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Field dependences of surface magnetization in a semi-infinite Ising model
with a nonrandom surface or surface amorphization
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Field dependerices of surface magnetization in the semi-infinite spin- —Ising ferromagnet with a

nonrandom surface or surface amorphization are investigated by the use of the e6'ective-field theory
corresponding to the Zernike approximation in the bulk. We find that the system behaves in a
variety of notable ways for both the random and the uniform models.

I. INTRODUCTION

The problems of surface magnetism have been investi-
gated for many years. In particular, the semi-infinite sim-
ple cubic spin- —, Ising ferromagnet with a (100) uniform
surface has received much attention and has been studied
by using a variety of approximations and mathematical
techniques. ' For this simple model with modified ex-
change interaction J, only at the surface, it was pointed
out, on the basis of the standard mean-field approxima-
tion, ' that for J, greater than a critical value J,', the sys-
tem could order on the surface before it ordered in the
bulk. Since then, a number of authors have investigated
the possibility of the surface magnetic phase. This
mean-field prediction is now found to be qualitatively
correct. This phase is characterized by a surface Curie
temperature higher than that of the bulk. Experimental-
ly, surface magnetic order has been exhibited mainly in
crystalline systems such as Ni, Cr, and Gd.

The temperature dependence of magnetization at the
surface have also been investigated experimentally and
theoretically. They show some characteristic behaviors.
For instance, linear temperature dependence of surface
magnetization has been observed in the temperature re-
gion near the bulk transition temperature when J, is tak-
en as a value smaller than J,'. ' However, as far as we
know, the magnetic field dependence of magnetization at
the surface has not been examined.

On the other hand, in the previous work we have in-
vestigated the phase diagrams and magnetizations of the
semi-infinite spin- —, Ising ferromagnet with surface
amorphization by the use of the effective-field theory cor-
responding to the Zernike approximation in the bulk.
We found a number of characteristic behaviors for the
surface magnetic properties, such as the possibility of sur-
face reentrant phenomena, ' and proposed that research on
a surface with an amorphous layer may open a new field
of surface magnetism.

The purpose of this work is to study the field depen-
dences (or magnetization processes) of surface magnetiza-
tion in the semi-infinite simple cubic spin- —, Ising fer-
romagnet with a (100) uniform surface or surface
amorphization within the same framework as that of the
previous work. We find some characteristic behaviors

for the magnetization processes of surface and bulk mag-
netizations in the system with a uniform surface, depend-
ing on whether J, is larger (or smaller) than a critical
value J,'. The field dependence of surface magnetization
for the system with an amorphous surface layer indicate
that the research of the system in an applied field is also
extremely interesting.

The outline of this work is as follows. In Sec. II, we
present the basic points of the theory. In Sec. III, we ex-
amine the field dependences (or magnetization processes)
of the surface and bulk magnetizations for the system
with a (100) uniform surface. In relation to the results of
the previous work, the temperature dependences of sur-
face magnetization for the system with an amorphous
surface layer are investigated in Sec. IV, changing the
value of applied magnetic field.

II. FORMULATION

We consider a semi-infinite spin- —, Ising ferromagnet
with a (100) uniform surface or surface amorphization.
The Hamiltonian is given by

&=—
—,
' g J,,s,'s;—H ps;,

where the summation is carried out only over nearest-
neighbor pairs of spins. S takes the values +1. J; is the
exchange interaction, which takes the value J, if both I,

and j sites belong to the (100) surface, J, between spins
on the surface and its nearest neighbor at the first layer,
and the bulk interaction J otherwise. H is the external
field. For the surface amorphization, J, and J, are as-
sumed to be randomly distributed according to the in-
dependent probability distribution functions P (J, ) and
P(J&). For the uniform surface, on the other hand, J,
and J, are taken as the fixed values J, and J, .

In the following, we assume that the site magnetiza-
tions o; = (S ), where ( . ) denotes the canonical
average are equivalent to each other on a layer for the
layered simple cubic system with a (100) surface. As dis-
cussed in the previous works, ' when we apply the
effective-field theory with correlations to our layered sys-
tem, the surface magnetization o., after performing the
random-bond average, is given by
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cr, =[(cosh(DJ, ) )„+o, ( sinh(DJ, ) )„]
X [(cosh(DJ, ) )„+cr, ( sinh(DJ, ) )„]f (x)

~

with

f (x)=tanh[P(x +H)],

(2)

where g.„& and g.„+& are the magnetizations in the
(n —1)th and (n + 1)th layers, respectively.

