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The applicability of Fermi-liquid theory for the normal state of the high-T, copper oxides is in-

vestigated. In the present context "Fermi-liquid theory" refers to a description in which there are
two components (copper and oxygen) within the Fermi surface. This is to be contrasted with oth-

er approaches in which the Cu electrons are fully localized. Our calculations are based on a
Coulomb renormalized band structure which characterizes the quasiparticle energies. This band

structure arises from a variety of different but essentially equivalent mean-field techniques. The
present focus is on deriving a Fermi-liquid description which combines both Coulomb-induced lo-

calization (as a precursor to the insulating state) with semirealistic band structure. The latter re-

quires that next-nearest-neighbor oxygen-oxygen overlap integrals also be included in a tight-
binding scheme. The interplay of these two eff'ects leads to (i) a positive Hall coefficient which

becomes progressively larger as the insulator is approached and reverses its sign for large doping
concentration; (ii) a "pinning*' of the Cu valence near the Cu + state; (lii) two important features

in the density of states, one of which can be associated with the van Hove singularities and the
other with band narrowing or incipient localization eff'ects. The former occur away from the
half-filled limit as a result of oxygen-oxygen overlap processes, so that the perfect nesting of the
nearest-neighbor half-filled tight-binding model is significantly offset. The latter leads to a strong
prediction of the theory: as in the Brinkman-Rice picture, incipient localization effects will be
manifested by a progressively larger Sommerfeld coefficient y as the insulator is approached. This
prediction needs to be tested experimentally. While transport experiments seem consistent with

this behavior, more direct thermodynamic measurements are both difficult to interpret and too
sample sensitive to allow clear trends to be inferred from the data. Our general conclusion is

that, at present, there is no persuasive evidence to support the claim that Fermi-liquid theory is

inapplicable to the copper oxides.

I. INTRODUCTION

One of the key questions in the newly discovered high-
T, copper-oxide materials is whether the normal state is
properly described by Fermi-liquid theory. In a strict
sense a Fermi-liquid description is only meaningful at
T=O. Here we use the term loosely to characterize the
state above T, which evolves continuously from the low-
temperature Fermi liquid. While it is clear that a full un-
derstanding of the normal state may not unambiguously
reveal the superconducting mechanism, it is unlikely that
the latter can be understood without a detailed theoretical
picture of normal-state properties. It is the purpose of this
paper to consider a number of important issues which will

help to assess the validity of Fermi-liquid theory. We
focus on two criteria which we argue must be obeyed in
order to build a satisfactory picture of the Fermi liquid (if
indeed it does exist): the Fermi liquid must break down
slightly below the half-filled limit as a result of a (local-
ization-driven' ) metal-insulator transition and it must
yield a holelike character of the Fermi surface or quasi-
particles as seems to be unambiguously observed in Hall
coefficient measurements. %'hile there are other in-
gredients (e.g. , magnetic effects) which may ultimately be
incorporated into a complete theory it is our opinion that
these two criteria are essential in describing the "quasi"

particles or renormalized band structure in the Fermi
liquid.

There are two rather distinct theoretical approaches to
the normal-state properties: those which are based on a
Fermi-liquid picture and those ' whose starting point
is the half-filled limit where an insulating Heisenberg an-
tiferromagnet is observed. " In strict Fermi-liquid ap-
proaches, Luttinger's theorem ' is manifestly obeyed so
that the Fermi surface volume is invariant under interac-
tion eA'ects. As in the noninteracting system, both the
copper and oxygen electrons are included in this volume.
In theories based on a two-component magnetic insula-
tor, the copper oxides correspond to a disordered Heisen-
berg antiferromagnet composed of Cu spins in the pres-
ence of dilute, mobile oxygen holes. In this way the
copper electrons are assumed to be fully localized even in

the metallic regime and Luttinger's theorem is not
obeyed. Split-band descriptions of the Hubbard type are
often used as a basis for these oxygen hole Fermi
liquids. " However, the absence of a sharp Fermi surface
in the Hubbard alloy analogy scheme may make a Fermi-
liquid picture, even in this looser interpretation, prob-
lematic. Here we will use the term "Fermi liquid" only in
the conventional sense so that it applies to those systems in

which Luttinger's theorem is satisfied.
Experiments are not presently capable of definitively
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determining the validity of a Fermi-liquid approach. Posi-
tron annihilation experiments' in YBa2Cu307 are inter-
preted as yielding evidence for a Fermi surface, which has
several features in common with that obtained from
band-structure calculations and seems to satisfy Lut-
tinger's theorem. Korringa-type behavior of Cu NMR re-
laxation' in doped La2Cu04 may also support the ex-
istence of a Fermi liquid in the normal state, as may re-
cent photoemission data. ' ' However, the two "canoni-
cal" Fermi-liquid properties, the Pauli susceptibility and
linear (in temperature) coefficient of the specific heat,
have not yet been unambiguously measured. The latter is
diScult to observe above the relatively high transition
temperatures of the superconducting phase. ' For the
former there seems to be conAicting interpretations. In
both La2Cu04 doped with Sr, and YBa2Cu307, g is ex-
tremely sensitive to the oxygen content. ' Further-
more, only in a narrow region of oxygen and/or strontium
concentration (corresponding to the highest-T, supercon-
ductors in each family) does the measured g exhibit
temperature-independent behavior. ' The observed
temperature dependence has been attributed' to isolated
magnetic defects and impurities and is compensated for
by Curie-Weiss subtractions. In YBa2Cu307 sample
dependences' seen in single crystals are attributed to
minute variations in oxygen content. Furthermore, vary-
ing degrees of oxygen ordering in the chains are believed
to lead to different dependences on the oxygen concentra-
tion in the Pauli susceptibility. Until better samples with
controlled stoichiometries are made, it will not be possible
to obtain direct measurements of the Pauli susceptibility
and linear specific-heat coefficient (if indeed these contri-
butions are present).

