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A microscopic theory of nonlinear dynamics in superfluid He is formulated using a model in
which a system of bosons with hard cores plus attractive nearest-neighbor interactions is described
by a pseudospin Hamiltonian on a lattice. In this framework, the superfluid order parameter is the
expectation value of the spin-Aip operator. Using the spin-coherent-state representation, a nonlinear
evolution equation is derived for the order parameter in the lattice model, and calculations are car-
ried out with its continuum version, as is appropriate for the description of a liquid phase. The
well-known Gross-Pitaevskii equation for the order parameter (valid for T- Tz) is recovered in the
leading small-amplitude approximation of our equation. Further, a microscopic basis is provided
for the nonlinear eft'ects discussed in phenomenological treatments of superfluid He films. In bulk
He, considering a cylindrically symmetric vortex solution, a vortex core of finite thickness and a

nonsingular vorticity is obtained. The finiteness of the vortex energy is shown to arise as a natural
consequence of the formalism. Unidirectional traveling-wave solutions for the superfluid density
with velocity-dependent amplitudes are shown to exist. Finally, for a specific choice of parameters,
a static-domain-wall solution is also possible.

I. INTRODUCTION

Theories of liquid He have been studied at different
levels. The two-fluid theory of London and Tisza, ' the
hydrodynamic theory of Landau, the second quantized
formalism of Bogoliubov, and the wave-function descrip-
tion of Feynman have been used to explain several
unusual properties of this liquid.

It is well known that in superfluid He the manifesta-
tion of quantum phenomena occurs on a macroscopic
scale. Below the A. point the liquid is characterized by a
condensate which is described by a macroscopic wave
function. Using the theory of a weakly interacting Bose
gas, the hydrodynamics of the superfluid condensate was
developed by Gross, ' leading to a nonlinear evolution
equation for the order parameter (the condensate wave
function). Vortex solutions and the well-known quantiza-
tion of circulation" were also derived. These results had
been obtained earlier in the phenomenological theory of
Ginzburg and Pitaevskii. A more formal derivation of
the above-mentioned evolution equation, the Gross-
Pitaevskii (GP) equation, is also possible. One starts with
a second-quantized many-body Harniltonian for a system
of bosons, and postulates that the order parameter is the
expectation value of the field operator under the follow-
ing approximations: (a) The (two-body) interaction is
through a purely repulsive contact potential, and (b) the
Hartree approximation is used in the dynamical equation
for the order parameter. The theory then leads to a
singular vortex structure, i.e. , there is a 6-function singu-
larity in the vorticity. However, a physically realistic
vortex core is expected to have a finite thickness and
finite vorticity. Determining the detailed structure of a
vortex is a problem of considerable interest. Pioneering
work on vortices was carried out by Fetter for a weakly
interacting Bose gas. Unfortunately, this theory requires

an inequality in terms of the superfluid density and the
healing length of the vortex to be satisfied; this inequality
is known to be violated for liquid He. The phenomeno-
logical theory of Ginzburg and Pitaevskii predicts that
the vortex-healing length must diverge at the X point.
However, no direct experimental evidence has been found
for an increased core size near T~. In view of these
points, it would be desirable to formulate a hydrodynam-
ic theory of superfluid He which (a) incorporates a real-
istic interatomic potential, i.e., a hard-core repulsion to-
gether with an attractive interaction, and (b) circumvents
the use of the Hartree approximation, if possible, in the
evolution equation. Such a theory is presented in this pa-
per.

Superfluidity has also been observed in He films. At
finite temperatures, a long-wavelength surface density
wave (accompanied by a temperature wave), called the
third sound, has been reported. Also at low temperatures
there are indications of an undistorted pulse propagation
in thin films. ' To explain these observations a phenome-
nological nonlinear evolution equation for the condensate
(based on a generalization of Landau's theory of quantum
hydrodynamics) was derived by Rutledge et al. " It is of
interest to identify the microscopic origin of the terms
appearing in this equation. This is also done in the
present work.

The pseudospin (quantum-lattice gas) model of Matsu-
bara and Matsuda' is found to be most suitable for our
purpose. This model is derived by starting with a realis-
tic interaction potential between He atoms. The hard
core in the potential is incorporated by demanding
Fermi-like anticommutation relations for the field opera-
tors at the same site and Bose-like commutation relations
for operators belonging to different sites. The field opera-
tors can be shown to behave like S = —,

' spin-flip operators,
and the many-body Hamiltonian for interacting He
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atoms can be represented by an anisotropic Heisenberg
exchange Hamiltonian. In this framework, the superAuid
order parameter becomes the expectation value of the
spin-Hip operator.

