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K. Nakamura
The James Franck Institute, The University of Chicago, Chicago, Illinois, 60637
and Fukuoka Institute of Technology, Higashi-ku, Fukuoka 811-02, Japan*®

A. R. Bishop
Theoretical Division and Center for Nonlinear Studies, Los Alamos National Laboratory,
Los Alamos, New Mexico 87545

A. Shudo
Department of Applied Physics, Waseda University, Shinjuku-ku, Tokyo 160, Japan
(Received 17 February 1989)

Semiclassical wave-function patterns in a pulsed spin system are examined in the post
crossover-time regime. They show ergodic and nonergodic features possessed by the underlying

classical dynamics.

Local dimensions (i.e., singularities) of their probability density functions

maintain enhanced fluctuations when the pulse strength lies in a transitional region leading to glo-

bal chaos.

The quantum mechanics of classically chaotic systems
constitutes a very active field of contemporary physics. 2
Considering quantum dynamics, the coherent structure of
wave functions is greatly affected by quantum interfer-
ence, leading to the suppression of anomalous diffusion
features characteristic of chaos and eventually to the van-
ishing of Kolmogorov-Sinai entropy and of other charac-
teristic exponents. If we examine a semiclassical regime,
however, new phenomena can appear, not present in either
the classical or quantum limit.> In particular, semiclassi-
cal wave-function patterns may exhibit several distinctive
behaviors in a recurrent time regime beyond the crossover
time ¢, at which the classical and quantum correspon-
dence breaks down. [In the case of hyperbolic fixed points
of the corresponding classical motion, ¢~ (Lyapunov
exponent) ~!xIn(A ~!) (see, e.g., Berry and Balazs.?)]
But these behaviors have not so far been examined sys-
tematically; most previous studies on the dynamics of
wave functions have concentrated on the time regime
t <t..? For a study of longtime and semiclassical behav-
iors, quantum-large spin systems are especially advanta-
geous because the finite dimensionality of their Hilbert
space requires no artificial truncation of energy ma-
trices.*> Further, in the experiment of spin echoes in elec-
tron spin resonance, for instance, an assembly of spin- 3
systems behaves coherently and effectively constitutes a
single large quantum spin.

In this Rapid Communication, we examine the long-
time behavior of wave functions in a periodically pulsed
large quantum-spin system whose classical limit exhibits a
transition from predominantly regular orbits to global
chaos as the pulse strength is increased.* The effect of
dissipation is omitted in the present treatment. We shall
attempt to characterize wave-function patterns in terms of
the singularity spectra f(a), which has proven very use-
ful recently in quantifying multifractal aspects of chaotic
systems.

The quantum dynamics for our spin system with
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S=(S*S”,8?) is described by ih¥=HW¥, where
H=Ho+X = _V5(t—2zn) with Ho=A(S?)? and
V=—uBS*. A(>0) and uB(>0) represent a planar
anisotropy and pulse strength, respectively.* [Here we
have chosen a convenient model Hamiltonian. One may
make other choices, e.g., Ho=AS? and V=—puBS”*
xcos(wt), without changing the qualitative features of
the results below.] We solve the above Schrédinger equa-
tion by rewriting it immediately in a matrix form; a set of
eigenstates of S” is chosen as basis kets. Then, the wave
function ¥ just after the nth pulse is given by

S
vQ2rn+0)= Y sc,,, Qrn+0)|m),

with
CQrn+0) =Y exp(—2ninE/h) X} C.(+0)1X,.

Here {E.},{X are quasienergies and quasieigenfunctions
for the one-period propagator represented by the unitary
matrix

U =expl— (i/h)V1expl— (i/h)2xH,] .

V and fio are matrices for ¥V and H, re:spectively.4 The
probability density function is given in terms of
SU(2S +1) coherent state representations as

P,(08,0)=[(2S+1)/4711¢6,¢|27n+0)| 2,

where the first factor on the right-hand side is due to the
normalization over the surface of a unit radius sphere. In
the following, 4 =1.0 sets the energy unit. Further, we
employ S=128 and choose A =1/V/S(S+1) so that the
observable spin magnitude maintains the scaled value for
the classical spin vector, i.e., S2=5(S+1)h2=1.

In Fig. 1, very early stages (n=1,2,3) of the temporal
evolution of initially (n=0) localized wave packets are
shown. For a weak pulse (uB=uB/A=0.01)P,(6,¢)
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FIG. 1. Contour map for very early stages of P,(6,¢): (o) Initial (n=0) wave packet; (a)-(c) time evolution for uB =0.01;

(a')-(c") time evolution for uB =1.0. From the left, n=1, 2, and 3.

shows a simple unidirectional diffusion [see Figs.
1(a)-1(c)] corresponding to regular behavior in classical
dynamics. [Note that investigation of classical dynamics
indicates* the presence of two characteristic fields uB;
=0.1 and uB,==0.5, where the fraction of chaotic trajec-
tories increases strongly and the last Kol’'mogorov-
Arnol’d-Moser (KAM) torus_disappears, respectively.]
However, for a strong pulse (B =1.0) remarkably isotro-
pic and irregular diffusions begin after the period of “clas-
sical” stretching- and folding-type diffusion. Figure 1 also
indicates ¢, =0(1) for both the uB=0.01 and 1.0 cases.
The above results resemble a quantized version of abstract
dynamical systems (e.g., C or K systems), in which wave
functions have been reported to exhibit highly irregular
patterns after stretching and folding.” Also, certain
eigenstates were found with anomalous localization
lengths. Because of the difference of wave-function repre-
sentations between us and Ref. 7, however, it is difficult to
make quantitative comparisons.