Expanding the right-hand sides of (2), (4), and (5), we
obtain the following set of coupled equations:

g Q ] +4 Q 2 g +6 Q 3 g +4 Q 4 g + Q 5 g

where P= 1/kii T, D =c)/c)x is a differential operator, and

( . )„represents the random-bond average. For the
magnetization cr i of the first (next) layer, we have

o. , = [cosh(DJ)+ cr, sinh(DJ) )

+a, ( A6+4A7cr, +6A8o, +4A9o, + A iocr, ), (6)

g.
) =B]+4B2o., +6B3O.]+4B4O.)+Bso.]

X [(cosh(DJ& ) )„+cr,( sinh(DJ& ) )„]
X [cosh(DJ)+ cr 2sinh(D J)]f (x ) ~ „ (4)

+o,(87+48so &+689a)+48ioa(+Bi, o ~)

In general, the magnetization g „ofthe nth layer is given
by

cr„=[cosh(DJ)+o „sinh(D J)]

X [cosh(DJ)+o „,sinh(DJ)]

X [cosh(DJ)+cr„+&sinh(DJ)]f (x)~, 0 for n ~2,
(5) and

+a2(82+ 48' a, +68~a, +48 ~cr, +86o, )

+a g a 2 (88 +48 9a i +68 ]Q cr i +48 i i cr i +8 i 2 a i )

(7)

cr„K,+4K@—o „+6K3cr„+4K4o„+K5o„+(cr„,+o „+,)(K2+4K3cr„+6K4cr„+4K4cr„+K6a„)

+o „+,cr„)(K3+4K4cr„+6K~cr„+4K6o„+K7o.„),

where coefficients A; (i =1—10), 8; (i =1—12), and K;
(i =1—7) are given in the Appendix. When H =0, these
equations reduce to those in Ref. 9 [namely Eqs. (16),
(17), and (18) of Ref. 9.]

We are unable to solve the above coupled equations
analytically. Even if we use a numerical method, they
must be terminated at a certain layer. As discussed in
previous work, ' ' the simplest method for solving them
is to assume that the magnetization remains unaltered
after the second layer, namely,

III. NONRANDOM SURFACE

In this section, we at first investigate the field depen-
dences of cr, and o ~ for the system with a (100) nonran-
dom surface. Then, the exchange interactions J, and J

&

are given by constant values J, and J&. Before showing
the numerical results, it is worth mentioning that the
phase diagram of the present system with H =0 has been
investigated in previous work. The surface exchange in-
teraction J, is scaled with that of bulk in the form

g2 g3= =gn=ga ~ J, =J(1+6,, ) (10)

where g.z is the bulk magnetization determined from

g ~ —K ] +6K2 g ~ + 15&3g g +20&4g g

+15K5g ~+6X6g g+&7~a (9)

The approximation may be called the three-layer approx-
imation. As shown in the previous works, ' *' the
three-layer approximat&on gives a rather reasonable result
for the zero-field (H =0) thermal behavior of o., except
in the temperature region very near T =Tb (or T,'),
where T, (or T,') is the bulk transition temperature (or
the surface ordering temperature). In the following, let
us use the three-layer approximation to evaluate the field
dependences of g, and g z as a whole.

In the model with J, =J (Mills's model), it is well known
that if the parameter 5, is greater than a critical value
6„the syste~ may order on the surface before it orders
in the bulk. The system exhibits two successive transi-
tions, namely the surface and bulk phase transitions, as
the temperature is lowered. If the ratio is less than 5„
the system becomes ordered at the bulk transition tem-
perature. Within the present formulation, the critical
value 6, is given by 5, =0.3068, as discussed in previous
work. The value can be compared with 6, =0.25 for
the mean-field theory, ' 5, =0.6 for the high-temperature
series-expansion method, 5, =0.307 for the
renormalization-group approach, and 5, =0.5 for the
Monte Carlo method.