The ground-state thermodynamic properties and the
nature of elementary excitations in the pseudospin model
were studied by Whitlock and Zilsel. ' They showed that
in the random-phase approximation the well-known low-
density-limit results' are reproduced. More recently,
Parmenter and Poling' have shown that the value of T&
and the quasiparticle spectrum at T=O, are in reasonable
agreement with experiments. In view of these results, it
would be interesting to investigate the hydrodynamic
properties of the pseudospin model, without resorting to
the linearization procedure customarily used. As we
shall demonstrate, retaining nonlinear terms leads to in-
teresting results.

As the condensate has a very large number of particles
occupying the same quantum state, it is most natural to
study the order-parameter evolution equation in the
spin-coherent-state representation' (SCR). The spin
Hamiltonian is bilinear in spin operators. This property,
combined with some special properties of the SCR, en-
ables us to derive an evolution equation for all T~ T&
without using a Hartree approximation. The GP equa-
tion (valid for T- T&) is recovered in the leading small-
amplitude approximation. Complete linearization leads
to harmonic waves obeying a Bogoliubov-like dispersion
relation. A microscopic basis is also provided for the
nonlinearities present in the phenomenological treatment
of Rutledge et al. " for thin-"He films. For a vortex solu-
tion in a cylindrical geometry we obtain a nonuniform
and nonsingular vorticity. We also find a unidirectional
traveling-wave solution with a velocity-dependent ampli-
tude, characteristic of a nonlinear excitation, when we
consider the How of the liquid in one direction. Finally,
for a specific choice of parameters a static kink solution is
found for the condensate density. A preliminary version
of this work has been published recently. '

cell. To incorporate the constraint of the hard core we
have

pl=pi lA 6 l=(1 2p()ou (2.2)

In other words, the field operators behave like fermion
operators within the same cell and like boson operators
for different cells.

The microscopic many-body Hamiltonian is

A V'H= —f dr/ (r) +p, tt(r)
2m

+ ~ J dr f dr'g"(r)P (r')

X V(r —r')g(r')g(r), (2.3)

where p is the chemical potential, m is the mass of the
He atom, and V(r —r') is the interaction potential. We

discretize the Hamiltonian (2.3) by using the finite
difference approximation. Introducing a nearest-
neighbor (NN) attractive interaction —

uo (uo )0) we
have

(pi+s+pt) (Wi+s&t—+H c )
2ma

2ma
~oPtPi+s p Xpi

I

(2.4)

Pt =St +iSf=St and p( =
—,
' Sf— (2.5)

where S& is a spin- —,
' operator. Thus Hamiltonian (2.4)

may be rewritten as

H = —g (b —p )St'+ g g SPSP+s
1 5 ma A=xy

where 6 runs over the NN vectors of the site l.
The commutation relation (2.1) and (2.2) satisfied by g&

show that one may equivalently write

II. LATTICE MODEL —A PSKUDOSPIN
FORMULATION + UoS('Si'+ s (2.6)

Liquid He, in its superfluid phase, has a correlation
length of the order of a classical fiuid ( = 1 A). It is well
known that lattice models of classical Auids lead to physi-
cally relevant results. ' Siegert' has shown that a hard
core should be treated more realistically than just consid-
ering it as the infinite limit of a repulsive potential.
Therefore, a quantum-lattice model of hard-core bosons
with attractive interactions would be appropriate for the
description of liquid He. '

The volume A of the system is divided into M cubic
cells each of volume a so that in the limit M, B~oo, a
remains constant. The centers of the cubical cells are la-
beled by three integers (l, m, n ) = 1. The corresponding
boson field operators are represented by g& with the fol-
lowing commutation relation:

I:6 A 1=0 fO~P i)=Pizza

where p&
=

g&P& is the number density operator for the 1th

where

b =D[(A /ma )
—uo], (2.7)

D being the dimensionality of the lattice. Since (fi /ma )

and uo are positive, Eq. (2.6) represents an anisotropic,
ferromagnetic, Heisenberg NN exchange Hamiltonian in
an "external field" given by (b —p, ).