We now proceed to examine P,(6,¢) in large n regions
(n=70, 90, 110) (see Figs. 2). While the exact classical-
quantum correspondence has been lost in this time region,
these figures clearly maintain some images of the underly-
ing classical dynamics: Figures 2(a)-2(c), 2(a")-2(c",
and 2(a”)-2(c") retain signatures of nonergodicity at
uB=0.01, of partial egordicity at uB =0.2, and of com-
plete ergodicity at uB =1.0, respectively.® In fact, local-
ized regular structures with large amplitudes keep a

quasiperiodic oscillation for 4B =0.01 and fine structures
with small amplitudes continue to occupy the global phase
space for uB=1.0. For uB =0.2, finé structures continue
to occupy a limited portion of phase space.

We now try to quantify P,(6,¢) in terms of multifrac-
tals.® Since P,(6,9) is already normalized to unity in the
6-¢ plane, the calculation of the singularity spectra f(a)
is straightforward: for a linear scale /, we consider the
square / X/ mesh A;(/) around the position (8,4) and cal-
culate

PoiD= [y c 1 Pr(6,8)sin0d0dg .

Summing PJ; (/) over all meshes, we obtain the partition
function I'(g,/). The scaling property of I'(g,/) is then
examined by changing / according to [=[yx2™
(m=0,1,2,...) with lo=0(S ~"/2). The scaling ex-
ponents 7, thus obtained are used to find f(a). It should
be noted, however, that our numerical data P,(6,¢) are
reliable only to the order of 10 ~°. Using them as inputs,
we can obtain wide scaling regions for I'(g,/) in the case
g =0, but it is difficult to explore sufficiently wide scaling
regions in the case ¢ <0. So our analyses of f(a) below
will be limited to the g = 0 case. This restriction does not
prevent us from studying the general tendencies of fluc-
tuations of singularities or local dimensions a. Figure 3
represents f(a) with g = 0 for several uB values at a fixed
time n=90. We find that fluctuations of a for uB =0.01
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FIG. 2. Time evolution of three-dimensional profiles of P,(8,¢) for n>>1:

uB=1.0. From the left, n=70, 90, and 110.

and 1.0 fall into a narrow range and those for uB =0.2
extend over a much wider range. The large fluctuation in
the latter signifies the inhomogeneous distribution of mea-
sure P,(0,¢) in Fig. 2(b’), which reflects the coexistence
of classical KAM orbits and localized chaos in a transi-
tional region leading to global chaos. This large fluctua-
tion is reminiscent of the critical fluctuations at an equi-
librium phase transition. The relatively small fluctuation
for uB =1.0 signifies the uniform distribution of measures
in Figs. 2(b”). (Note that the above enhanced fluctua-
tions will not be observed in quantized K or C system’
whose classical versions are homogeneously unstable and
have neither KAM torii nor a transitional region.)

Using our data for f(a) with g =0, we now estimate

0.0

FIG. 3. f(a) in ¢ =0 regime at n=90. Squares, circles, and
triangles correspond to 4B =0.01, 0.2, and 1.0, respectively.
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(a)-(c) uB=0.01; (a)-(c") uB=0.2; (a")-(c")

the effective range of fluctuations amin < a << ajy.camax
and ami, denote the value at which f(a) takes the max-
imum (i.e., fractal dimension) and the value at which
f(a) takes I times its maximum (an arbltrary choice).
For /,tB =(.2 at n=90, for example, am.,=1.98 +0.02
and amin=1.35£0.02. (The error bars apply for
n<130.) In Fig. 4, the time dependence of the effective
ranges thus introduced are shown for the interval
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FIG. 4. Time evolution of effective range of f(a) (see text).
Dotted, solid, and broken lines correspond to ,ul} =().01, 0.2, and
1.0, respectively. Symbols (®,0,A) in each range denote the
fractal dimensions, i.e., peak values of f(a). [The range in the
case of uB=0.01 at n=110 is suppressed because of an acciden-
tal narrowing of scaling regions which makes it difficult to ob-
tain reliable f(a) values.]
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30<n=< =130 steps of 20. The features in Fig. 3, which
have now been quantified, are found to persist throughout
the temporal evolution. Careful examinations indicate:
(1) the effective range of a shows distinctive temporal
variations for uB =0.2; (2~) on the other hand, it remains
almost unchanged for uB=1.0 (despite the absence of
dissipation in the present system), which reflects a well-
organized ergodicity in this case.

The mixing and ergodic features of classical chaos have
helped to establish relationships with the formalism of
equilibrium statistical mechanics.® In the field of quan-
tum chaos, most of the literal definitions of classical chaos
lose their significance. Nonetheless, we still find compli-
cated behaviors in the quantum mechanical treatment of
chaotic systems, as shown in this study. We believe that
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the characterization given here will be a vehicle for more
profound understanding of these complexities.

In conclusion, despite the complete absence of classical
and quantum correspondence, the longtime behavior of
semiclassical wave functions maintains the ergodic and
nonergodic features possessed by the underlying classical
dynamics. The enhance fluctuation of their local dimen-
sions in a transitional region leading to global chaos per-
sists throughout the time evolution, which is reminiscent
of critical fluctuations at an equilibrium phase transition.
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