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The diffusion of positive muons (p+ =0.11 Xproton mass) in copper was studied experimentally

by the zero-field muon-spin-relaxation method in a temperature ( T) range from 70 mK to 190 K, us-

ing a pulsed muon beam suitable for the present method. The measurements were performed in

three copper samples of different purities to see the effect of impurities on the nature of the p+
diffusion. We find that the diffusion (hopping) rate v in ultrapure copper decreases rapidly with de-

creasing temperature, reaches a minimum at T =30—70 K, then begins to increase. The T depen-
dence in the low-temperature region follows T (a=0.67+0.03) at 0.5 —10 K and levels off below
0.5 K. The behavior is strongly modified by impurity consisting of =100 ppm iron below 10 K.
The T dependence in the pure copper is accounted for by new theories developed independently by
Kondo and by Yamada, predicting a hopping rate v~ T '(0 K —,

' for a single charged parti-

cle), where the factor T comes from the renormalization of the muon tunneling matrix due to the
nonadiabaticity of the conduction electron interacting with the moving muon. From the present re-
sults the constant K is determined to be K =0.16+0.01.

I. INTRODUCTION

The positive muon (p+) is a radioactive probe pro-
duced by high-energy particle accelerators. It has spin —,

'

and mass 105.7 MeV/c, decays into a high-energy posi-
tron and two neutrinos with a lifetime of 2.20 psec. The
spin is associated with a magnetic moment which rotates
under a magnetic field with the angular frequency of
2~X 13.55 kHz/G. Because of its large spin polarization
during production and the preferential emission of the
positron along the spin direction, we can detect the spin
direction of the muon time differentially.

The spin motion of positive muons located at intersti-
tial sites in diamagnetic metals (e.g. , Cu, Al) is character-
ized by the relaxation of spin polarization under random
local fields from surrounding nuclear magnetic moments
(T2 relaxation). The spin-relaxation time due to the nu-
clear magnetic moments, in most cases, lies in a range
close to the muons lifetime (i.e., @sec), which permits its
easy observation.

In general, the local magnetic fields felt by a muon are
dynamically modulated by the diffusive motion of the
muon and/or by the fluctuation of the surrounding mo-
ments, which provides another source of spin relaxation
( T, relaxation). Since the Auctuation of the nuclear mag-
netic moments is negligibly slow ((0.01 @sec ) in di-
amagnetic metals, the local field modulation is entirely
due to the diffusion of the muon, which is reflected in
spin relaxation functions. This is the well-known
"motional narrowing" effect of NMR (nuclear magnetic
resonance). Thus, measurements of the relaxation func-
tion of p+ spin provide us with information on the
diffusion of this light charged particle in metals.

Since a positive muon has a light mass
( =0. 11 X m:m =proton mass), the localized state is
considered to be much more extended compared with the
case of the hydrogen isotopes (p, d, t) in metals. Conse-
quently, the migration by quantum-mechanical tunneling
possibly dominates the muon diffusion and gives rise to
exotic behavior at sufficiently low temperature. Because
of this potentiality, the diffusion of a positive muon in
metals has attracted much interest in the field of pSR
(muon spin rotation, relaxation, and resonance) for the
past 15 years.

It has been conventional that the diffusion is stud&ed by
the spin-rotation techniques under a transverse magnetic
field (TF-p,SR). However, the interpretation of the spin
depolarization measured by the TF-pSR is often ambigu-
ous because it is not sensitive to the difference of depolar-
ization mechanisms. Namely, it was not easy in the TF-
pSR spectra to distinguish the T, relaxation mechanism
from that of T2, because both mechanisms are reflected
in a rotation spectrum through a loss of the phase coher-
ence.

Regardless of such an inherent drawback, the first
pioneering experiment was performed by Cirurevich et al.
in 1972. ' In their work and in succeeding work they
measured the spin-rotation time spectrum under a trans-
verse magnetic field in copper from 10 to 300 K and ana-
lyzed the damping of the polarization (rotation ampli-
tude) P (t) by a simple formula

2 2

P(t) =exp — (e "'—1+vt)
V2

derived from the motional narrowing assumption, where
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o. is the relaxation rate in the static limit and v is the
spin-correlation rate interpreted as the difFusion (hop-
ping) rate of the muon.

It was found that if o. was independent of temperature
the deduced diff'usion (hopping) rate v was well described
by an Arrhenius formula above 100 K, i.e.,

—E /AT
v voe (2)

however, the preexponential factor v0 (=10 sec ')
and the activation energy E, ( =600 K) in Eq. (2) were
too small to be interpreted as arising from diffusion by
classical overbarrier hopping. They also found that the
muon is almost immobile below 100 K, but could not
determine to what extent the muon is mobile because
P(t) is insensitive to v in the slow modulation regime
v «o.

The above feature of muon diffusion has been ex-
plained by theoretical models based on the small-polaron
diffusion theory. In these models, the muon is in a
small-polaron state and diffuses via so-called incoherent
tunneling. In the ground state the muon is localized with
the deformation of the host lattice to a lower potential
energy than that of the adjacent sites. The tunneling
probability is much enhanced when the small-polaron en-
ergy levels in the neighboring potential wells become
temporarily degenerate due to the modification of the
muonic potential by thermally excited phonons. The ac-
tivation energy F., in Eq. (2) is interpreted as the energy
to realize such a degeneracy of muonic states, which is
considerably lower than the energy required to jurnp over
the potential barrier.

It was soon shown by Camani et al. and Hartmann
that the quadrupolar interaction between the copper nu-
clei and the electric field gradient (EFG) was important
in interpreting the value of o. The EFG is produced by
the muon in an interstitial site. The quadrupolar interac-
tion with such an EFG affects the quantization axis of the
surrounding nuclear magnetic moments so that o. in-
creases from the usual Van-Vleck value if the external
field is weak (y„H0 & eqg). The study of the field depen-
dence of o. in single-crystal copper at 20—80 K revealed
that the muon occupies octahedral interstitial sites in the
above temperature region. They also concluded that a
5% dilatation of the copper lattice around the muon was
necessary to explain the absolute value of o.. A theoreti-
cal calculation of the potential felt by muons also favors
the location of muons at octahedral interstitial sites in
copper.

In further TF-pSR investigation the TF relaxation rate
was found to decrease again below 5 K. ' ' If this were
interpreted in terms of motional narrowing, it would indi-
cate that the diffusion rate surprisingly increases with de-
creasing temperature.

However, there have appeared several theoretical mod-
els which do not need such a drastic interpretation. For
example, the results could be interpreted as a decrease of
static width (o ) itself due to the population of a metasta-
ble tetrahedral interstitial site below 5 K. ' This brings
us back to what we called the inherent drawback of TF-
@SR which makes it difficult to untangle the origin of the

depolarization.
With the advent of the zero-field spin-relaxation (ZF-

@SR) method, ' ' it was recognized that more informa-
tion could be obtained because of its sensitivity to the
slow modulation of the local field. The ZF relaxation
function has an asymptotic component called the "—,' tail"
which damps only by the dynamical fluctuation of the lo-
cal field. In diamagnetic metals the existence of the
asymptotic component gives a clear signature for the
static nature of the local field, and the damping gives the
slow hopping rate of the muon itself. This also means
that we can determine the static width (o ) of the local
field with less ambiguity. Furthermore, the ZF method
can discriminate trapping and detrapping processes from
single-step diffusion by detailed line-shape analysis. '

In this paper we shall report in detail on the diffusion
of positive muons in copper which was clarified for the
first time by the ZF-pSR method. The method immedi-
ately provided clear evidence that the change of relaxa-
tion rate in TF-@SR at low temperature originates from
the diffusive motion of the muon. ' These were fol-
lowed by our extensive study of ZF-@SR which revealed
an exotic temperature dependence for the hopping rate
below 20 K as

vc( T (3)

II. METHOD

From the view point of taxonomy, the method of pSR
is classified by its observables into categories of rotation,
relaxation, and resonance. Instead of giving a
comprehensive review of these methods, we concentrate
on the method of zero-field and low longitudinal field spin
relaxation (ZF-, LF-pSR) which are relevant to our

where a takes small positive number ( =0.4-0.6).
The temperature dependence was well explained by tak-
ing account of the effect of the conduction-electron cloud
which at once renormalizes the muon tunneling matrix
by a factor (kT/D) (0&K & —,') and reduces the final-

state density of muon by 1/k T, where D is the
conduction-electron band width.

It is known that TF-@SR is not sensitive to hopping
rates smaller than o., while the sensitivity of the ZF-@SR
to the small hopping rate is limited only by the time
range available for the observation of the asymptotic
component without suffering from background. The
pulsed muon beam is most suitable to bring this method
into full play, because there is virtually no background,
regardless of the beam intensity, which is not true in
continuous-beam experiments. For this reason the ZF-
p, SR has been extensively developed at BOOM (Booster
Meson Facility, in KEK, Japan). This paper is one of the
first reports of the successful application of the ZF-@SR
method with the pulsed muon beam.