Among the most persuasive arguments in favor of a
Fermi-liquid description for the copper oxides is the
unambiguous observation of Fermi-liquid behavior in the
closely related and very strongly correlated heavy-fermion
metals. ' The copper oxides are often described by the
same (Anderson lattice) Hamiltonian as the heavy-
fermion materials. This Hamiltonian contains a hybrid-
ization between local Cu d levels with neighboring oxygen
electrons and strong on-site Coulomb correlations between
the Cu states. Despite the similar starting point for the
heavy fermions and copper oxides there are important
differences. In the heavy fermions, the conduction band
contributes a metallic conductivity even when the f band
is near the half-filled limit. In the copper oxides, the oxy-
gen band becomes full when the d band is half full, so that
these systems are insulators.

There has been considerable theoretical progress in the
solution of the Anderson lattice Hamiltonian and its rela-
tionship to Fermi-liquid theory in the context of heavy fer-
mion systems. Most important, a number of different
theoretical approaches have arrived at a similar picture of
the Fermi-liquid state in which the "quasiparticles" are
described by a Coulomb renormalized band structure.
In addition to the similarities with the heavy fermions, it
is widely believed that the proximity to a metal-insulator
transition is an important aspect of the high-temperature
superconductors. Indeed, one can hope to gain insight
into this transition by studying its counterpart in other

transition-metal oxides. One-band Hubbard models
have been addressed using both the Hubbard alloy analo-

gy which violates Luttinger's theorem as well as a
Gutzwiller trial wave-function approach which does not
properly describe the ground state of the insulating anti-
ferromagnet. However, because of the moderate success
of the Gutzwiller (Brinkman-Riu) picture in understand-
ing the metal-insulator transition as approached from a
Fermi-liquid state, one would like to study it (or other
similar mean-field schemes such as the I/S expansion ap-
proach) in the two-band copper-oxide model. We are,
thus, led by analogies to both the heavy fermions and
transition-metal oxides to apply to the Anderson lattice
Hamiltonian these mean-field theoretic techniques.

How much is known about the nature of the metal-
insulator transition in the copper-oxide materials? It is
unlikely that this transition is driven by the opening of an
antiferromagnetic gap due to Fermi-surface nesting since
(i) the materials are insulating even when the long-range
antiferromagnetic order has disappeared '' as a result of
doping. (ii) If the insulator were driven by a spin-
density-wave gap then it would not appear precisely at the
half-filled point. Direct calculations of the wave-vector-
dependent susceptibility for a realistic band structure
show that the optimal (hole) concentration for nesting
may be significantly oA'set from the half-filled point. It is
more reasonable to expect that the insulating transition
derives from Coulomb-induced localization of the Cu elec-
trons, as has been observed in other transition-metal ox-
ides. This would lend support to Heisenberg-type mod-
els of the pure material, La2Cu04, which seem to correct-
ly describe the spin dynamics ' observed in neutron
scattering ' ' experiments.

Newns and his collaborators as well as Kotliar, Lee,
and Read have studied the mean-field solutions to the
Anderson lattice Hamiltonian based on the I/N expansion
technique (with infinite Coulomb correlations) in the con-
text of the copper oxides. This body of work is in the same
spirit as that of the present paper. We stress that the con-
clusions of these previous and the present calculations are
not peculiar to the I/% scheme but are more generally val-
id for a class of mean-field theories. In Refs. 6 and 7,
the focus is on a "hole picture. " This hole picture is asso-
ciated with an infinite Coulomb repulsion between holes
so that the valence state Cu + is never present. In an
"electron picture" (for less than half filling), an infinite
electron-electron repulsion requires that the valence state
Cu'+ is never observed. The terms electron or hole pic-
ture pertain only to the valence states present and not to
the sign of the charge carriers, such as would be measured
in a Hall experiment.

In the present work, we will argue that the d electron
Coulomb repulsion Up is not so large as to completely ex-
clude a third (minority) valence state. However, while we
cannot yet treat this finite Uy limit, we assume that the
essential role of Coulomb correlations is to lead to the
breakdown of the Fermi-liquid sufficiently close to the
half-filled point. The character of the various copper
valence states which are present is of lesser importance.
We have found that in order to obtain this metal-insulator
transition within the hole picture, the ratio of the copper-
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oxygen hybridization to the hole level splitting must be
less than 0.2. Thus, the transition was found in Ref. 6 but
not in Ref. 7, where a more realistic tight-binding fit to
the band structure was incorporated. To simulate the
effects of the localization transition on the Fermi liquid we
may work either in the hole picture, provided we assume a

, somewhat unphysical, highly ionic limit, or in the electron
picture where the band structure may be treated more
realistically. We have chosen the latter alternative, since
we wish to focus on a more plausible band structure and
its relationship to the localization transition.