Several thermodynamic properties of this model have
been extensively studied in the literature i2, &3, &s, zo Within
a linearized theory, a qualitatively good fit has been ob-
tained for the excitation spectrum and the ground-state
energy. Further, the values obtained for T& and the ve-
locity of sound agree reasonably well with the experimen-
tal values. It would therefore be interesting to study yet
another aspect —the hydrodynamic properties of this
model, retaining all its nonlinearities. To this end, we
start with the equation of motion for S&+,
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=(b —p)s(+ —g (A" Ima )S('S(+s
6

In the calculations that follow, the following con-
venient parametrization of ~& in terms of polar and az-
imuthal angles will be used:

+X Uos( S(+s .
6

(2.8)

III. SPIN-COHERENT STATES

The conversion of this nonlinear operator equation into a
c-number equation and its analysis will be carried out in
the following sections.

r( = tan( 0( /2 ) exp(i 4( )

with 0 ~ 0( ~ ~ and 0 ~ N( & 2~.
Thus Eqs. (3.2a) and (3.4) become, respectively,

IO(, C&( & =(cos—,'0() exp

X[tan( —0() exp(i@()s( ]IO)(

(3.S)

(3.6)

The existence of an oA-diagonal long-range order and
the concept of a generalized Bose condensation has been
widely used in the context of interacting Bose systems. It
is possible to represent the ground-state wave function of
a superfluid as a direct product of harmonic oscillator
(boson) coherent states ' in momentum space. Using
the second-quantized Hamiltonian given in Eq. (2.3), with
a purely repulsive contact potential V(r —r') = V5(r —r')
to describe a soft-core Bose gas, we write down the equa-
tion of motion for the boson annihilation operator ti/ as

ikey, (i(= —(A /2m )7 g+ Vg gg p.P . —

and

(4~) '(2S+1'(f "0(f d&b(sine(IO( @(&&0( ~'(l= l .

(3.7)

The advantage of using spin-coherent states is that in
this representation, diagonal matrix elements of single-
site operators are identical to the corresponding classical
expressions. Thus for S=—,', the order parameter g& is

given by

Denoting the expectation value of g in the boson-
coherent-state representation by a(r, t), it is readily seen
that this equation yields the usual Gross-Pitaevskii (GP)
equation:

and

= —,
' sine( exp{i 4()

& S( ) =—cose(

(3.8)

(3.9)

i M, a = —
( fi'/2 m )7'a + V

I
a 'a —pa,

lr( & =(1+Ir(I') 'exp(r(S( (3.2a)

where S& is the spin-lowering operator and -,
&

is a com-
plex quantity. Also, S(IO)(=SIO)(. For a system of 1V

spins, we work with the direct product

(3 ~ 2b)

The normalized states r() are nonorthogonal, i.e. ,

on using a Hartree approximation. This equation has
been frequently used to study superfluid hydrodynam-
ics. In (1+1) dimensions, this equation is just the non-
linear Schrodinger equation, — which supports envelope-
soliton solutions.

An extension of the boson-coherent-state approach to
the case of a hard-core interaction (i.e. , V~ ~ ) leads to
difhculties. As we have discussed, the model of Matsu-
bara and Matsuda incorporates the hard core by using
appropriate anticommutation relations between field
operators, leading to a pseudospin Hamiltonian [Eq.
(2.6)]; & S( ) represents the condensate order parameter
in this model.

In analogy with the boson-coherent states, we shall set
up a formalism using spin-coherent states r( ) at a lattice
site I, defined by'

When combined, these two equations yield

&Sz) +1(1 4 I2)1/2 (3.10)

Using Eq. (2.5), we have

& p, ) =p, =
—,
' —

& S(') = sin'(0, /2)

1 [1+(1 4I~ 2)l/2]

giving

(3.11)

(3.12)

From Eq. (3.8), Ig( ~
—,'. Further, since p( must be an in-

creasing function of Ig(l for physical relevance, the neg-
ative sign in Eq. (3.11) must be chosen, yielding the physi-
cal branch 0~

p& & —,'.
Spin-coherent states have been used to study nonlinear

excitations in a quantum isotropic ferromagnetic chain,
a problem in (1+1) dimensions. In the present context
of the superfluid, we are dealing with interacting He
atoms described by anisotropically interacting spins on a
three-dimensional lattice. Our main concern here is to
understand the hydrodynamics of a quantum fluid. To
study this, we first write down the diagonal matrix ele-
ments of the spin-evolution equation [Eq. (2.8)] in the
direct product representation lr) defined in Eq. (3.2), ob-
taining the following c-number equation:

ih'B, g(=(b —
p, )g( —(fi'Ima )(1 4Ig(I )' '-g q(—

and overcomplete

(3.4)

(3.13)

In deriving Eq. (3.13) we have used the properties of
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spin-coherent states, especially those given in Eqs. (3.10)
and (3.11). We have not used a Hartree approximation in
the derivation, and the exact matrix elements have been
used. This nonlinear differential-difference equation is
now analyzed in its continuum version, as is appropriate
for the description of a liquid phase.