In the next section we will give a brief review of the
zero- and longitudinal-field (LF) spin-relaxation method.
In the succeeding Secs. III—V a full description of our ex-
perimental method and results at BOOM will be present-
ed.
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work. ' ' (The term "longitudinal field" means that the
external field is applied along the initial muon-spin direc-
tion. )

In the ZF- and LF-pSR methods, one measures the
time differential spectrum of decay positrons under a zero
or longitudinal magnetic field. ' The time spectrum N(t)
involves the longitudinal spin-relaxation function G, (t) as

X(t)=Xo[1+AG, (t)]exp

where Xo is a normalization constant, w„ is the muon-
decay life time, A ( = —,

'
) is the positron asymmetry with

reference to the muon-spin polarization, and 8 is the con-
stant background. Using the above formula, we can ex-
tract the spin-relaxation function directly from the mea-
sured positron spectrum.

The relaxation function G, (t) involves two parameters,
the dipolar width 6 and hopping rate v, by which the
shape of the relaxation function is virtually determined.
In the subsequent sections the physical meanings of these
parameters are presented. The level crossing resonance
method which has been used in copper recently ' will
also be introduced briefly at the end of this section.

square of the random local field as shown in Eq. (6).
It is clear from the above derivation that the asymptot-

ic component —,
' is a residue after the average by the ran-

dom local field, which comes from the component of the
local field parallel with the initial spin direction of muon.
This is a quite general consequence of the isotropic ran-
domness irrespective of the detailed form of the distribu-
tion function P(B). On the other hand, the initial part of
the g, (t)(t ~ b, ') is rather dependent on the assumed
form of the P(B). For example, if we take a Lorentzian
distribution for the P(B), the relaxation shows an ex-
ponential damping.

Under a longitudinal external magnetic field

Bo= (0,0, Bo ), the relaxation function is derived in the
same procedure with a replacement of P (B, ) by
P (B, Bo ) to—obtain

g, (t) =g, (t)

=1— [1—exp( —
—,'b, t )cos(coot)]

2A

COO

+ exp( —
—,'b, r )sin(coor)dr,

2A

COO

A. Zero- and longitudinal-field spin relaxation

The important features of the ZF- and LF-relaxation
functions as probes of the spin dynamics is already
demonstrated in the formulation of Kubo and Toyabe. '

Provided that the local field is completely static (i.e. ,
without diffusive motion), the time evolution of the
muon's spin o(t) =[0,0, cr, (t)] is described as the motion
of magnetic moment under a local magnetic field
B=(B„,B,B, ) as,

8 8+8
cr, (t) = + cos(y„Bt)

P(B; )= " exp
&2rrh 2b,

g2yy2 (B2) (B2) (B2)

(i =x,y, z),
(6)

the spin-relaxation function g, (t) is deduced from the
average of Eq. (5) over the local field distribution as

g, (t) = f f f tr, (t)P(B„)P(B,)

XP(B, )dB dB dB,

which yields a relaxation function

g, (t)=g, (t)= —,'+ —', (1 —6 t )exp( ~b't )—
called a static Kubo-Toyabe function (see Fig. 1). The
time constant 5 is connected directly with the root mean

=cos 0+sin Ocos(y„Bt),

where y„refers to the gyromagnetic ratio of the muon
and 0 to the polar angle of B. Suppose that the distribu-
tion of static local field is isotropic in direction and ap-
proximated by a Gaussian distribution, i.e.,

where coo=y„BO. The asymptotic value of the above re-
laxation function is always larger than —,'. '

For the quantitative description of the spin relaxation
of a muon in copper, it is necessary to introduce a Hamil-
tonian to describe the spin motion of the muon (S =

—,
'

)

interacting with the surrounding nuclei of spin I ( = —', for
Cu and Cu). There are three different interactions in

the spin Hamiltonian, the Zeeman interaction under
external field denoted as Ho, the magnetic dipole-dipole
interaction HD between the muon and the surrounding
nuclei, and the electric quadrupolar interaction H& giv-
ing the self-energy of the surrounding nuclei (when
I ~ —,'). The last term is due to the existence of the elec-
tric field gradient (EFG) produced from the positive
charge of the muon. The spin Hamiltonian is given as

Hs Ho+ HD +Hg (10)

where HD is from residual terms of HD (called secular
terms) when Ho or H& dominates. Since the dipole-
dipole interaction decreases rapidly with the distance r as
1/r, the second moment is dominated by the nuclei at
the nearest-neighboring sites.

In the case of zero or low external field, it is not easy to
get the relaxation function directly by solving Eq. (10) to
a good accuracy because the term HD or H& cannot be
treated as a perturbation. Even in such cases the second
moment can be predicted from a semiclassical argument
as to which component of the random local field contrib-

which is to be solved to yield the spin-relaxation function
g, (t).

The static width 6 is calculated by the following equa-
tion:

tr I [HD, S, ]' I
2A =—

tr[S,']



26 R. KADONO et al. 39

utes to the spin relaxation of muon. For detailed discus-
sions of 6, see Refs. 16 and 17.

An attempt to calculate a more realistic relaxation
function has been attained by solving numerically the
quantum-mechanical equation of motion for Eq. (10) with
a finite number of nuclei. ' As shown in Fig. 1 by a
solid curve, the calculated relaxation function shows a
small ( —5%) oscillatory deviation from Eqs. (8) and (9).
In classical terminology the deviation is considered to
come mainly from the difference of the local field from a
Gaussian distribution. The difference will be discussed in
Sec. IV A 1 in detail.

The effect of muon diffusion on G, (t) is approximated
by a stochastic model for the time evolution of a local
field by the migration of a muon under a Markovian pro-
cess (strong collision model). ' ' ' ' The relaxation
function is described in the form of an integral equation
as

G, (t)=g, (t)e "+vf g, (r)e "G,(t —r)dr, (12)

where v ' =~, is the spin-correlation time whose recipro-
cal is interpreted as the hopping rate. The diffusion
coefficient D„of a muon in copper is related to the hop-
ping rate as D„=1/zaov under the assumption that a
muon hops between neighboring sites, where ao is the lat-
tice constant and z is the coordination number (z= 12 for
octahedral interstitial sites). Typical examples of G, (t)
are shown in Fig. 1 calculated from the above equation
with the function of Ref. 37 for g, (t).

In the slow-modulation regime (v ~ b, ), the asymptotic
tail of the Kubo-Toyabe function (ZF) exponentially

damps as' ''

G, (t)= —,'exp( —
', vt) (t »b, —'), (13)

while in the fast diffusion (v)&b, ), it is approximated in
another exponential damping form as

2A t
G, (t) =exp (v«ytBz ~p) (14)
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FIG. 1. Zero-field longitudinal spin-relaxation function (the

original static relaxation function by Celio) calculated for
several different cases of hopping rate v by strong collision mod-
el (v is normalized by 6=0.39 @sec ').

One important character of Eq. (13) is that it does not de-
pend on the local field parameter 5, while Eq. (14) does.
Note also that in Eqs. (13) and (14) the effects of the hop-
ping rate v are converse to each other. Since the latter is
called "motional narrowing" in NMR, the former effect
may be called "motional broadening" as a general phe-
nomena in ZF- and LF-pSR.

The coefficient of vt (= —', ) in Eq. (13) is interpreted as
the fraction of polarization which depolarizes at every
hop. This is due to the fact that muon is assumed to feel
an uncorrelated local field after migration in the Marko-
vian process. It is known that the coefficient is different
under different assumptions of the stochastic process for
the migration. Assuming a Gaussian-Markovian process
in deriving the time evolution of the local field, Kubo
et al. found the coefficient to be about 1.56 instead of

So far there is no experimental study to distinguish
them.

Practically, the observable time range may not be long
enough for the asymptotic component to be observed
clearly. In such a case the slow modulation of the local
field can be studied by the low-longitudinal-field (LLF)
spin-relaxation method. ' ' ' As shown in Eq. (9), g, (t)
under LLF converges more rapidly to the asymptotic
value with enhanced amplitude compared with the zero-
field case. Assuming a Markovian process, the damping
of the asymptotic component in the slow-modulation re-
gime (v ~ b ) is

G, (t) =g exp[ —(1 —g )vt],

g =g, (co) .

The above equation indicates that the optimum condition
for the LLF method is that the field is chosen to satisfy
g =

—,
' which corresponds to Bo —1.236/y„.

The relaxation function under various longitudinal
fields can tell us whether the muon motion is a single-step
process or a trapping-and-detrapping process. ' For ex-
ample, suppose that the muon has a metastable state
where the dipolar width takes a diff'erent value 6
As shown in Fig. 2, if the lifetime of the metastable state
is long enough compared with 6 ', the zero-field time
spectrum resembles the fast-modulated spectrum with a
single A. However, these two cases are easily discrirn-
inated by applying the longitudinal field. Namely, if
there is fast modulation, the longitudinal field does not
suppress the observed depolarization.

Finally, we comment on the choice of the zero-field re-
laxation function g, (t) for data analysis. Early ZF-@SR
experiments were analyzed using a Kubo-Toyabe func-
tion for g, (t) which assumes a Gaussian distribution of
the local field. Good agreement within the statistical ac-
curacy was obtained. ' Recently, the ZF relaxation
function was examined in a high statistics measure-
ment, ' and experimental data were found to fit better
with a function calculated by Holzschuh and Meier for
the quantum-mechanical system of a muon and the
nearest-neighboring copper nuclei. The theoretical sit-
uation has been further developed by Celio. Both the
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FICx. 2. Low-longitudinal-field spin-relaxation functions at 0,

5, 10 G (6=0.39 @sec '). Solid line: 6 /6=0. 42, v=0 and
assuming that a —,

' fraction of muons occupies the 6 site (e.g. ,

considering the case of tetrahedral interstitial sites for the meta-
stable site). Dashed line: single 6 with fast hopping (v- 6).