There has been much discussion in the literature con-
cerning the valence state of Cu in the metallic copper ox-
ides. ' ' Theoretical approaches, ' for the most
part, indicate that the valence states are Cu '+ and Cu +.
Spectroscopic measurements suggest that copper is pri-
marily in the Cu + state even in materials which contain
excess holes. It should be noted that because of the nature
of oxygen-deficient surfaces in ultrahigh vacuum and un-
certainties in the Cu valence of the reference materials,
the various spectroscopies do not yet yield definitive re-
sults. ' Furthermore, there are conAicting experimental'
interpretations; some investigators purport to see ' only
Cu +; others report the two valence states: Cu +, Cu +,
while some groups claim ' that only Cu + and Cu '+
are present. Furthermore, there are claims that the
valence state is strongly affected by oxygen stoichi-
ometry. " Finally, some groups argue that a11 three
valence states are present in the same sample, although
this appears to be a consequence of the two distinct
(chain/plane) copper sites in YBazCu307. In the localiza-
tion model discussed here, Cu + is by far the dominant
valence state. However, in any system with excess holes,
there will be a small but finite concentration of Cu +

reAecting the fact that in a covalent system, the holes are
shared (albeit unequally) among oxygen and copper. This
Cu + should not be viewed, then, as an ionic state of
copper, but rather as a hybridized 3d L state.

In order to clarify the various pictures discussed above
it is instructive to plot schematically the behavior of the
Coulomb renormalized band structure in the uppermost
bands as the electron filling is increased about the half-
filled point. This is shown in Fig. 1 for three different
models where the labels (a)-(d) refer to (a) less than half
filled, (b) slightly less than half filled, (c) slightly more
than half filled, and (d) more than half-filled bands. The
Cu'+ and Cu + mixed valence model of Ref. 7 is shown
in the left-most sequence of figures. In the middle se-
quence the results of the localization driven metal-
insulator transition are shown for the same values of elec-
tron filling. Finally, in the right-hand panel are shown the
results of the Hubbard alloy analogy in which there is a
splitting of the (single) band which results from the par-
ticular way in which the Coulomb correlations are treated.

In the hole picture, (left most panel) the antibonding
band is narrowest at considerably less than half filling.
This is because an increasing concentration of holes is as-
sociated with a decreasing amount of Cu'+, and hence
less mixed valency. As more electrons are added it then
widens progressively without showing any distinctive be-
havior at the half-filled point. By contrast in the localiza-
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FIG. 1. Schematic representation of band structure as it
evolves under variations in the electron filling near the half-filled
limit. Left-most panel corresponds to the renormalized band ap-
proaches of Ref. 7, central panel represents the localization pic-
ture of the present paper and Ref. 6, and panel at right corre-
sponds to Hubbard alloy analogy scheme. Labels (a) and (d)
refer to below and above half filling, respectively; labels (b) and
(c) refer to very slightly below and very slightly above the half-
filled point.

tion picture, the antibonding band approaches a 8 func-
tion at half filling from both directions. However, depend-
ing on the direction of approach this 8 function is shifted
in energy (in the "electron picture") by roughly the mag-
nitude of the Coulomb interaction. This is the only mani-
festation of the Coulomb "gap" effect seen in the Hub-
bard approximation. In this latter approximation (nght
panel) the half-filled point also corresponds to an insulat-
ing state, which arises, as in a semiconductor from a band
splitting effect. It has been argued that a natural exten-
sion of the Sawatzky-Allen ' picture to the doped copper
oxides would lead to a picture similar to that shown by the
Hubbard approximation of Fig. 1, but with the lower band
corresponding to the oxygen 2p and the upper band to the
copper 3d electrons. The band gap is, thus, of the "charge
transfer" variety. Furthermore there would be a third
band (whose counterpart is not shown in the right-hand
panels of the figure) which is a filled copper 3d band con-
taining one copper electron.

In physical terms, the distinction between the localiza-
tion and Hubbard pictures of the metal-insulator transi-
tion is that in the former the effective mass m* ap-
proaches infinity, whereas in the latter the carrier density
n approaches zero at the insulating limit. From this point
of view the Hubbard picture is analogous to other non-
Fermi-liquid models ' in which the carrier density n ap-
proaches 0 at half filling. For optical properties, for ex-
ample, which depend on the ratio n/m, there will be no
apparent difference between the two pictures. Kotliar,
Lee, and Read were able to explain low-frequency con-
ductivity data by assuming a large effective mass (which
approaches infinity at the half-filled point). Alternatively
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these data have been interpreted to suggest a small carrier
concentration which vanishes at the insulating limit.
However, we might expect that other properties such as
the Hall coefficient would help distinguish between the
two descriptions. It is therefore not surprising that Hall
measurements have been viewed as a key test of Fermi-
liquid theory in the copper oxides. To address these is-
sues, much of the present paper will be devoted to a dis-
cussion of the Hall coefficient RH.

