to the eigenvalue asso-
ciated with the thermal exponent. Nevertheless, we have
verified the result (3.7) to a high degree of accuracy. If
the picture is completely analogous to that found in the
XXZ chain, as indeed seems likely, then the associated
scaling dimensions of the energy and next-leading energy
exponents follow from
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