FIG. 3. Level scheme of the muon level crossing resonance in

copper: Energy transfer occurs between muonic Zeeman energy
level and nuclear electric quadrupolar (eqQ) energy level

through magnetic dipolar interaction, which causes a spin Aip

for both systems.

16. The relaxation functions deduced through the formu-
lation of Kubo and Tomita are as follows:

Kubo-Toyabe function and the Celio function were used
for the present analysis to check the validity of the previ-
ous result.

B. Level crossing resonance

The application of the level-crossing resonance method
to pSR was proposed quite recently, ' and the first suc-
cessful resonance was found in a pSR experiment in

copper. In general LCR is considered to be a resonant
transfer of the energy or entropy between the two ensem-
bles which have discrete energy levels and are weakly
coupled together by some appropriate interaction. Pro-
vided that one of them is initially in a nonequilibrium
state with others, the coincidence of the energy splitting
of these two systems enhances the energy transfer be-
tween them to equilibrate these two systems.

In the case of a muon in copper, as shown in Fig. 3, the
polarization transfer occurs between muon and surround-
ing copper nuclei when the muon Zeeman splitting A~„
by Ho coincides with the quadrupole splitting of copper
nuclei tllco& by H& [see Eq. (10)]. [More specifically, the
degeneracy as to I, (nuclear spin I =—', ) in H& is removed
due to the nuclear Zeeman interaction in Ho. ] Thus, if
HD «H& is satisfied, we can drive a resonance spectros-
copy by changing the width of the muon Zeeman split-
ting. The resonance is observed as an enhancement of
the muon-spin depolarization due to the spin flip of the
muon by the dipolar interaction HD.

Since the electric field gradient at the copper nuclei is
produced by the muon itself, the LCR is expected to be
very sensitive to a change of muon location in the crystal.
In TF-@SR the field dependence of the dipolar relaxation
rate cr(B) in single-crystal copper is dependent on the
symmetry of the interstitial site around the decoupling
field (y&B -fico& ), which also gives us information on the
location of muon. '

As we show in the following, the LCR effect is already
implicit in the formulation of relaxation function in Ref.

G, (t) =exp[ —+,(t)],
G„(t)=exp[ —4 (t)],
4, (t) =

—,'t(ug„(co„—cot, t)+P,g (co„,t)

+P~g„(co„+cot,t),
0 „(t)=P~, (0, t)+ P,g,, (co, , t)+ ,'l, l t)—,

(16)

(17)

g,,(0, t) = e "—1+vt
V

(18)

which corresponds to Eq. (1) (Abragam formula). Thus
in the case of slow hopping, for instance, G, (t) has a
Gaussian-like damping with rate =(t(o)'~ /2 (co„=co&)
or (Pz/2)'c (co„,= —

co&) on resonance. A similar e(feet
is also found in the case of the transverse spin-relaxation
function G (t).

The effective relaxation rate is determined by the aver-
age over geometrical configurations of nuclei contribut-
ing to the resonance. To clearly see the resonance of the
relaxation rate, the quadrupolar interaction should be
strong enough to satisfy P&&2«co&. The Zeeman split-
ting of the muon energy level is smeared out by the
muon-nuclear dipolar interaction HD, which determines
the width of the resonance. Thus the resonance curve for

e 'e ' ' —1+(v—i co)t
g (co, t)=Re

(v —i co)

where co„&=y„ tB, and Po, g, P2 ( —IHD I
in order of

magnitude) are constants dependent on the geometrical
configuration of the host nuclei with respect to the muon.

Let us consider the case of the longitudinal spin-
relaxation function G, (t). The function G, (t) shows
damping from 1 when co-0 is satisfied. If we can neglect
the nuclear Zeeman energy [i.e., 0 (yt /y„) « I:
yc„/y =0.085 for Cu], cot can be replaced by co& and
the coincidence between +co„and co& satisfies the reso-
nant relaxation condition to cause the damping of G, (t)
In this case the function g, (co, t) is approximated as
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LCR is expected to reflect the distribution of local mag-
netic fields.

To give a schematic idea of the LCR spectrum some
examples of calculated relaxation functions by Eq. (16)
are shown in Fig. 4. In this calculation we assumed
Po= P, =$2 ( =6) and ~„/y„A —18 to simulate the case
of LCR in copper. It is clear from g, , (O, t) that the hop-
ping of the muon causes the usual motional narrowing
for the LCR time spectrum. However, as shown in Fig.
4, it should be emphasized that the presence of hopping
does not result in the motional narrowing of the reso-
nance width but causes a reduction of resonance ampli-

FIG. 4. Longitudinal relaxation function G, (t) calculated by
Kubo-Tomita formula as a function of applied longitudinal
magnetic field co„(see text for details). The parameters of the
function were chosen to simulate the case of muon in copper:
ct)1 /1 &6 1 g $0:p~: p2 ( 6 ). Hopping rate v was chosen as
(a) v/6=0, (b) v/6=2. 0, (c) v/6=4. 0, respectively.

tude. It is interesting to note that there is some structure
(bump) in the field dependence of G, (t) around the reso-
nance region in Fig. 4(b). Thus, we should be careful
about the interpretation of LCR spectrum under the
presence of dynamic effects. A more complete discussion
of LCR spectra will be found in Refs. 37 and 44.

III. EXPERIMENT

A. Muon beam

A very important methodological feature of the
present work is the use of a pulsed muon beam which is
provided by the Booster Meson Facility (BOOM) (Ref.
45) at KEK. The beam has a sharply pulsed time struc-
ture of 50 nsec width coming at a rate of 20 Hz, which is
due to the beam structure of the booster proton synchrot-
ron. One proton beam pulse produces about 10' muons
(per pulse) available for the experiment for a primary pro-
ton current of 2-4 pA. The time origin of the p-e decay
measurement is determined by the arrival time of the
muon beam. On the other hand, in a continuous (dc)
beam experiment, muons come randomly in time. Their
arrival is identified one by one by a set of muon counters.
For the time-differential measurement of p-e decay in a
long time range, the pulsed muon beam has the following
characteristics, superior to the dc muon beam.

In experiments using a continuous muon beam there is
a background arising from accidental coincidence be-
tween a stopped muon event and a decay positron event
or a possible background positron which is not necessari-
ly associated with muon decay. The accidental coin-
cidence rate is essentially determined by the muon stop-
ping rate, time range of the decay positron measurement,
and the positron detection rate. This background puts a
serious limit on the time range for a p-e decay measure-
ment with the dc muon beam. The pulsed muon beam is
free from such background. The main background comes
from neutrons generated at the pion-production target
and beam dump. The typical background rate is about
10 or less of the p-e decay counting rate at the time
origin. This means that we can extend the time range of
measurement to 2.2Xln10 =20 psec. Compared with
the pulsed beam, the dc muon beam has more than 100
times larger background under the usual conditions.

More generally, in a time-differential measurement, if
we could measure multiple p-e decay events without dis-
tortion, the pulsed beam would put no restriction on the
incoming number of muons. In the case of a dc beam,
the incoming rate is limited by the time range of interest
for the p-e decay measurement because of the accidental
background.

However, in the present experiment there are some
disadvantages to using a pulsed muon beam. One is that
it is difficult to distinguish the muon stopping in the
relevant target from that stopping in the surrounding ma-
terials; this produces background p-e decays. Thus the
signal-to-noise ratio of the p-e decay measurement is
determined by the ratio of the muon stopping events be-
tween the target and the surrounding materials. To avoid
serious contamination by such an unwanted p-e decay,
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we must prepare a target of large enough cross section
and thickness to reduce the relative number of muons
which stop in the surroundings. In addition, to be free
from the distortions in the time spectrum the choice of
the surrounding material is important. Namely, we
should avoid any material in the surrounding equipment
such as cryostats for which the muon shows unexpected
relaxation.

Another problem is that phenomena occurring in a
time shorter than the beam pulse width (50 nsec) cannot
be measured. This is in marked contrast to the case of a
dc beam, where there is no principal restriction to the
time resolution of the measurement. In the case of the
present study, however, the spin relaxation of muons in
copper is slow enough that the finite beam width causes
no problem.

The present experiment was performed mainly at the
pl port at BOOM using the backward muon beam pro-
duced from pion decay in Aight inside a superconducting
solenoid ( =6 m). The beam momentum 75 MeV/c was
chosen to maximize the muon stopping rate. The muons
have about 80% spin polarization along the beam
momentum direction. The beam spot size is roughly 6
cmX6 cm. Part of the measurements were done at the
ml port using the muon beam (29 MeV/c) produced from
the pion decay near the surface of the production target.
The contaminating positrons in this muon beam were el-
iminated by a static electric field ( =+70 kV). The beam
spot size is roughly 3 cm X 3 cm.
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FIG. 5. Copper sample mounted in a dilution refrigerator.
The picture displays the configuration for sample A (five rods of
the highest purity copper) ~ The rods are held between metal
plates made of copper and aluminum, connected to the bottom
of the mixing chamber through a 10-mm P copper rod. TM
stands for a resistance thermometer.