Hall experiments are also important in helping to ascer-
tain the correct "sign" of the charge carriers. In a
Fermi-liquid scheme, this sign is a measure of the shape
of the Fermi surface as distinguished from its volume.
Using a Boltzmann equation approach to calculate RH,
we shall show here that in the simplest nearest-neighbor
tight-binding model of the copper oxides, the Hall co-
efficient has the wrong (negative) sign. Furthermore, be-
cause of the perfect nesting of the Fermi surface, the Hall
coefficient vanishes identically at the half-filled point.
These results which are consequences of the "bare" or
nonrenormalized band structure are not altered by the in-
clusion of (infinitely strong) Coulomb correlations. To
obtain a positive Hall- coefficient, as is observed experi-
mentally in all families of the high-T, superconduc-
tors, it is necessary to modify this bare band structure to
include direct in-plane oxygen-oxygen overlap or hybridi-
zation processes. These next-nearest-neighbor processes
coupled to the planar copper-oxygen hybridization terms
simulate remarkably well the dominant features of the
Fermi-surface shape found in more complete band-
structure approaches, for a range of hole concentrations.

Experimentally, it is observed that as the materials ap-
proach the insulating limit, the magnitude of the Hall
coefficient grows rapidly, much more so than is consistent
with band-structure calculations. The data suggest that
RH varies as 1/x where x is the hole concentration (or Sr
concentration per Cu atom in La2Cu04). It has been
claimed that such behavior is inconsistent with Fermi-
liquid theory. A naive argument (based on a parabolic
free-electron band) would yield a Hall coefficient varying
as 1/(1+x), since the Cu atoms also contribute one hole.
On this basis it has been argued that a non-Fermi-liquid
theory might be more appropriate. However, we will show
here that the strong x dependence of RH is also compati-
ble with a Coulomb renormalized band-structure (which
is nonparabolic) and that it arises in a theory such as ours,
from incipient localization of the Cu d electrons near the
half-filled limit.

We do not address the temperature dependence of the
resistivity which has also been interpreted as signaling the
breakdown of Fermi-liquid theory. This will be a topic of
a future paper. Recently a Fermi-liquid-based explana-
tion of the linear temperature dependence has been sug-
gested. " ' ' This linear dependence has been attributed to
an electron-phonon scattering mechanism. However, sim-
ple band-structure approaches are not able to explain
the large magnitude of this contribution and it is argued
that the Fermi velocity may be overestimated. In a simi-
lar way the authors of Ref. 51 are led to the conclusion
that there exists some band-narrowing effect which must
be invoked to understand the large size of the linear term.

We note that these conclusions are suggestive of a large
mass enhancement (which does not derive from electron
phonon coupling) such as would be found in the present
theory. Additionally, because the slope (with respect to
temperature) of the resistivity has been observed' to in-
crease as the insulator is approached, this may be inter-
preted as further evidence for an increase in the transport
mass near the insulating limit.

We conclude with a note of caution. Our results indi-
cate that Fermi-liquid theory may not be inapplicable.
This does not imply that a Fermi-liquid approach is neces-
sarily correct. Non-Fermi-liquid schemes have also suc-
cessfully explained ' transport data.

II. FORMAL RESULTS

A. Mean-field approach to copper-oxide Hamiltonian

The Anderson lattice Hamiltonian is a useful starting
point for treating the copper-oxide planes in the various
high T„copper-oxide-based materials. There are two
neglected contributions in this Hamiltonian: The
Coulomb repulsion on the oxygen sites and the intersite
Coulomb term. Recent work by McMahan, Martin, and
Satpathy suggests that omitting these two terms may be
reasonable approximations. Using density-functional
schemes, these authors claim that the intersite Coulomb
repulsion is relatively small. While the Coulomb interac-
tions on the oxygen sites are not insignificant, because the
intrinsic bandwidths associated with the oxygen atoms are
rather large, this reduces the effectiveness of the oxygen
Coulomb repulsion. The Cu02 model on a lattice is writ-
ten as

H =gepC, ' C, +gcdoD D;
J, CX l, O'

+ g V; J(C~ D; +D;t C~ )+QUdn; ln; 1,

where e~ and ed are the oxygen and (unrenormalized)
copper energy levels, Cjt (C~ ) and D;t (D; ) are
creation (destruction) operators for oxygen electrons at
site j and spin o and copper electrons at site i, with spin o.,
respectively. V; J is a hopping integral between nearest
copper and oxygen sites, and n; D; D; . The Coulomb
repulsion between electrons on Cu sites is Ud.

Within the copper oxides, there are presumably three
valence states of copper which may be present: Cu +,
Cu +, and Cu'+ corresponding, respectively, to the 3d,
3d, and 3d' atomic configurations. We, therefore, be-
gin with a reformulation of the Cu02 Hamiltonian which
includes all three valence states. As originally proposed
by Newns and co-workers, , the Hamiltonian may be
rewritten using an enlarged Hilbert space of bosons and
fermions. This auxiliary boson technique was first intro-
duced by Barnes for the Kondo impurity problem and
has since proved useful for the heavy fermions as well.
We will treat both the electron and hole pictures separate-
ly. This distinction is made so that we can ultimately ap-
proximate the Hamiltonian by the Ud limit. This re-
quires that Ud be larger than any other energy scale in the



39 ASSESSMENT OF FERMI-LIQUID DESCRIPTION FOR THE. . . 11 637

E —(k)= +Gp+ Gd

2

where'