IV. ORDER-PARAMETER EVOLUTION EQUATION

In the discrete equation (3.13), we expand iit+s in a
Taylor series in l5l =a. Retaining terms up to the lead-
ing order we have

ibid, rt= [b[1—(1 —4li)l )' ]—pIi)
—(iri /2m )( 1 —4lril )

' V il

—voa t)(1 —4lril )

x[v'lql'+2(1 —4lnl') '(Vlgl ) ] . (4.3)

This equation is valid for all temperatures below the k
point. Further, all the nonlinearities consistent with Eqs.
(4.1) and (4.2) have been retained.

A. Linearization and the Bogoliubov spectrum

g i)t+s=2Dri+a V il .
5

Also

g (1 —4l~t+, l')'"=2(1 —4lzl')'"

(4.1)

p=b[l —(1 —4lril )' ] . (4.4)

Considering a uniform condensate g=gp (a constant),
Eq. (4.3) yields the following expression for the chemical
potential:

x[D —a'(1 —4lql') 'V'lq '
—2a'(1 —4lgl') '

x(vlql')'] . (4.2)

Substituting Eqs. (4. 1) and (4.2) in Eq. (3.13) we obtain
the continuum evolution equation for the superfluid or-
der parameter.

We look for small-amplitude solutions of the form

t)(r, t )=t)0+y(r, t)+i y(r, t ) (4.5)

with single-mode expressions y (r, t )
= yk singk and

y(r, t ) =yk cosgk, where gk=(k r —
col,. t ). Substituting

Eqs. (4.4) and (4.5) into (4.3) and linearizing the resulting
equation, we get to order 7fp,

—&~k(t yk coskk+&k»n0k) = [490b l(1 —480)'"ly k»n0k

+[(iri /2m )(1 —4i)0)' (yk singk+iyk cosgk)+2voa rio(1 4&0) yk singk]k (4.6)

where we have used

(1 —4lql')'"=(1 —4q,')'"
X I 1 —[8i)oyk singk/( I —4i)0) ] l (4.7)

Equating the real and imaginary parts of Eq. (4.6) yields
the following Bogoliubov-like spectrum:

co I',. = ( k l2m ) [4rtob + ( iii k l2m )

Rip+ V (pvs op) =0 (4. 1 1)

where

where 2b is to be identified with V, the strength of the
repulsive contact potential used by Gross. The hydro-
dynamic treatment of this equation is usually carried out
by looking for a general solution of the form
ri=p' (r, t) exp[i@(r, t)], yielding the equation of con-
tinuity

X(1—4ilo+4voa glom )] (4.8)
vs op = ( A/m ) V~Ii (4.12)

In the long-wavelength limit, this reduces to

cog
—ck (4.9a)

is the superfluid velocity. We obtain also the Bernoulli
equation

with a phonon velocity

c =(2b /m )'~ i)0 .

ea e:rlop(p)+ mv, Gp

(4 9b) where

(4. 13)

This is consistent with the expressions obtained by
Matsubara and Matsuda' and by Whitlock and Zilsel. ' (4.14)IIop(p) = — —V v'p +2bp @. —

2m v'p

B. Gross-Pitaevskii equation

Since li)l « —, for T —Tz, one is justified in expanding
(1 —4li)l )

—' in a power series in il in Eq. (4.3). On
neglecting terms involving lrtl "ti (n ) 1), i) "V i)
(n )0), r)V lri, and il(Vli)l ), we obtain the Gross-
Pitaevskii equation ' [see Eq. (3.1)]

i)(r, t ) =fop(r) exp(in P) exp( —iE„thit), (4.15)

where n =0, 1,2, . . . is the winding number, we obtain

vz &p= (ni5/mr )e& . (4.16)

Considering a cylindrically symmetric vortex solution of
Eq. (4.10) of the form

iRB, Tt= —(A'/2m )V'rt+2b ril'r) pri, —(4.10) Hence the circulation is quantized (in units of
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h/m =9.97&&10 ~ crn s '):

I Gp
=

It) vs dl =nb /m (4.17)

3, B, az, and pz in terms of vo, b, and p, thus providing
a microscopic basis for the surface effects described by
Eq. (4.21).

and the vorticity can be formally defined as

pop =
I
curl vs op I

= (n fi/mr )6(r ) .