B. Copper samples C. Target surroundings

Three copper samples of different purities were
prepared at Institut fiir Festkorperforschung, Kern-
forschungsanlage, Jiilich, Germany for the present exper-
iment. The specific features of these samples are summa-
rized in Table I. The detailed description as to the
preparation of these samples is given in Ref. 12.

As noted in the previous section, the dimension of the
sample is important when using a pulsed muon beam. In
order to stop the incoming muon efficiently, the thickness
of the sample should be larger than the muon range
width coming from the beam momentum spread. The
measured muon stopping range at 75 MeV/c is about 4
g/cm with a range width of 3 g/cm (FWHM).

Six different target sample holders were fabricated for
the present experiment. One of these configurations is
shown in Fig. 5. The cross section of the sample holders
seen from the muon beam is designed to be as small as
possible. In addition, all of these holders are made from
99.99/o pure aluminum where no significant spin relaxa-
tion of muon is anticipated. ' '

The experimental apparatus consists of a liquid-helium
cryostat for the target sample (copper), a beam collima-
tor, positron counters, and Helmholtz-type coils for lon-
gitudinal and transverse magnetic fields. A helium-gas-
fiow-type cryostat (Oxford Institute Model No. CF-104)
was used for the measurement at temperatures higher
than 4.2 K. Below 4.2 K, a He- He dilution refrigerator
(S.H.E. Model No. DRI-420) was installed. A schematic
view of the apparatus for the dilution refrigerator (side
view) is shown in Fig. 6. We shall concentrate on the lay-
out of the apparatus for the dilution refrigerator in the
following.

All the samples in the dilution refrigerator were cooled
by thermal conduction from the "mixing chamber" (see
Fig. 5). The holders were designed to have enough
thermal conductivity at 10-100 mK to avoid a thermal
gradient between the sample and mixing chamber. The
samples 3 and B were attached to the mixing chamber
through a copper rod (10 mm P) and appropriate holders.

The temperature of the sample was monitored by two

TABLE I. Summary of the data for the copper samples. RRR refers to the residual resistivity ratio.

Sample

Copper
Copper B
Copper C

Purity

RRR= 18 000
RRR =7350
95 at. ppm Fe

Dimension (mm)

13$X50X5 rods ( —10 g/cm')
8t X60X50 ( —7 g/cm )

6t X60X40 ( —5 g/cm )

T range

0.07—190 K
0.07—140 K
0. 1—8 K
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the exact Helmholtz condition, the inhomogeneity of the
field is less than 5% within the target volume. In addi-
tion, three pairs of small coils were installed to cancel the
leakage field from other experimental equipments. The
residual magnetic field under zero-field condition was less
than 0.3 G for any direction throughout the measure-
ment.

D. Data acquisition

. I, , I (

0.6K Shield
Sample

Lead
Collima tor

FIG. 6. A cross section of cryostat for dilution refrigerator.
All the walls along the beam pass have windows made of thin
metal foil or mylar sheet. Sixteen positron telescope counters
are assembled coaxially around the beam axis for both upstream
( =—backward) and downstream ( =—forward) sides coming with
the muon beam.

carbon-resistance thermometers below 4.2 K and by two
thermocouples above 4.2 K. These were mounted on the
top and the bottom of the sample and the average of both
thermometers was defined as the temperature of the sam-
ple. The fluctuation of the temperature was typically
about 3% below 4.2 K and 1% above 4.2 K throughout
the measurement.

As shown in Fig. 6 the target and the main part of the
dilution refrigerator are covered with a thermal shield
made of 100-pm-thick copper extended from the "still"
(-0.6 K). The next two layers are the 4.2-K (liquid-
helium) and 77-K (liquid-nitrogen) thermal shields.
These shields are both made of aluminum and have large
windows of 100-pm-thick aluminum foils for the muon
beam to pass through. The outer-most vacuum shield is
made of SUS-304 which has windows of 28 cm diam
covered with 100-pm-thick mylar sheet.

The positron telescopes are assembled around the cryo-
stat as shown in Fig. 6. A telescope consists of a pair of
plastic scintillation counters. The signal from each
counter is led to a photomultiplier through a flexible light
guide made of optical fiber. Sixteen telescopes are cylin-
drically mounted on each side of the cryostat, covering
the total solid angle of about 10%. The typical p-e decay
event rate was 30-40 events/pulse for the backward
(upstream) 16 telescopes and 60-70 events/pulse for the
forward (downstream) 16 telescopes. The diff'erence of
the event rate between two groups of telescopes is due to
the events concentrated at the origin of the time spec-
trurn, probably due to the positron contamination in the
beam. The backward telescopes are protected from such
a background by a lead collimator, yielding better time
spectra. The distortion of the time spectrum will be dis-
cussed in a later section.

The system has two pairs of Helmholtz-type coils to
generate both longitudinal and transverse magnetic fields.
Although the configuration of the coils does not satisfy

The data acquisition of the p-SR experiment for a
pulsed muon beam is considerably different from that for
a continuous beam. Namely, the acquisition system must
have an ability to accept multiple p-e decay events fol-
lowing one muon beam pulse. There are two essentially
different methods for resolving this problem. One is to
develop a multistop time-to-digital converter (TDC) (Ref.
48) and the other is to use the analog signal of the posi-
tron counter. For the present experiment the former
method was used because of its reliability at the stage of
the present experiment.

In the case of applying a multistop TDC, it is impor-
tant that the time bin of the TDC is short enough to dis-
tinguish two successive events in a telescope; otherwise a
distortion of time spectrum arises due to the counting
loss. Since the p-e decay follows a Poisson distribution,
the pile-up probability that two or more p-e decay events
occur within a time bin d is written as,

GQ

P„,= g P(k), (19)

where

r "e dmP(n)= r= (t

n~ 7

and m refers to the expected p-e decay event number per
pulse, ~„ to the muon-decay lifetime. In the case of small
r, Eq. (19) is approximated by

r dmP ) = —— e"-"=
2

—
27 p

(20)

In the case of the present experiment the time bin d is 16
nsec, and assuming that all the detected events come
from p-e decay, we estimate the probability P„~2 to be
about 0.7% for the rate of 30-40 events/pulse. It is
clear that a shorter time bin with a smaller solid angle of
telescope is desirable for the reduction of the pile-up
probability.

A schematic view of the data acquisition system is
shown in Fig. 7. In each telescope the signals from two
photomultipliers (PM's) are discriminated and the coin-
cident signal of the PM's is fed into a multistop TDC.
The TDC developed by Shimokoshi et al. in our labora-
tory has an internal memory (2048 words) in which the
positron decay time spectrum is automatically accumu-
lated.

The contents of the TDC memory are transferred to
the host computer (DEC, VAX-11/780) through a pro-
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FICs. 7. A schematic view of data Aow. PM stands for
photo-multiplier, DSC for signal discriminator, and MS TDC
for the multistop TDC. Inside the bracket shows time resolu-
tion at each point.

grammable CAMAC crate controller (Mitsui Co. Ltd. ,
CCS-11) every 500 beam pulses. The controller was
designed and developed by Hayano and is a high speed
and flexible data acquisition system.

around 10-100 K. The measurement for the sample B
was repeated again from 10 to 170 K with a shorter time
bin (16 nsec) and the old data in this temperature region
have been replaced by the new result.

Since the time spectrum showing little damping is sen-
sitive to the distortion at the initial time region, the valid-
ity of the correction can be examined by the analysis of
the LF spin-relaxation time spectrum. As shown in Fig.
10, the agreement between the corrected spectra and the
theoretical function is quite satisfactory.

In addition to these points, we did not use the initial
part of the time spectrum (up to -0.3 @sec) for the final
analysis because of the distortions due to the beam
prompt. It was found that the initial part of the forward
counter's spectrum ( —1 psec) suffered from considerable
distortion. This is probably due to the dead time of the
photomultiplier caused by the large quantity of light pro-
duced by muons stopped in the scintillation counters.
Therefore only the spectrum from backward counters
was used in the final analysis.

2. Fitting procedure

E. Data analysis

1. Correction of the time spectrum

Provided that there is no instrumental error
throughout the measurement, the time-differential count-
ing of the decay positron N(t) is written as shown in Eq.
(4) (see Sec. II). However, before applying the formula to
the data analysis, we have to take into account the possi-
ble distortion of the real spectrum. As discussed in the
section os Data acquisition, the finite probability of pile-
up of the positron events results in a reduction of the
detection efficiency (which we shall ca)1 counting loss). If
the number of events per time bin per burst is much less
than 1, the practically observed time spectrum N(t) is re-
lated to the true N(t) by

N(t) =n„[1—P(0)]

After the corrections of the time spectrum, the data
were analyzed by Eq. (4) using a y minimization method
(called MINUIT) to deduce the best-fit parameters in Eq.
(4). ' ' The errors of deduced parameters were analyzed
by a code called MINOS which determines the error of a
parameter by searching the contour of the g to find the
variance of the parameter for which g increases by 1.0
from the best-fit value. Assuming that the distribution of
the deviation of the g from the best-fit value follows the

distribution for one degree of freedom for one variable
parameter in question, the above definition of the error in
MINOS corresponds to the variance of the parameter with
68% confidence level.