&p &d

2
+eo Xk

k a 2 kya
yp =2V cos +cos

2 2

l/2

and sd=ed+Xo is a renormalized copper energy level.
Here eo is the mean value of the boson field. Self-
consistent equations for the unknown band parameters eo
and Xo are obtained variationally. It should be noted that
in this mean-field approach when the d band is more than
half full, it is relatively easy to violate particle number
conservation which may, incorrectly, be viewed as leading
to superconductivity. In our calculations care is taken to
avoid these problems and to insure that the number opera-
tor commutes with the mean-field Hamiltonian. To illus-
trate this point further, one can consider a mean-field
theory in which both the Cu + and the Cu'+ bosons are
simultaneously nonzero as would be appropriate at finite
Ud. In this case it is not possible to introduce a mean-field
theory which avoids a broken gauge symmetry. There is
clearly a qualitative diA'erence between the single boson
and double boson mean-field theories and it is not surpris-
ing that the latter necessarily leads to "superconductivi-
ty."

Several authors have used the auxiliary boson technique
in the Cu02 Hamiltonian, but within a hole rather than
particle picture. ' In this picture, the hole energies are
related to their electronic counterparts as

sp, sd = —(sd+Ud), V; ~. = —V; ~. (2.3)

In order to have a sensible theory, the bare hole energy ~p
is assumed to be finite, although in the Coulomb (hole)
repulsion term Ud is taken to be infinite. A rgean-field ap-
proximation combined with a local gauge transformation

problem. Which of the two pictures is more appropriate
depends on the relative size of the Coulomb repulsion as
compared with the electron or hole level splitting. When
Ud is large compared to ( sd —

e~ ~
we are in the electron

picture, whereas when Ud is large compared to
~ e~

—(ey+Ug)
~

we are in the hole picture. We begin
with the electron picture. In the limit of infinite Ud only
two valence states will be present. For less than half
filling of the uppermost band, the allowed valence states
are Cu + and Cu +. For more than half filling the two
mixed valence states are Cu + and Cu'+. In each case
the second valence state is represented by a boson field
which is treated in the usual mean-field approxima-
tion. 25 Clearly, for infinite Coulomb interactions, only
one of the two boson fields is present. In this mean-field
approach, it is convenient to introduce a local gauge trans-
formation which avoids an unphysical gauge symmetry
breaking. Variational ' as well as I/W expansion tech-
niques all reduce to essentially equivalent mean-
field results. Here N is the spin degeneracy of the copper
and oxygen spin states. A Lagrange multipliep A,o is intro-
duced to impose the constraint associated with infinite
Coulomb interactions. The resulting mean-field Hamil-
tonian may be readily diagonalized to yield a renormal-
ized band structure

2

is introduced, as in the particle picture discussed above.
Because the particle and hole Hamiltonians are readily in-
terrelated, the self-consistent equations as well as renor-
malized band structures can be easily obtained from their
counterparts in the particle picture. It should be stressed
that because of the inequivalent ways in which the
Coulomb repulsion is treated in the electron and hole pic-
tures (i.e., Ud is taken to be finite in the single-particle en-
ergy and infinite elsewhere), the resulting physics is
different in the two pictures even when the valence assign-
ments are assumed to be same.

It is useful at this point to review the relatively simple
physics which arises from the mean-field approximation.
The effects of infinite Coulomb correlations are twofold:
the hybridization is renormalized as follows

(2.4)&r,g&o

and the d level

~d+ ~O (2.S)
These two renormalizations are needed to avoid multiple
occupancy of the d level. The hybridization reduction fac-
tor is given by the bose amplitude eo where eo 1 —nd
and nd ~ 1 is the number of d electrons at each copper
site. Furthermore, the d level is raised to a position near
the Fermi energy in order to accommodate not more than
one d electron per site. The system approaches the insu-
lating state as eo 0 and nd 1 and at the same time the
eA'ective mass becomes infinite (as in the Gutzwiller pic-
ture ). At this point there are no Cu + states and the
system has only a localized Cu + at each site. This coin-
cides with the filling of the oxygen bands. For the models
we will consider here, the system is insulating when the to-
tal number of electrons is five, corresponding to four oxy-
gen electrons (in the two p„, p~ bands) and one copper
electron. It follows from Eq. (2.4) that as eo decreases,
the conduction band narrows as shown schematically in
Fig. I (central panel).

Similarly, an insulating state will also be reached when
approached from above (i.e., n"') 5). At the half-filled
point n'" 5 the system will choose not to put any elec-
trons in the Cg'+ state, because of the large Coulomb
repulsion. In this way at half filling only localized Cu +

will be present. There is clearly a discontinuity in the
band structure at the half-filled limit depending on wheth-
er it is approached from above or below. The jump in the
position of the localized d level is of the order of Ud and is
shown schematically in Fig. l.