(4.18)

(4.19)

C. Two-dimensional superfluid

He films display certain interesting properties: At
finite temperatures a third sound, i.e., a long-wavelength
surface density wave accompanied by a temperature
wave, is observed. At very low temperatures in mono-
layer films, an undistorted pulse propagation has been re-
ported. " To explain these observations a phenomenolog-
ical model was proposed by Rutledge et al. ,

" leading to
the following condensate evolution equation:

(4.21)
where 3, B, and az are phenomenological parameters.

p~ is the "chemical potential" corresponding to the mod-
el. Neglecting nonlinear terms in the above equation
Rutledge et al. derived an expression for the velocity of
the third sound mode. Going beyond the linearized
theory and incorporating finite amplitude eff'ects, Huber-
man' showed that the superfluid density satisfies a Kd V

equation. More recently Biswas and Warke have de-
rived this result in a more systematic fashion.

Equation (4.21) may be brought into correspondence
with the basic Eq. (4.3) as follows. First, let us set
b =2(iri /ma )

—uo (as is appropriate for a two-
dimensional film) in Eq. (4.3). Neglecting terms like
(V t) ) il and expanding the relevant terms in powers of

in both (4.3) and (4.21) appropriately, a close resem-
blance between these two equations emerges. A compar-
ison shows that

3A B=voa', p, +, =p .
2aR

These relations express the phenomenological parameters
I

Thus the vorticity has a singularity at the origin and van-
ishes everywhere else. Further, the circulation in Eq.
(4. 17) is independent of the circuit. These unphysical
features displayed by the GP equation are presumably
due to the contact potential (soft core) assumed in the
model.

The function fop(r) satisfies the following equation:

fop
r +r —(r —n )fGP —r fGp =0 . (4 20)

y dr
The solution to this equation (found numerically) van-
ishes at the origin and tends to a constant as r ~ ~ .

V. NONLINEAR DYNAMICS OF THE CONDENSATE

In this section we analyze Eq. (4.3) retaining all the
nonlinearities and study the hydrodynamics of the
superfiuid system. In view of Eq. (3.12) which arises due
to the use of spin- —,

' coherent states, we may write, in gen-

eral,

t)=p' '(1 —p)' 'exp(iN), (5.1)

where p and N are functions of r and t. Inserting Eq.
(5.1) into (4.3) and equating real and imaginary parts, we
obtain the continuity equation for p,

a,p+ V-(pv, ) =0, (5.2)

and the Bernoulli equation

—Pic)(&&= II(p)+ —,'m(1 —2p)(1 —p) 'us .

11(p) is defined in Eq. (5.7) below. vs is given by

vs =(A'/m )(1—p)VC& .

(5.3)

(5.4)

Comparing this with Eq. (4.12), we see that in our formal-
ism m is replaced by an effective mass

m*=m(1 —p) (5.5)

Here m* ~m, corresponding to T~ Tz. The vorticity is
given by

g=(iri/m ) Vp X V&1&~, (5.6)

vs=(n iir/2mr)[1+[1 4f (r)]'~ Ie&— (5.8)

(where n is the winding number of the vortex). Hence

and
V.v =0

(2nfi/mr )(1 4f ) '~'f-d.f'

dv

(5.9)

(5.10)

Further, Eq. (4.3) yields the following equation for f (r):

which, in general, is nonvanishing. In Eq. (5.3),

11(p)=(iri /8m )I (1 —2p)p (1 —p) (Vp)

—2[(1—2p)p '(1 —p) '+uoa ]V p]

+2bp —p . (5.7)

It is easy to verify that for p «1 (i.e., T —Ti ) and uo =0,
Eq. (5.3) reduces to Eq. (4.13) derived from the CJP equa-
tion.