IV. RESULTS

A. Pure copper

N(t)=n 1 —expJ1

I1

(21)
1. Comparison of the zero geld spin-relaxation-

functions: static local fteld

where n refers to the total number of the beam pulses
taken for a spectrum. We should note that the dead time
of the electronic circuits such as coincidence circuit or
discriminator causes the same effect. In order to find
G, (t) we invert Eq. (21) to get

X(t)= —n ln 1—N(t)
n

(22)

The correction of the counting loss was performed by
Eq. (22) in advance of the analysis by Eq. (4). The
difference of the spectrum before and after the correction
is typically l%%uo, which is not totally negligible. Because
of the larger time bin of the TDC in the earlier measure-
ment (i.e., 50 nsec), ' the distortion due to the count-
ing loss was found to be serious, especially for the data

We have previously reported an observed oscillatory
zero-field G, (t) at 15 K. The analysis favored a relaxa-
tion function calculated by Holzschuh-Meier compared
with that of Kubo- Toyabe function. Because an im-
proved calculation of the zero-field relaxation function
has been carried out by Celio, let us examine this prob-
lem again.

The calculation in Ref. 36 was obtained for a reduced
system of a muon and six neighboring copper nuclei un-
der the assumption that the electric quadrupolar interac-
tion is much larger than the magnetic dipolar interaction
(i.e., H& »HD) in the nuclear Hamiltonian, which was
not self-evident at that moment. In Ref. 37 the exact
strength of HD and H& (and Ho for the longitudinal field)
was taken into account by a new method.

The strength (coupling constant) of the electric quadru-
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polar interaction was experimentally determined with less
ambiguity by the LCR measurement in copper (at 20 K)
from the resonance field 8„„;'

8„„=80.9+0.4 G .

If we neglect the small disturbance of the Zeeman in-
teraction on the nuclear energy level, ratio of H& /HD is

1.00
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0.50
hJ

CD

0.25

Oyabe

23. 1 /41

Hg y„8„„
HD

6.85 X 10 sec

0.39 X 10 sec
0.00—

5 10 15
Thus the assumption taken in Ref. 36 is proved to be val-
id in the case of muon in copper. (The value of the b, will

be discussed later. ) Actually, when we adopt the above
value for the strength of the H&, the resultant relaxation
function calculated by the method in Ref. 37 scarcely
differs from that by Holzschuh and Meier.

In any case, the primary difference between the calcu-
lation of Kubo-Toyabe and other calculations consists of
the difference of the shape of the effective local magnetic
field. If the influence of the nuclei other than the neigh-
boring ones on the muon is negligible, the result of Ref.
37 indicates that the Gaussian distribution taken in Eq.
(6) is not accurate enough for a precise determination of a
slow hopping rate. An estimation shows that the effect of
the second-nearest-neighboring nuclei is observable only
for the time region beyond 15 @sec.

As already shown in the previous result of ZF-@SR ex-
periment in copper, muons are almost immobile between
10-100 K where the spin relaxation is predominantly
determined by the static local magnetic field. Thus, this
temperature region is most suitable for a ZF-@SR study
of the shape of the local magnetic field.

We performed a comparative analysis of the time spec-
trum obtained by the recent measurements in the temper-
ature range 40-80 K using Celio and Kubo-Toyabe
functions. As shown in Fig. 8(a), the spectrum dips
below and then exceeds the best-fit Kubo-Toyabe func-
tion at 4-5 @sec and 7 —10 psec, respectively, while the
Celio function shows better agreement as a whole. The
result of the fitting analysis is shown in Table II. From
this result we finally conclude that the local magnetic
field seen by muon in copper deviates slightly from the
Gaussian distribution and that the spin relaxation is best
approximated by the Celio function.

Several examples of the observed time spectra under
zero and longitudinal field are shown in Figs. 9 and 10,
where the normalized asymmetric part G, (t) is plotted
with the best-fit curve of the Celio relaxation func-
tion. ' ' In the final analysis the asymmetry 2 for these
data was fixed to the average of the values obtained from
the data of 10-100 K. In Fig. 9 the spectrum at the
middle temperature (80 K) shows an undamped asymp-
totic tail, while at the lower and higher temperatures the
spectrum shows exponentiallike damping from motional
narrowing; see Eq. (14).

The spectra taken with low longitudinal field (LLF)
(Fig. 10) show excellent agreement with the theoretical
curve in Ref. 37 ~ This result not only ensures again the
validity of the assumptions made for the calculation in
Ref. 37, but also is evidence against the diffusion-limited
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trapping model;' although we can fit the zero-field spec-
trum by such a model with appropriate adjustment of the
parameters in Eq. (4), the field dependence is clearly
different from the prediction of the model assuming sim-
ple static relaxation. Such a case is shown in Fig. 10 by
dashed curves calculated for the case of 1.36 for the di-
polar width and v=0. 26, where the values of the param-
eters were taken to reproduce the experimental result.

TABLE II. Parameters and g values deduced from the com-
parative analysis of time spectrum at 40—80 K by both Kubo-
Toyabe and Celio function. 6 and v refer to the dipolar width
and hopping rate, respectively. The time spectrum was ana-

lyzed from 0.63 psec to 15.3 @sec.

Parameters Kubo-Toyabe Celio

6 (psec ')
v (psec ')

—0.1643(7)
0.379(1)
0.000(6)

—0.1592(6)
0.383(1)
0.000(3)

/Nr 123.1/41 83.7/41

FIG. 8. Comparative analysis of zero-field spin-relaxation
time spectrum. The data at 40-80 K are summed and analyzed

by both (a) Kubo-Toyabe and (b) Celio functions. The width of
time bin is 0.32 @sec. The resultant g values (g') and degree of
freedom (N,„,.„) for the fitting analysis are shown.
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laxation function affects the deduced values of the param-
eters.

The dipolar width 5 and hopping rate v are shown in
Fig. 11 deduced from the analysis using (a) Kubo-Toyabe
function and (b) Celio function for G, (t, v), respectively.
The difference in the hopping rate between (a) and (b) is
noticeable around the region where muon is static (i.e. ,

showing slow hopping). This is mainly ascribed to the
difference of the shape of the asymptotic tail between
both relaxation functions. Namely, as seen in Fig. 8, the
fit by the Celio function requires larger relaxation rate to
reproduce the same relaxation shape because of the larger
amplitude of the asymptotic component compared with
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FIG. 9. Examples of the observed time spectra at typical
temperature. The asymmetric part is extracted from the posi-
tron time spectrum. The solid curve indicates the best fit by
Celio function.
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2. Dipolar width and hopping rate
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As noted in the Introduction of this paper, the results
reported in the previous papers were obtained using the
Kubo-Toyabe relaxation function for G, (t). ' We an-
alyzed all the spectra using the Kubo-Toyabe function
and the Celio function to see how the difference of the re-
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FIG. 10. ZF and LF spin-relaxation function of positive
muon in copper at SO K (30 K for ZF). The data at 0, S, 10, and
20 G are shown, respectively, with best-fit curves calculated by
Celio. The dashed curves show the ZF and LF relaxation func-
tions under the diffusion-limited trapping model with appropri-
ate parameters.
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FIG. 11. Results of the analysis by both (a) Kubo-Toyabe
function and (b) Celio function. Open circle is copper 3 (RRR
is 18000); Andrew cross is copper 8 (RRR is 7350). The
difference is not significant except the static region (10—100 K).
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FICx. 12. Hopping rate of muon in pure copper. Open circle
is 2 (RRR is 18000); Andrew cross is copper B (RRR is 7350).
The values were deduced under the fixed dipolar width. The
solid and dashed curves show the theoretical calculations dis-

cussed in the text. The assigned parameter values are shown in

Table III.

that of the Kubo-Toyabe function. Since we know al-
ready that the fit by the Celio function shows a better
agreement with the data in the static region, we adopt the
result shown in Fig. 11(b).

The result clearly indicates that the dipolar width 6 is
independent of temperature from 0.07 to 190 K within
the error. This implies that the location of a muon in
copper is also temperature independent here. The
weighted average of 6 is 0.390+0.001 psec ' for sample
3 and 0.386+0.001 psec ' for sample B, both of which
were deduced from the analysis using the Celio function
[Fig. 11(b)]. Here, the dipolar width of the Celio function
is determined by the initial damping of the numerically
calculated function (0~ At ~0.7). The agreement of A is
quite satisfactory between samples 3 and B.

As shown in Fig. 11, the difference of the hopping rate
between samples 3 and B is not significant in the whole
measured temperature region except 0.1—0.5 K where a
small bump of the hopping rate is seen in the case of sam-
ple A. The bump is, however, correlated with the bump
of the dipolar width. Since the parameters 6 and v are
correlated as A /v in the motional narrowing region [see
Eq. (14)], we deduced the hopping rate under the condi-
tion that 6 is a constant equal to its average determined
in advance from the preliminary analysis.