We end this section with a brief discussion of the way in
which strong Coulomb interactions affect the local copper
and oxygen compressibilities (called dnc„/dp and dno/
dp, respectively) and the relative occupation factors. We
find that dnc„/dx is small, whereas dno/dx is of order uni-
ty. This effect is common to both the electron and hole
pictures, providing there is a metal-insulator transition in
the latter. Furthermore, dnc„/dp =eoko so that the
copper compressibility vanishes as the insulator is ap-
proached. These results which are discussed in more de-
tail in Sec. III indicate that the copper valence is pinned
close to Cu +. Thus, this pinning of the valence is con-
sistent with a Fermi-liquid theory in which &here are inci-
pient localization effects.
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8. The eNects of direct oxygen-oxygen
hopping processes: The Fermi surface

g T, I(CJ C( +CI C~ . ).j,l, cr

(2.6)

In this section we discuss the details of the band struc-
ture for two-dimensional copper-oxide systems. For sim-
plicity, we consider only the in-plane bands so that the
chain contributions which would be present in YBa2-
Cu307 are omitted. The prototype we are considering is,
thus, La2Cu04 doped with x atoms of strontium per
copper atom.

Local-density-functional approximation (LDA) calcu-
lations have been carried out on the body-centered tetrag-
onal phase of La2Cu04 by several investigators. ' Near
the Fermi energy, EF, the copper 3d 2 y2 and oxygen 2p
and 2p~ bands have strong antibonding character. It has
been suggested that the essential features of the band
structure near the Fermi energy can be understood in
terms of a two-dimensional nearest-neighbor tight-binding
model. This approximation is inadequate for the present
purposes because it leads to a square Fermi surface at the
half-filled limit (x =0) and, as will be discussed below, to
the wrong sign of the Hall coefticient when excess holes
are introduced. LDA-based band-structure calcula-
tions ' find that the Fermi surface becomes more nested
as excess holes are introduced by doping with a divalent
element. The calculations of Xu et al. reveal a van
Hove singularity in the density of states at a Sr doping
concentration of approximately x =0.17. In order to
simulate these features, it appears that next-nearest-
neighbor intereactions which come primarily from the hy-
bridization between oxygen 2p„and 2p~ orbitals at
different sites must be included. The direct Cu-Cu hy-
bridization processes are relatively less important because
of the large spatial separation between Cu orbitals.

We include the oxygen-oxygen overlap integrals by
adding to the Cu02 Hamiltonian in Sec. II A, an addition-
al hopping term,

in the auxiliary boson language. By diagonalizing the ma-
trix M, we obtain the renormalized band structure which
depends on the variables eo and A,o. These two parameters
are then determined from the two variational equations
which are the natural generalization of those obtained for
the simpler band structure of the previous section.

It is useful to compare the Fermi surfaces obtained in
the present model with those found in full LDA (Refs. 1

and 36) based band-structure calculations. These com-
parisons are shown in Fig. 2 for three different concentra-
tions of holes labeled (a)-(c) (increasing from left to
right). The results of Ref. 36 are shown by the top three
panels. In the present model which is shown by the lower
sequence of figures, the oxygen-oxygen overlap T is 1 eV
and the copper-oxygen hybridization Vis 1.6 eV. For the
purposes of illustration, these values were chosen to "fit"
the band structure results at the largest value of x-0.2
where Coulombic renormalizations are least significant.
In the lower panel the dashed lines correspond to the Fer-
mi surfaces calculated in the absence of oxygen-oxygen
overlap integrals. A comparison with the solid lines thus
shows the effects of oxygen-oxygen hopping processes on
the Fermi surface shape. A clearly apparent effect of
these additional hopping terms is to change the curvature
of the Fermi surface from electronlike to holelike. Panel
(a) which corresponds to zero or very low concentration of
holes (x =0) shows that perfect nesting is no longer
present when oxygen-oxygen overlap processes are includ-
ed. Indeed nesting actually becomes stronger for an inter-
mediate concentration of holes which is shown by panel
(b). Here x-0.15. These observations are reffected in
the wave vector dependent susceptibility calculations of
Ref. 36. At this intermediate concentration van Hove
singularities appear due to the intersection of the Fermi
surface with the Brillouin zone. Finally in panel (c), a
higher hole concentration of x =0.2 is shown to lead to a
reduced positive curvature. Ultimately at sufficiently
large x the curvature changes sign.

It should be stressed that while the emphasis in this sec-

For definiteness in the following, we focus on the electron
picture of Sec. II A in which only the valence states Cu +

and Cu + are present. The mean-field (MF) Hamiltoni-
an with the constraint condition properly incorporated is
written as

(a) (b) (c)

H "=gekt Mek +).p(eo —1), (2.7a)

where

Cg,

+r, A,
p Txy eoVx

Ty sp e0Vy

eOVx e0 Vy ~d

(2.7b)

k a
V =2Vcos

. 2

Txy =Tyx =2T cos

kya
V~ =2Vcos

k„a kya k a
2 2

+ +cos
2

(2.7c)

'll

kya

2

(2.7d)

FIG. 2. Comparison of the Fermi-surface shapes as electron
Ailing is varied. Results at top derived from band-structure cal-
culations (Ref. 36); the bottom figures represent the results of
the present calculation with (solid) and without (dashed)
oxygen-oxygen overlap integrals. Varying from left to right the
three hole concentrations are x =0, x =0.15, and x =0.2.
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tion has been on demonstrating the necessity for including
oxygen-oxygen overlap integrals to model the Fermi sur-
face, there are important effects from Coulomb correla-
tions. As a result of the associated reduction in the
copper-oxygen hybridization [see Eq. (2.4)] near the
metal-insulator transition, oxygen-oxygen hopping pro-
cesses become relatively more important. This leads to
important changes in the shape of the Fermi surface as
seen by a progressively enhanced positive curvature as x
approaches 0. This is not present to the same degree in
the band-structure results, as can be seen from Fig. 2 by
comparing the variations with x within the upper and
lower panels.