In particular, for H =0, the bulk equation (9) reduces
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cosh(DJ ))„=cosh(DJ 5 )cosh DJ

sinh(DJ ) for a=s or 1,(sinh(DJ )) =cosh(DJ~5~)sin

(14)

where we e nd fi ed the parameter 5 as

AJ
for e=s or 1,CX

usin the so calledThe result ~ can(14) be also obtained by using
nets i6"lattice mode 1"of amorphous magne s.

1 b h viors of o., for the sy-s-
5 h J '

k
s the thermal e avio

ofH A d' s d
'

thg g
previous wor,

h the increase of T, w icminimum and a mmaximum wit
the trace of the reen rant nt phenomenon incorresponds to the r

b lk ferromagnet. Inthe two-dimensiona 1 frustrated u

he surface exchange interactio
take two values, ~

—
= h face then reduces toe ut J =0, the sur aceprobability. &f ~ve p '

(or square lattice),ional bulk system ortwo-djmensiona
henomenon as well aswhich can exhi i'bit the reentrant p enom

n Fig 7, owev7 h ver the surface isthe spin-glass p ase.
k exchange interacrst la er by t e weacoupled to the «s

H 0 the surface state istion Ji =o. 1J so that even for
k netic field is aPPliedr which a wea magne
db lk t . With th

hibi b h

nal frustrate u
he curves in Fig. ex i i e

obtained in e .

h io i 1

strated bulk system. i

r the two-dimensional frustrat-that observed in Ref. 17 for the two- im
y

taken as J, =8.0J or
f the temperature depen-found characteristi ic behavior or e

=0; the surface reen rant nt phenomenondence of o., in
'

ed in the tempera urt re range above
1J Th h daken as J&= . . e

tinuity of the der'rivative of o., at T=, a
ken as J, =J. In Figs.e s stem, when J, is ta en as

8 and 9, therefore, we examine t e e ec
netic field on o.,o. for such systems.

re de endences of u, are plo-I Fi . 8, the temperature depen en

w'hen the value oof H is change . e
f 0 for H =0. Thenetization curve o 0.

&p g
uit of the derivation o cr,

'

h = W'th th i ofHT =T, for the curve with
' hH=O. i

a discontinuity disappears. u,
H=0characteristic behavior of o, for

H =0.5J.
de endences of o., are investigatedg p

for the system with

1,0

0.5

0.5

1.0 2.0 3.0 4.0 5.0 6.0
k~sT

7.0

f for the system with aFIG. 7. Temperature depde endences o o., or
of H is changed aswhen the value oo p

H 0.0, H 0. 1J, H —0.

dashed line represents the u g-5 =1.2, and 6, =0.0. The das e ineS

netization cr, for H =0.

2.0 4.0 6.0 8.0 10.0
T

12.0'
k~BT„

for the surfaceFICx. 8. T p t pde endences of o., fo

5J H J H 40Jthe value of H is changed as H =0.
dashed line represents t e o zeo forH=0.



ll 87739 SURFACE MAGNETIZATION IN A. . .FIELD DEPENDENCES OF SU

1.0

0.5

2.0 4.0 6.0 8.0 10.0 12.0
k~sT

e endences of o., for the surface
'

h 6 =7.0, J& =0.1J, 5, =1.1, anamorphization wit, = . , &
. =1.1 an

Th
H is changed as H =

r H =4.0J. e s
Th d hd 1rved for 8 =0.0.henomenon is obserP

for H =0.0.represents the o.& .or

the surface-reentrant5 =0.0. As is seen
'

n in the figure, e
f H =0 in the tem-is obtained for the case o

T= b ltho h tdo otp go

aracteristic ehavior in the temperatur re
region below T=

in the region of T.~ ~

and a maximum inshows a minimum
the fact that frustratedSuch a phenom enon comes from t e ac

d o the ferromagnetic lay-spins on the su rface are couple to e
tion in that tempera-ali n to thez iree ion

'
ers and are apt to a 'g

t nt phenomenon isif the surface-reen ranture range, even i
8 =0.1J, however, theve T = T, . Even for

menon easily disappears,p
haviors observe or e

h hH =0 remain. The figfi ure clarifies ow e
netization withhes to its saturation magnesystem approac es o i

the increase of H.