Specializing to vortex solutions of the form given in

Eq. (4.15), the expression for vs in Eq. (5.4) becomes

E„f= t b[1 —(1—4f )' ] —
p, jf —(fi /2m )(1 4f )' — r —(—n /r )f

y dy dy

d2
'2 2

—u a f(1 4f )
' f +2f —+2 — +8(1 4f ) 'f-

r dr dr dr dr
(5.1 1)
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For T —T~, Eq. (5.11) becomes

E„f=(2bf —p)f —(iri /2m )(1 —2f )
— r —(n Ir )f
r dr dr

2
d2—2u a-'f(1+2f ) f —+f + +4(1+4f )f'

r dr dr dr dr

'2

(5.12)

p may be estimated by considering a homogeneous solu-
tion f =fo; we find

I =nb /ms* (Ru))g),
where

(5.19)

p=(2bf() E„) . — (5.13)
ms =2m /[1+(1 —4P-')' ]=m /(1 —ps) .

Linearizing Eq. (5.12) and using Eq. (5.13), we find f (r)
satisfies Bessel's equation:

(ih' /2m )
——r —(n /r )f +2bf J'=0 .
r dr dr

(5.14)

The healing length g is the distance beyond which f is
essentially constant:

It is interesting to note that in the quantization of the cir-
culation, the eA'ective mass m *

( )m ) occurs, rather than
the bare mass m, essentially due to the inclusion of. the
hard core. The energy per unit length of a vortex of ra-
dius R 0 is given by

Ro
E(Ro)=rr J pu&r dr

=(irk /2m )

(=nihil(4mbfo)' ' (5.15) 2 1+ 1 4 2 1/2

0 r
Equation (5.12) can be solved numerically. For our pur-
poses, it suSces to determine the limiting behavior of
f (r) as r ~0 and as r ~ ~. This is found to be

In a typical calculation, R0 can be taken to be slightly
larger than g. In view of the behavior of f (r) given in
Eq. (5.16) we get

lim f (r)~ (ar/g)", lim f (r)~P,
y- 0 y —~ oc

(5.16) E(R„)= G, (g)+ G, (P) ln(R„/P), (5.21)

where a, /3 are constants. Since f = ~i), Eq. (5.1) gives
/3=ps~ (1 —ps)'~i, where ps is the equilibrium density of
the superfluid. Substituting Eq. (5.16) in Eq. (5.10), we
obtain for n = 1.

g(r)=(2iria /mg )(1 4a r /g ) ', r—~0
(5.17)

where G, (g) and Gz(/3) are finite. In a customary calcu-
lation to obtain a finite vortex energy, it was found neces-
sary to introduce a nonzero lower limit in the integral
given in Eq. (5.20) or a specific model" due to the pres-
ence of a singularity at the origin. In contrast to this, in
the present formalism the finite energy arises in a natural
fashion.

Thus g(0) is finite and there is no singularity in the vorti-
city, in contrast to the behavior predicted by Eq. (4.19).

The circulation I calculated from Eq. (5.8) is

I = f,vs. dl=(nh/2m )I 1+[1—4f (Ru)]' I (5.18)

for a circuit c of radius R0 showing that I" depends on
Ro, so that there is no quantization (in the usual sense)
within the vortex. However, for r ))g, f (r)~/l. I then
becomes independent of R0 and is quantized according to

VI. UNIDIRECTIONAL FLOWS

In this section we obtain solutions for the superfluid
density, corresponding to unidirectional flows in the
superfluid. Further, kink solutions are determined in the
static case.

Substituting the SCR expression g=(-;) sinOexp(i4 )

in the continuum equation (4.3) and equating the real and
the imaginary parts we obtain

B,g=( fi/2m )[2 cosg( VO. VN—)+singV @],
A'B, N=(p —b)+b cosg+(sing) '[(fi /2m ) cos g+(uoa /2) sin O]V O

—cosg(VO) (a'b/2D) —(iri /2m ) cosg(V@)

(6.1)

(6.2)

Setting cos|9=p and N =q and specializing to flows along the x direction of the bulk liquid, we get

B,p =(iri/2m )[(1—p')&, q
—2p(&„p)(& q)], (6.3)
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Kid, q=(p. —b)+bp —
—,'a [p(1 —p') (t) p) +(1—p') '8 „p](bp'+U«)

—(ba /2)p(1 —p ) '(B„p) —(A' /2m )p(c)„q)

In order to solve the above two coupled nonlinear equations we consider traveling wave solutions of the form

q =q(z), p =—p(z), z =(x —vt)/a

Substituting Eq. (6.5) in Eqs. (6.3) and (6.4) we get

(6.4)

(6.5)

U P = —(1 —p2) q+2p
dz dz

dq d 2 dq
dz dz dz

(1 —p-) (6.6)

and

U =2(v. —R )
—2~p+p(1 —p-)dq ~ q dp

dz dz

2

+(1—p ) '[I~p +(1—~)];+p
dz dZ

(6.7)

where

U = 2vrna /A, ~ = ~na b /A-,

Integrating Eq. (6.6) yields

R =~na p/A (6.8)