C. Theory of the Hall coef5cient

Hall coefficient measurements on the copper-oxide su-
perconductors have received considerable attention pri-
marily because recent interpretations suggest that they
provide evidence for the failure of Fermi-liquid theory.
We emphasize these measurements here not only for their
relevance to Fermi-liquid theory, but also because they
yield information about the general character of the Fer-
mi surface.

As stressed in Ref. 46, in complex band structures, the
Hall coefficient does not simply measure the carrier densi-
ty. A proper calculation of the Hall coefficient must in-
volve Fermi surface integrals of various components of the
electron velocities which in turn depend on the details of
the band structure. However, using the LDA-based band
structure to calculate the Hall coefficient, Allen and co-
workers have not been able to explain the dramatic x
dependence which is observed as the insulator is ap-
proached. This is not totally unexpected since these LDA
calculations do not properly incorporate the metal-
insulator transition. Even away from the metal-insulator
transition, it appears that the magnitude of the calculated
Hall coefflcient is significantly less than that measured in
most experiments, although the sign is found to be
correct. This suggests that there may be effects associated
with "incipient localization" even in the metallic regime.

We may use the linearized Boltzmann transport equa-
tion to compute the Hall coefficient. It should be noted
that the effects of strong Coulomb correlations do not lead
to any modifications in the resultant expression for RH, as
has been discussed in detail by Fukuyama and his colla-
borators. The Hall coefficient (at zero temperature) can
be expressed as

yo dEp(E)u [u (Buy/Sky) uy(buy/Bk )]b[E (k) E'F]

he
dEp(E)v„b[E;(k) —EF] dEp(E)vz b[E; (k) —EF]

(2.8)

where p(E) is the two-dimensional density of states given
by

dIE 1p(E)- ~ (2~)' I ~.«k) I

' (2.9)

where i is the band index, v, is the group velocity com-
ponent of the quasiparticles given by v = (I/O ) (8E;/
8k ). The integration in Eq. (2.9) is done as a line in-

tegral along a constant energy line. The quantity p(E)
depends on the normal velocity and the length of the Fer-
mi line, which in turn depends on the geometry of the Fer-
mi surface. The numerator in Eq. (2.8) is a measure of
the average Fermi-surface curvature. This equation is
based on the assumption that the quasiparticle lifetimes
are sufficiently long and independent of k. This assump-
tion is expected to fail near the metal-insulator transition.
In the context of the present I/N theoryEq. , (2.8) will
also be valid when the next order (beyond the mean field)
corrections are included only if the real part of the self-
energy is independent of k. If electron-phonon interac-
tions rather than electron-electron interactions-are the pri-
mary source of the transport lifetime, then it must similar-
ly be assumed that the associated self energy is only weak-
ly k dependent. Clearly to go beyond the Boltzmann ap-
proximation of Eq. (2.8) it will be necessary to develop a
more extended transport theory of the copper oxides
which also addresses the behavior of the resistivity. While
the present calculations assume, for simplicity, that the
temperature is zero, it should be noted that experiments
reveal a temperature dependence to the Hall coefficient in

several copper-oxide-based materials. It is possible that
this is a consequence of quasiparticle lifetime effects al-
though other mechanisms such as structural distortions
may also be important. This temperature dependence will
not be discussed here.

Equations (2.8) and (2.9) can be evaluated readily us-

ing the renormalized band structure discussed in Sec. II A.
In the absence of oxygen-oxygen hopping processes, the
quasiparticle velocity components are relatively simple
and given by

1 eo ~'A

& E+(k) —E (k) &k.
' (2.10)

where yi is defined below Eq. (2.2). This equation may
be readily substituted into Eqs. (2.8) and (2.9) and RH
evaluated numerically. We note at this point that when
oxygen-oxygen overlap is neglected RH vanishes identical-
ly at half filling and is negative for x) 0. Furthermore,
there is essentially a complete cancellation of many-body
renormalization effects. These conclusions are radically
altered in the presence of oxygen-oxygen hopping process-
es, as will be discussed in Sec. III.

Incipient localization effects are extremely important in

Rz because it involves vanishingly small Fermi-surface
velocities in the numerator as well as the denominator. As
a consequence, RH approaches 0/0. In our two-
dimensional calculations there is no singular behavior in
the Hall coefficient as the insulator is approached. This
arises from a cancellation between the divergence in the
Fermi-energy density of states and the effects arising from
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the vanishing of the velocities. If this divergence is cut off
by, for example, a finite dispersion in the direction perpen-
dicular to the planes, then the Hall coefficient will become
singular as x 0. In reality, the copper oxides are not
strictly two-dimensional systems. LDA band-structure
calculations' find a very weak, but nonvanishing disper-
sion in the direction perpendicular to the copper-oxide
planes (called the z direction). The dominant contribu-
tion to this dispersion is probably from oxygen-oxygen
hopping processes perpendicular to the planes as well as
from a finite d, 2 character in the planar copper-oxide
bands. This line of reasoning suggests that near the
metal-insulator transition, because of the strong renor-
malization (reduction) in the copper-oxide hybridization,
the z-direction dispersion becomes progressively more im-
portant, just as do the oxygen-oxygen hopping processes.
The intraplanar insulating behavior thus becomes more
comparable to the interplanar conduction. It seems
reasonable that these effects may be reflected in the Hall
coefficient.