o. or H/J, as showno is plotted as a function of H/Jo, orS

s the existence of surfacein Fig.i . 5. From these differences,
ma be confirmed experimenta y,g o g

especially in the temperature range a ove e
temperature.

d the field dependence ofIn Sec. IV, w e have examine
with an amorphousnetization for the system wi

a ' '
he characteristic behavior

the study of a surface with an amorp
p g

fore, we have use in i
effective-field ytheor corresponding to e

roximation we haveroximation in t e ulk. In t e approxim
(s's' s, )tis in correlation functionsp 'p'

onds to the Zernike approxi-
h 1 be bulk. " But it improves e

-fi ldth otained from the - estandard mean- e
able direction. Esp

'
y,eciall, the app ica ion

hat of the standardem is superior to t a o
~ ~

d t il in a revi arti-or as discussed in e aimean-field theory,
th decoupling approx-anim rovet e ec e. p

ucin the concept o aimation by introducing
roximation intoa new decoupling approx'effective field and a n
The improvedin correlation functions.

1 .-,-- ~ h-"sults e uiva ent or sutheories give the resu q
roximation. However, epp

tions to the surface magnetic pro em
at o t e present framework, as i-s dis-complicated than that o t e presen

d 'll '
1 f hFinally, we hop e that our stu y wi

k the systems con-theoretical wor s onexperimental and th
r work with experimentsidered ere.h A comparison of our wor wi

should be worthwhile.

APPENDIX

i =1-10), 8; (i =1-12), and %-The coeKcients A; (i =
i = 1 —7 of Eqs. (6), (7), and (8) are given by

V. CONCLUSIONS

rk we have investigated the field dependence
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ces depending onshown some differences,

whether b, gis lar er or sma er t an a
1 t the surface ordering'd ~ hh

Arrott plots at e
temperature s ot show big differences, epen

'

A i
=«, )'Cif (x) I.=p,

A, =(c,)'s, c,f{x)I„,,

A3=(C, ) (S, ) C,f(x)I„
Ag=c, (s, ) C,f(x)I,
Ag=(S, ) C,f(x)I p,
A6=(C, ) S,f(x)I„p,
A7=(C, ) S,S,f(x)I„
Aq=(C, )(s, ) Sif(x)I„=p,
A =C (S, ) S,f(x)I +p,

Aip=(S, ) S,f(x)I p,
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Bi =(C) C,f (x)l„

B,=(C)'SC,f (x)l.=&,

B3=(C) (S) C,f(x)l =o

B,=(c)'(s)'c,f (x)I„=.,

B,=C(S)'C,f (x)l.=, ,

B,=(S)'C,f (x)l. =o,

B,={C)'S,f(x)l =o

B,=(C)'SS f (x)I

B =(C) (S) S,f(x)l„=o,
B,o=(C) (S) S,f(x)l„=o,
B„=C(S)S,f(x)l =o,
B„=(S)'S,f (x) I =o,

K, =(C) f (x)l =o,

K, (C)'Sf (x)l =o,

K =(C) (S) f (x)l

K4=(C) (S) f (x)I =o ~

Ks=(c) (S) f (x)l.=o,
K6=C($) f (x) =o,
K =(S) f(x)l. =o,

(A2)

(A3)

where parameters (C„S,), Ci, Si ), and (C,S) are defined

by

C, =(cosh(DJ, ))„=fP(J, )cosh(DJ, )dJ, ,

S, =(sinh(DJ, ))„=fP(J, )sinh(DJ, )dJ, ,

(A4)

and

Ci = (cosh(DJi ) )„,

C, = ( cosh(DJ, ) )„,
(A5)

C =cosh(DJ),

(A6)

S =sinh(DJ) .

In Sec. III, the functions P (J, ) and P(Ji ) are taken as
P(J, )=5(J,—J, ) and P(J, )=5(J,—J, ). In Sec. IV, the
functions P(J, ) and P(J, ) are given by (13). Then, the
coeScients 3;, B;, and EC; can be easily calculated by us-

ing a mathematical relation e r f (x)=f (x +y ).
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