——= U{p() —p )(1 —p-)
dz

p„being the constant of integration. Substituting Eq. (6.9) into Eq. (6.7) gives

(6.9)

d2
U (1 —p ) '[(p« —p) —(1 —p ) 'p(p« —p) ]+2(R —1~)+2~p+~ =p(1 —p-) +(1—p )

dz2 dz dz2
(6.10)

Substituting the identity

p(1-p2) -' -'
dz

2
~) ]d p

dz2

1 dp
2 dz

dp
dz dz

(6. 1 1)

on the right-hand side of Eq. (6.10) leads to

=
I
—2i~p +4(1 —R )p'+(c +2I~)p +[2p„U —4(v —R )]p —[c+U (1+p«)] I(1 —v+vp )

dz
(6.12)

where c is a constant of integration. Using p =cos0 and Eqs. (3.9) and (3.11) we have

A. Periodic solutions

Writing the numerator of Eq. (6.12) as ( 1 —~

+~p ){A]p + A2p+ A, ), we find

p(z) =
—, [(R /w) —iL sin&2(z —z«)] .

Hence

(6.19)

A] = —2, A, =4(v. —R )/v, A; =(c +2)/~ .

Also

c =2(~—1)—vU (1+p() ),
p() =2(h. —R )/v. U

Consequently Eq. (6.12) is reduced to

(6.13)

(6.14)

(6.15)

—, [(R /a) —X] & p(z) —,
' [(R /v)+k], iL) 0 .

Since A, ) 0, Eq. (6.17) leads to

2& U-&2[1 —(R/~)]', (R/~) &0,

2[1 —(R/~)]- & U-&2, 2) (R/Ic)) 0

(6.20)

(6.21)

J dp /I X —[p —
( 1 —R /1~)']

I

'"= &2(= —z«),

where

A =[(c+2)/2I ]+[(~—R )/~]'-

and z„ is a constant of integration. Thus

p (z) =[1—(R /I )]+).sin&i2(z —z„) .

(6.16)

(6.17)

(6.18)

Note that the amplitude A, of the traveling wave depends
on the velocity, a feature typical of certain nonlinear sys-
tems. In this context, it may be noted that a Kd V equa-
tion for the superAuid density fluctuation was obtained by
Huberman' as an approximate reduction of Eq. (4.21) of
Rutledge et al. " Its hump-shaped soliton solution also
displays this feature. " Finally, Eq. (6.21) shows that the
velocity of the wave cannot be arbitrary.
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B. Static solutions

The behavior of superfluid He near the A, point in the
static case has been discussed by Cxinzburg and Pi-
taevskii, starting from the phenomenological theory of
Landau. Restricting their discussion to real solutions go
of the order parameter, they obtain

Po = tanh( z Ii~2 ) . (6.23)

where z is a suitably defined dimensionless quantity. Ap-
propriate boundary conditions lead to the following kink
solution for the order parameter:

(6.22) Eq. (6.12), for «« 1, expanding the factor
[1+«(p —1)] '

up to terms linear in «., we obtain

dp
dz

ir(c+—2)p +[4(« R)——2poU «]p +[(2«+c)+«(2c+ U +poU )]p

+[2poU 4(« —R)+—2poU «]p+(c+U +poU )(I+«) . (6.24)

dp
dz

= —2«(«+ 1)(p —1) (6.25)

which can be satisfied for ~ (0 only. The solution is

p(z) =tanh[2~«(«+ 1)
~

]' z . (6.26)

Since p =cos0, combining Eqs. (3.9) and (3.11) yields

p(z) =
2 [1—p(z)]

=
—,
'

[ 1 —tanh[2
i

«.( «.+ 1 ) i ] ' z J (6.27)

with the order parameter g given by the real solution

il=p' (1—p)' =
—,
' sech[2~«(«+ 1)~]' z .

For T- T&, p (& 1, the order parameter g-p'
(6.28)

—[ 1 —tanh[2~«(«+ 1)
~

]' z )
'

v'2

This kink solution arises for the case ~ (0 only.