In Fig. 12 the result is shown for the hopping rate de-
duced from the above analysis with 6=0.390 for sample
3 and 5=0.386 for sample B. From this result we can
safely conclude that the difference of the hopping rate be-
tween samples 3 and B is totally negligible over the
whole temperature region.

The temperature dependence of the hopping rate
shows several distinct characteristics as obtained by the
present measurement on both samples. In the following
we describe currently accepted pictures of diffusion pro-
cesses and compare them with the present experimental
results.

3. Mopping rate: above —100 K

v( T)=voexp kT

vo=Jo
4A E„kT

—Vp

1/2
OD

(25)

where Jo is the bare tunneling matrix of the small pola-
ron, E, is the activation energy so that the muon energy
levels between the neighboring sites may coincide, k is
the Boltzmann constant, and OD is the Debye tempera-
ture (=343 K for copper). A more sophisticated form
can be seen in Ref. 4. The analysis of our data at
100—190 K by Eq. (25) gives

E, /k =697+15 K,
vo = (4. 16+0.37) X 10 sec

(26)

(27)

where vo corresponds to Jo(n/4% E,kSD )'~ . Conse-
quently, we obtain the bare tunneling matrix Jo as

Jo=36. 1+3.2 peV . (28)

These values are consistent with those reported in Ref. 2.

4. Hopping rate: below —10 lt.

The hopping rate v around 10—10 K is fairly small
compared with the dipolar width A. Since the hopping
rate is determined mainly from the damping of the
asymptotic tail of the relaxation function in this region
[see Eq. (13)], the limit of the sensitivity of v depends on
the background B which determine the maximum time
range reliable in the observed p-e decay time spectrum.
The typical value of B/No in Eq. (4) is 10 —10
yielding a reliable time range of 25 —30 @sec. From this
we can conclude that the hopping rate deduced by the
analysis of the time spectrum at 0—15 @sec is free from
background distortion.

Below about 50 K and down to 0.5 K the hopping rate
increases with decreasing temperature. It was found
from the present analysis with new data obtained by the
improved measurement that the hopping rate has a
steeper increase with decreasing temperature between
10-30 K compared with that below 10 K.

The most distinctive feature of the hopping rate is seen
in the temperature region below 10 K, where the behav-
ior of v is well described by a weak negative power of the
temperature: v ~ T . A value o. —0.4 was deduced
from the previous analysis.

The present analysis with new data gives a larger value
to the parameter u. The o. depends on the temperature

In the temperature region above —10 K, the hopping
rate shows a temperature dependence of thermal activa-
tion type. As noted in the Introduction of this paper, this
is well understood to be the phonon-assisted tunneling of
a small polaron. According to the theory of small-
polaron diffusion, the hopping rate is
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region where the analysis is performed. The data be-
tween 0.5 and 10 K which seem to follow the above for-
mula are well reproduced by

T —0.67+0.03+ cc (29)

sin kFa2

K =2V0P 1
2 2kFa'

(31)

where J( =
J&&e ) is the tunneling matrix (A'=1) renor-

malized by phonon cloud, eF and kF are the Fermi ener-

gy and momentum of conduction electrons, respectively,
V0 is the electronic potential produced by muon, p is the
density of states per electronic spin, and a is the distance
of migration by a single hop. S =S(T) is determined by
the muon-phonon interaction. The constant K is a mea-
sure of the strength of the muon-electron interaction. In
the case of a singly charged particle K does not exceed —,',
so the exponent 2K —1 is always negative. The Eq. (30)
is approximated for small K to give

2K

(32)
EF

which coincides with the value (a=0.7) estimated from
the TF-pSR experiment. ' In this case the data above 10
K show a small deviation from the curve extrapolated
from the lower temperature. On the other hand, if we ex-
tend the temperature region of the analysis to the inter-
mediate temperature 10—100 K, the parameter becomes
0.'= 0.80+0.02.

It is only quite recently that the above hopping-rate be-
havior has got a sufficient explanation by the theories of
Kondo ' and Yamada. ' According to their
theories, the transition probability of a charged particle
in metal is proportional to T ', where the factor T
comes from the nonadiabatic behavior of the conduction
electrons following the motion of the particle. In other
words, since the conduction electron can be excited by
infinitely small energy (i.e., the infrared divergence), there
is a kind of friction for charge-particle migration even via
quantum-mechanical tunneling in metal.

More specifically, following Kondo's assumption that
the muon diffuses by hopping, the probability v for the
muon to jump to the neighboring sites is expressed as

2K —
1

( )
J ~— I (K) kT

(30)
e~ I ( —,'+K) eF

In the above expression the tunneling matrix element J is
interpreted to be renormalized by (irkT/eF) due to the
nonadiabaticity of the conduction-electron cloud, while
another factor p, tr=(rrKkT) ' comes from the broaden-
ing of the muon's energy level due to the interaction with
the conduction electrons.

Even though obtaining the same temperature depen-
dence for the muon transition probability, Yamada takes
a different picture of coherent diffusion in which the fac-
tor 1/T is explained by the Korringa scattering by the
conduction electrons. The difference will be discussed in
the following section.

Using the a of Eq. (29), the constant K in Eq. (32) is

K =0.16+0.01 . (33)

including all these mechanisms of diffusion up to 10 K,
we analyzed the hopping-rate data above 0.5 K to exam-
ine the assumed theoretical models. Here parameter d is
the coupling constant for the second-order muon-lattice
interaction. The solid (d&0) and dashed (d=0) curves
in Fig. 12 show the best-fit curves of v( T), whose parame-
ter values are summarized in Table III. The agreement
between the experimental data and the solid curve in Fig.
12 is satisfactory, supporting such a nonlinear coupling
described above.

Below 0.5 K the hopping rate shows a clear deviation
from Eq. (29), which has already been reported in the ear-
lier experiment. ' ' ' In order to investigate the above
behavior in detail, we performed an intensive set of mea-
surements around this temperature region using the
highest purity sample (3 in Table I). As shown in Fig.
12, the observed v(T) scarcely depends on temperature

Although there is no prediction on the value of K, the
above value is well below —,

' and consistent with the
present interpretation.

As to the deviation of v( T) from Eq. (32) at intermedi-
ate temperature (10'—10 K), an eff'ect due to the non-
linear coupling between muon and phonon was pointed
out. ' Historically, this coupling was first considered
as an explanation of v(T) below 10 K, but the use of
only this coupling is not sufficient to explain the observed
weak-T dependence of v( T) in copper.

Using the numerically calculated hopping rate

Jo2 T EF
v( T) = H, S,K, d,

D D D

TABLE III. Parameters deduced from the analysis of hopping rate by the theoretical function
v( T) =Jo /fikODH [T/OD, S,K,d, (ei, /kOD )]. {See text for the definition of parameters. ) Two
different cases for d=0 and d&0 are shown (where d is the coupling constant to the nonlinear muon-
lattice interaction). In both cases the parameter K was fixed to 0.16.

Parameters

Jo/Ak (K psec ')
CF /flCOD

S
OD (K)

(3.9+0.4) X 10
(3.5+2.0) X 10'
5.69+0.05

414.8+2.7

d&0

(1.6+0.3) X 10
200.0 (fixed)

6.58+0.06
118.3+ 1.2
213.4+8.2
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and has a plateau of v( T) below 0.5 K. The hopping rate
at the lowest temperature is independent of the residual
resistivity ratio of samples (i.e. , 7350 and 18 000).

5. Level crossing resonance at 0.1 K

—0.2—

I I I I I I

in Cu

0.5 K

It is well known that in copper around 20-80 K the
muons predominantly occupy octahedral (0) interstitial
sites. To explain the leveling off of v(T) below 0.5 K in
pure copper, it has been held for a while that the muons
might metastably occupy a tetrahedral ( T) interstitial site
at low temperatures. ' ' Since the static dipolar width at
the T site is estimated to be small compared with that of
the 0 site, the change of relaxation function below 10 K
could be interpreted as the increase of T-site occupation
probability with decreasing temperature and its satura-
tion below 0.5 K.

In order to directly investigate such a possible change
of the localized state, we performed level-crossing reso-
nance (LCR) measurements on sample 3 at 0.1 and 77 K.
The time spectra were analyzed by the relaxation func-
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Time {p, sec)

FIG. 14. The time spectrum summed over from 0.07 to 0.3
K. The solid curve indicates the best fit by Celio function with
a fixed asymmetry determined at 4.2 K. No asymptotic
recovery is seen up to 15 @sec. An example of the time spec-
trum predicted from the mixed site occupation is shown by a
dashed curve.
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—kl — ttion G, (t) =e ' ' . The parameter A, was introduced
to fit the motional narrowing. The results are shown in
Fig. 13, where the Gaussian relaxation rate o. is plotted
against the external magnetic field.

As mentioned in Sec. II, the resonance spectrum at 77
K corresponds to a resolution function of LCR in copper
(at 0 site) determined by the dipole-dipole interaction.
Within resolution, it is hard to find a significant
difference in the resonance field between 0.1 and 77 K.
The reduction of resonance amplitude at 0. 1 K is due to
the motional narrowing which is absorbed in the parame-
ter A, . The spectrum at 0.1 K suggests that there is some
fine structure of resonance curve, which resembles the
trend seen in Fig. 4(b). This result clearly indicates that a
muon predominantly occupies 0 sites at 0.1 K during
most of its lifetime.