(6.29)

VII. DISCUSSION

The pseudospin model which was introduced by
Matsubara and Matsuda' as a microscopic model for
liquid He incorporates both an infinite hard-core and an
attractive nearest-neighbor interaction between atoms in
a satisfactory manner. In this paper, the model has pro-
vided us with a convenient starting point to discuss hy-
drodynamics in the superfluid. The effective Hamiltonian
is an anisotropic ferromagnetic exchange Hamiltonian
with a magnetic field along the z direction. In contrast to
the magnetism problem, however, this field is not a given
external field, but depends on the interaction parameters
and p, which is adjusted to keep the total z component of
magnetization (or effectively, the superfiuid density p)
fixed.

In a formalism involving boson operators it, one usual-
ly defines the order parameter as ( g) =p' exp(i&&) lead-
ing to (P )(g) =p=(P g). Thus a Hartree approxima-
tion is implicit in this definition, except when boson-

For a static solution, U=O. [Equation (6.9) shows that
q=4 =const. ] Then Eq. (6.24) can be written in the
form

2

coherent states are used to calculate expectation values.
In contrast to this, we have seen that in the pseudospin
formalism, working with the spin-coherent representa-
tion, the corresponding density-order parameter relation-
ship is il=p' (1 —p)' exp(i @) [see Eq. (5.1)], and in the
limit p « I ( T —Tz ), the usual definition holds. 2'

The order-parameter evo1ution equation valid for tern-
peratures T & Tz [Eq. (4.3)] is highly nonlinear. The phe-
nomenological GP equation for bulk helium, and the
equation of Rutledge et al. used to explain surface effects
in superfiuid films, emerge as special cases of Eq. (4.3),
when certain nonlinear terms are neglected. An exact
analysis of this equation yields a continuity equation for
the superfluid density pz. The expression obtained for
the superfluid velocity vz contains an effective mass
m*=m(1 —p) ' instead of the bare mass [see Eq. (5.5)],
leading to the physically relevant result' curl vz&0.
This is essentially due to the inclusion of a realistic hard-
core interaction between the bosons in the model.

A cylindrically symmetric vortex solution of Eq. (4.3)
is analyzed. A comparison of the conventional expres-
sion for the vorticity [Eq. (4.19)] with that obtained by us
[Eq. (5.17)] shows the resolution of the longstanding
problem of obtaining a nonsingular vorticity. Further,
the customary need to introduce specific models to avoid
obtaining an infinite vortex energy is also eliminated.
The quantization of circulation arises only for streamlines
far away from the vortex core, as expected physically [see
Eq. (5.19)]. The result I =nh Ims =nh ( 1 —ps ) Im im-
plies that I depends on temperature, due to the presence
of ps. The range 0&p& —,

' [see text following Eq. (3.12)]
is a general bound which arises due to spin-operator iden-
tities, with no reference either to the symmetry of the
effective spin Hamiltonian for the problem or the temper-
ature. The ground state will depend on the relative mag-
nitudes of the parameters A /ma and vo. Only a de-
tailed statistical mechanical calculation can yield the
temperature dependence ps( T) for 0 & T & Tz. However,
it is possible to obtain rough quantitative estimates for
bulk He using phenomenological results: pz has been es-
timated ' to attain an extrapolated value of 0.12, within
2% accuracy, at T=0. Thus at very low temperatures,
I has a predicted value [see Eq. (5.19)] which is
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(12+2) % less than the usual value h /m valid at T —T&.
While this may appear to be a large decrease, it must be
noted that in recent direct measurements of circulation
such as those carried out by Yarmchuk et al (a.t -0. 1 K
when pz is expected ' to have reached almost its max-
imum value) I has been found to be h/m to within 5%
accuracy only. Furthermore, as is well known, early clas-
sic experiments typically showed a wide spread in I with
a pronounced maximum near h/m. Hence more sensi-
tive experiments are required to gauge the role of m&, the
effective mass that occurs in the expression for I . For
T-T&, an expression for the core radius is given in Eq.
(5.15).

The parameter b [Eq. (2.7)] which represents the

difference between the zero-point kinetic energy and the
magnitude of the attractive part of the interaction be-
tween He atoms plays an important role. This is to be
expected in any model that is formulated by starting with
interacting hard-core bosons. For both signs of b, the
superAuid density supports a periodic wave solution with
an amplitude-dependent velocity, which feature is essen-
tially due to the inclusion of nonlinear effects. For 6 &0,
a static domain wall solution is found, although the phys-
ical relevance of this solution is not very clear at present.
It would be of interest to explore the possibility of a
gauge theoretic description of superAuid He in the
present formalism to gain a better understanding of the
topological features of the problem.
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