There is another piece of experimental evidence which
strongly supports the above conclusion. According to
the simple assumption in Ref. 56, there are immobile
muons initially localized at 0 sites, which should produce
a residual asymptotic component in the ZF relaxation
function at the "plateau" of the hopping rate. To exam-
ine this possibility, we summed the time spectra from
0.07 to 0.3 K to yield a high statistics spectrum below 0.5
K. As shown in Fig. 14 we could not find any trend to
suggest such a recovery within our statistical accuracy
(total events —20 000 000).

B. Iron-doped copper
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60 70 80 90 100 )10 ) 20

Magnetic Field I 6)

FIG. 13. Level-crossing resonance spectra of muon in pure
copper at (a) 77 K and (b) 0. 1 K. The Gaussian relaxation com-
ponent o. is plotted against the external magnetic field.

The aim of the measurement on the iron-doped copper
was to see how the hopping rate is affected by an impuri-
ty. Several previous experiments with the same intent
have been performed. ' ' These show that the result is
strongly dependent on the chemical nature of the impuri-
ties. We measured ZF-pSR spectrum on the 95-ppm
iron-doped copper which was used in the TF-@SR mea-
surement in Ref. 12.
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In a preliminary analysis we found a sudden deviation
of the relaxation function from the Celio function below
1 K. As shown in Fig. 15, below 1 K the minimum
damping occurs earlier and is shallower than that of the
Celio relaxation function.

Assuming that the residual moments of iron impurities
produce additional local fields following an isotropic
Lorentzian distribution

ip—0

10

I I &[ I 111( I I I i I I

3

PL(B)dB = 4rrB dB,
(a +y„B )

(34)
C1.
CL
CD

-2
)0

the static spin-relaxation function in this dilute spin glass
is

(35)

We have used the Kubo formula which connects g, (t)
and g, (t), where the constant aly„corresponds to the
root mean square of the residual local field from iron. In
the above derivation, the nuclear dipolar field from
copper was approximated by the Gaussian distribution
[Eq. (6)]. The trend of the modification of the time spec-
tra below 1 K are well explained by the above function
with a =0.26.

The amplitude of a (a/y„- I G) is consistent with the
value of the moment scaled from the value measured in
the spin glass Cu(Mn) 1 at. % below the spin-glass transi-
tion temperature T [alp„—10 G at T=0.5T (Ref.
58)]. This suggests the existence of an ordered phase
(spin-glass-like) in such a dilute iron in copper. The
above fact also implies that the muons are randomly dis-
tributed in the sample.

In any case, these results imply that the analysis by the
Celio function is no longer valid below the glass-
transition temperature. Although it may be possible to
construct models to calculate the spin-relaxation function
in a dilute spin glass, the analysis by such a relaxation
function will be strongly model dependent. In order to
avoid such a model dependence, we utilized the fact that
the asymptotic component of zero-field relaxation func-
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1 I I
I
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tion is independent of the model of local magnetic field
(aside from the diff'erence between Kubo- Toyabe and
Celio functions). Namely, after determining the asym-
metry 3 from the analysis of the data above 1 K, we ana-
lyzed the later part (7.4 psec-15 psec) of spectrum below
1 K to deduce the damping rate of the asymptotic com-
ponent ~

Taking into account that the local field on the muon is
still dominated by the nuclear dipolar field, we used the
asymptotic component of the Celio function for the
fitting analysis. The deduced hopping rate is shown in
Fig. 16 with the result in the previous section.

The result indicates that the hopping rate decreases
again with decreasing temperature below 2 K, after
showing an increase between 10 and 2 K. Because of the
small value of the hopping rate, it is the present ZF-pSR
experiment that first revealed such a temperature depen-
dence. Despite the phase transition clearly seen in the di-
polar width, there seems to be no steplike discontinuity in
the hopping rate around 1 K. A preliminary result at
higher temperature suggests that the difference of the
hopping rate from that in pure copper is negligible above
4.2 K. The temperature dependence of the vF, ( T) resem-
bles that of the thermally activated diffusion. We sum-
marize the obtained experimental facts on iron doped
copper.

(i) The temperature dependence of hopping rate is al-
most identical to the case of pure copper above 4 K. It
should be emphasized that muon is mobile at around 4 K.

(ii) Muon is really immobile at 0.1 K which was
confirmed by the observed full recovery of the asymptotic
amplitude.

t0 ~O 10 lO

Temperature (K)

FIG. 16. Hopping rate of muon in iron-doped copper. The
data are shown by solid squares. A fitting analysis for the data
below 4.2 K gives v&,(T) ~ exp( —0.27+0.08 K!T), which is
shown as a dotted curve.
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5 10
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V. DISCUSSION

A. Hopping rate: below 10' K

1. Muon-phonon i nteraetion
FIG. 15. The time spectrum of ZF-pSR in iron 95 at. %%uoppm

doped Cu above and below 1 K. Solid square is data at 4.2 K;
open circle is data at 0.6 K. Solid line indicates the best-fit
curve of 4.2 K data by Celio function.

The @SR data in pure copper are interpreted in terms
of a muon-electron interaction in combination with a
nonlinear coupling to the phonons. With respect to the
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phonons, two parameters are important: (i) the Debye
temperature 8D and (ii) the nonlinear coupling strength
d. As shown in Table III, concerning the Debye temper-
ature we find a value of 118 K much lower than the
copper value of OD =343 K. On the other hand, without
invoking the nonlinear coupling OD =414 K considerably
closer to 343 K is found, although the fit to the data is
not as good as the previous case. We do not have a good
explanation for this result other than that there must still
be shortcomings in the theory as it concerns the phonon
coupling. On the other hand, the value of S is consistent
with the Debye approximation,

5F.,S(T =0)=
2kOD

(36)

where if we insert E, =697 K from Eq. (26) and Ot, =343
K we get S=5.08 close to the value obtained from the fit.
If one uses the full expression for small-polaron hopping
instead of the approximation used in Eq. (25), E, would
increase and the agreement would be even better.

2. Muonic ground state in copper

So far there is no other consistent theory to explain the
temperature dependence of a hopping rate like Eq. (29)
other than those by Kondo ' and by Yamada.
Their independently developed theories describe the
motion of charged particles interacting with conduction
electrons in metals. As noted in the previous section,
there is a fundamental difference between those two
theories. Kondo assumes that the muonic ground state is
localized while Yamada assumes it is a coherent Bloch
wavelike state. To discuss which is closer to the reality it
is interesting to examine the effective tunneling matrix
element renormalized by the phonon cloud. As shown in
Table III the effective tunneling matrix element
J =Joe deduced from the analysis of v(T) is about 1

peV ( —10 K) at low temperature. The mean free path
I of a muon in a Bloch state is about

ao

kTJ
kT7Tg EF

for kT))J, (37)

kTc —J J
(38)

where a 0 is the lattice constant, and g =2 Vop . Note
that g ~ K from Eq. (31). Since kT &&eF is always
satisfied in the present temperature range, the factor
(kT/eF)2~ reduces the value of 1/ao unless g is very
small. For example, if we assume that g =%=0.16, the
value of 1/ao from Eq. (37) is roughly equal to 10 3 even
at 0.1 K. From this we conclude that the mean free path
of a muon is considerably smaller than the lattice con-
stant over all the present temperature range. This small
value of the mean free path seems to favor the picture of
the localized muon in copper. The critical temperature
T& of the muonic ground state below which the Bloch
state is the better approximation is deduced from the
condition that v( T) —J using Eq. (32) as

K/1 —K

T& for copper is estimated to be 10 K. Since the
temperature region where the experiment is performed is
always higher than T&, we conclude that the migration of
a muon should be ascribed to hopping motion in the mea-
sured temperature region. The localization of the muon
wave function is also consistent with the insensitivity of
the hopping rate to the difference of purity between sam-
ples 3 and B, on order of 1 ppm, which may be inferred
from the difference in residual resistance ratio, 7350 and
18 000.

Experimentally, it might be possible to see whether
such an extended muon state is realized or not. Namely,
if Korringa scattering dominates the muon diffusion, an
electronic current will affect (induce) the motion of muon
along the current.

3. E+ect of energy disorder on hopping rate

We found that v(T) shows a deviation (leveling off)
from the theoretical function T ' below 0.5 K. Kon-
do pointed out that such a deviation could be explained
by some intrinsic disorder which causes a variation of the
muonic energy level 6E in a crystal. Before we consider
the origins of 6E, we list the experimental results so far
obtained by pSR in pure and iron-doped copper.

For the pure copper the following were obtained. (i)
Both the LCR spectrum at 0.1 K and the time spectra for
0.07-0.3 K, with high statistical accuracy, give no evi-
dence for a change of muon sites in copper below 0.5 K
(present experiment). (ii) v(T) is not affected by the im-
provement of the residual resistivity ratio of the copper
sample (from 7350 to 18000) (present experiment). (iii)
The experiment is an isotope-enriched sample (99.88%

Cu) revealed that v( T) is not affected by the difference
of isotope mixture either. '

For the impurity doped copper we obtained the follow-
ing results. (i) v(T) is sensitive to the concentration of
the impurity, i.e., 100 ppm iron causes large changes of
v(T) at low temperature (Ref. 12, present experiment).
(ii) v( T) is dependent on chemical difference of the doped
impurities. ' ' (iii) The estimated amplitude of a (i.e. ,
the root mean square of the additional local field from
iron moments) is consistent with the value expected from
the spatial average of that arising from randomly orient-
ed iron atomic moments (present experiment). (iv) Below
2 K the temperature dependence of v(T) is quite similar
to that for the thermal activation type (present experi-
ment).

From result (i) for pure copper it is difficult to explain
the observed leveling off of v(T) as an effect of mixed-
sites occupation among tetrahedral and octahedral inter-
stitial sites. Meanwhile, a recent experiment of decay
muon channeling from pion in copper showed that a
significant fraction of pions decay at tetrahedral intersti-
tial sites above 150 K and at octahedral sites below 150
K. Nevertheless, it should be noted that the time range
of measurement is different between muon and pion. The
sensitive time range for the channeling experiment is
determined by mean lifetime of pion (2.6X10 sec),
while in our case it is determined by the static relaxation
rate 6( —10 sec). Therefore, if the lifetime of the meta-
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—10 peV for 100 ppm Fe in Cu,
-40 peV for pure natural copper . (39)

According to the discussion in Ref. 12, the difference
in energy levels Az between two sites in copper separated
by a distance d at the distance r away from a defect is

A~ —1.045" eV,
7

(40)

stable state is close to that of pion, both results would be
consistent with each other.

At the moment the most probable origin of the devia-
tion of v( T) from Eq. (30) below 0.5 K is the variation of
muonic energy levels due to the defects and/or disloca-
tions in a crystal arising from impurities, natural iso-
topes, and so on. If we assume that the crossover temper-
ature Ts of the v( T) is roughly related to the energy Iluc-
tuation as kT& =5+, the present experiment suggests the
magnitude of the 6E as

where 6 is the volume change produced by the defects.
From the above formula they evaluate Az at ha1f-way be-
tween the impurities to be about 5 peV for the 100-ppm
iron impurity. Since a muon is randomly distributed in
the copper, the spatial average of Eq. (40) (=(b,z ) )

should be considered in the case of dilute impurities to es-
timate the 5z. The r dependence of Eq. (40) suggests that
(b,z ) is much larger than 5 peV. Although the formula
does not apply for the natural isotope mixture of Cu
and Cu because of the random overlap of strains,
Az ~ 100 peV is shown from an extrapolation of the for-
mula. ' In any case these estimations for b,z (or (Az))
show qualitative agreement with the experimental evalua-
tion of 5E-

The next problem is how we should understand the de-
tailed behavior of v(T) below 5 K in the pure and iron-
doped samples. According to a phenomenological theory
by Sugimoto, the distribution of muonic energy levels
should be taken into account for the evaluation of an
effective hopping rate v(t) as

v(T)= f dE; f (E, )D(E, ) J dEf D(Ef ) f e f ' p(t)dt Jf (E, )D(E, )dE, J D(Ef )dEf, (41)

1/25+ for —6z &E &5

0 for E ( —5z and 5z (EDE=' 6~/k =0.5 K,

(42)

On the other hand, if the function (E, ) takes a thermal—6E/ T
equilibrium distribution like e the calculated v(T)
shows the temperature dependence approximated by

2K

v(T)=J kT
5E ~F

(43)(kT «5~),

which decreases with decreasing temperature. In this
case we let a factor kT for the broadening of muonic final
state due to the muon-electron interaction in Eq. (32) be

where P(t) is the transition (hopping) probability of a
muon at a time t, ' f (E, ) is a probability function for
the muon to occupy an initial energy E, , D(E) is the
muonic energy leve1 density, and Ef is the final-state
muon energy. Hereafter we assume that the width of the
distribution for the density function D (E) is character-
ized by the energy 5z =kT&.

There are several calculations using different assump-
tions on f (E, ) and D (E) in Ref. 62. The results indicate
that the T dependence of v( T) at low temperature strong-
ly depend on the initial energy probability function
f (E; ). Namely, if we assume that f (E, ) is a constant in-
dependent of energy, the consequent v(T) shows a pla-
teau of the hopping rate below a characteristic tempera-
ture Ts-5zlk irrespective of the shape of D(E). The
solid line in Fig. 12 (and Fig. 16) shows an example of
v( T) calculated by using Eq. (41) and the following func-
tions and parameters for f (E, ) and D (E):

replaced by k Tz =5z below T&.
The comparison between the above model and our ex-

perimental results in impurity-doped copper suggests that
a thermal equilibrium distribution is favored for f (E; ).
Supposing that this is also the case for the pure copper,
the plateau of v(T) observed in the present experiment
could be interpreted as a broad maximum of the hopping
rate below which the hopping rate would begin to de-
crease with decreasing temperature. Otherwise, it might
be an indication for the important role of impurity to the
final step of muon thermalization process after the im-
plantation.

B. Hopping rate: above 10' K

The present work makes it clear that the hopping rate
is quite sma11 in the range 10-100 K. Recently a new
approach to determine the small hopping rate, i.e., the
@SR measurement under low longitudinal field (LLF) was
performed in copper at these intermediate tempera-
tures. ' The method has the advantage that the asymp-
totic component of the relaxation function is enhanced
and thus one can measure a small damping rate with
better statistical accuracy. However, it was found that
the hopping rate determined by the LLF method was sys-
tematically larger (by about 0.03 @sec ') than our data
by ZF method. It is important to determine the origin(s)
of this discrepancy.

The sensitivity range for measuring a small hopping
rate is determined by the condition that the modulation
of the relaxation function is comparable to the amplitude
of the statistical or systematic errors in a realistic experi-
ment. In the present experiment the main source of sys-
tematic error is thought to be the counting loss of posi-
trons, which would cause a distortion of spectrum typi-
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cally around 0.7% [i.e., 4% of G, (t)] near t=O. This is
comparable to a change of the ZF relaxation function at
t=15 psec by the change of the modulation frequency
from v=0 to v=0.01 psec '. Supposing that the distor-
tion propagates to the later part (tail) of the time spec-
trum through the fitting procedures, we roughly estimate
that the sensitivity limit of the hopping rate is around
v=0.01 psec '. Since the correction for the counting
loss is possible, the practical sensitivity limit for v should
be smaller than the above value. From this discussion we
conclude that our observed temperature dependence of
the hopping rate between 10' —10 K is valid, unless v is
far below 0.01 psec

It should be noted that the statistical accuracy is rather
indifferent to the systematic errors. There are at least
two possible explanations related to the systematic errors
for the disagreement of hopping rate between our result
and that in Ref. 41.

First, the limit of the observable range of the correla-
tion time is determined by the width of the time window
of the measurement, which is chiefly determined by the
background level ~ As noted in Sec. III A we have advan-
tages at least on this point. Namely, in our case the back-
ground was about 10 for all the measured ZF-@SR
time spectra, making it possible to reliably measure up to
20 psec. While the background for a dc beam as in Ref.
41 is usually of order of 10 or greater, although they
make no reference to it.

The other source of possible systematic error in the
LLF method is found in the process to determine the ex-
perimental asymmetry A. According to Ref. 41, the ini-
tial (t=O) amplitude of the positron decay asymmetry
was determined by the TF spin-rotation amplitude in a
separate experiment. In this case, supposing that there
were a small fraction of muons which stopped in the sur-
rounding materials (e.g. , cryogenic vessels, muon-defining
counters, etc. ), this fraction can also contribute to the
precession amplitude. While in the LLF condition, the
positron signal from such a fraction contributes only as a
time-independent bias in the time spectrum. This means
that the initial asymmetry determined from TF-@SR is
possibly different from the true value in LLF condition.
ZF measurements are rather free from such an ambigui-
ty, where the asymmetry is determined by the time spec-
trum in a self-consistent manner.

C. Conclusions

In this paper we have reported on an experimental in-
vestigation of muon diffusion in copper of different puri-
ties. Following, we summarize the present work.

(1) Using zero-field p-SR the hopping rate of muon in
copper was directly observed in a wide temperature range
of 10-'-10"K..

(2) In pure copper the hopping rate has a distinctive
temperature dependence v( T) ~ T with a =0.67+0.03
between 0.5 and 10 K.

(3) The observed v( T) at 10—30 K has a steeper tem-
perature dependence than the lower temperature region,
which we explain as arising from a nonlinear coupling be-
tween phonon and muon.

(4) There is a plateau of v( T) below 0.5 K, which so far
remains a puzzle. The experiment showed that the pla-
teau is not due to impurities, nor to a spurious result
from a changed preferential site of a muon in the crystal.
The crossover temperature (=0.5 K) is consistent with a
rough estimation of the energy disorder due to the iso-
tope mixture of Cu and Cu in natural copper.

(5) The temperature dependence of the hopping rate is
sensitive to the impurities of order of 100 ppm in the ex-
periment on iron-doped copper.

As a future possibility, the present study should be ex-
tended to the much lower temperature down to 10 K
or more to determine whether the plateau of v( T) extends
or not, especially in pure copper. This would be useful
for the understanding of this plateau.
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