To model the effects of three dimensionality, near to
half filling we may write a simple expression for the densi-
ty of states at the Fermi energy in terms of a three-
dimensional dispersion E (k„,k~, k, ):

" REF 8E(k)p(EF)=,as x 0, (2.11)
(2~) 3 8k,

~here the integration is over the constant energy surface
and we have assumed that the small velocity in the z
direction dominates that in the x and y directions, near
the insulating limit (eo 0). In this limit the Hall co-
efficient reduces to

RH = — K(EF), as eo 0, x 0,&0 1 2

e e02p(EF )

(2.12)

where K(EF) is the measure of the average curvature at
the Fermi surface. As the half-filled limit is approached,
RH becomes arbitrarily large since eo approaches zero.
Note that it follows from Eq. (2.12) that the x depen-
dence of RH is rather complicated, since eo vanishes faster
than linearly with x, as will be shown below.

III. NUMERICAL RESULTS

In this section we discuss the results of numerical solu-
tion of the mean-field equations and their physical impli-
cations for a variety of experiments. We use the band-
structure model of Sec. IIB which includes both direct
oxygen-oxygen hopping processes as well as copper-
oxygen hybridization. For notational simplicity we define
the two dimensionless parameters

a = V/(eF —edo),

P=T/V,
where V is the nearest-neighbor copper-oxygen hopping
integral of Eq. (2.7c) and T is the oxygen-oxygen overlap
matrix element of Eq. (2.7d). The parameter a measures

the overlap of the copper and oxygen orbitals. In general
one should consider both signs of a corresponding to
Gp & Bd and Gp & Gd There is a strong sentiment in the
literature that the hale energies are comparable. There-
fore, for large Ud, it follows that the electronic levels satis-
fy ep & e~. For the sake of generality, we have investigat-
ed the effects of sd & ep and find that the results qualita-
tively correspond to those of the limit sd & ep, if one con-
siders significantly smaller values of

~
a

~
in the first case

when comparing to the second. Because of this similarity
we will focus only on the case ed & sp in our numerical
calculations.

For lack of more detailed information, we determine
the size of a and P from previous band-structure calcula-
tions. In the hole representation, it has been estimated
that Z~

—eq is around 1 to 2 eV. For definiteness, we take
the Coulomb correlation to be 6 eV and the hole level
splitting to be s~ —sy 2.0 eV. The former has been
determined from XPS spectra ' to range from about 5
to 7 eV. It then follows that the bare electron d level lies 4
eV below the oxygen level. In the half-filled limit, one can
use Hartree-Fock theory to estimate that the splitting be-
tween the Hartree-Fock renormalized d level and the oxy-
gen level is then 1 eV. This is consistent with band-
structure approaches which find these two energies are
nearly degenerate. Realistic values of the hybridization
range between 1 and 2 eV. ' If the hybridization is
chosen to be 1.6 eV then the calculated value of a is 0.4.
We will use this value for a in most of our numerical cal-
culations. Estimates of P are also in the literature. In
Ref. 23 it is argued that P is around 0.5. We have found
that within our simplified two parameter band structure
these values of P are somewhat large. If we attempt to fit
the Fermi-surface shape through the position of the van
Hove singularities, found in Ref. 36, then the appropriate
value of P lies between 0.125 and 0.25. Most of our calcu-
lations assume P to be in this range.

It is important to stress that the band-structure esti-
mates of the covalency parameter a pose problems for
both the electron and hole pictures. In the former, it fol-
lows that the electron level spliting is —,

' the size of the
Coulomb energy, which is clearly not in the infinite Ud
limit. For the hole picture, a""' 0.8 which is too large to
admit a Brinkman-Rice metal-insulator transition. This
serves to emphasize the points made in the Introduction
and to indicate that most probably, neither the electron
nor the hole pictures are adequate. Rather Ud should be
taken to be finite, so that all three valence states are ad-
mixed and the distinction between the two pictures does
not exist.

In Fig. 3 the density of states p(E) is plotted as a func-
tion of energy for the antibonding subband. Here we have
chosen a=0.4 and P=0.125. This density of states is
shown for two values of the hole concentration x =0.06
and 0.16 corresponding to the dashed and solid lines, re-
spectively. The units here are arbitrary, since only the ra-
tios of the various energy parameters are specified. The
actual values of p(EF) will be discussed later. This figure
illustrates in more detail the band narrowing effect which
was shown in Fig. 1 (central panel) as the system ap-
proaches half filling. On this finer energy scale the van
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FIG. 3. Energy dependence of the density of states for two
values of the hole concentration x =0.06 (dashed) and
x=0.16 (solid). The associated Fermi energies are indicated
by the vertical lines.
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Hove singularity is clearly apparent. The role of these
singularities has been discussed in Ref. 36 and it follows
therefore that they are properties of the "one electron" or
nonrenormalized energy spectrum and are not afI'ected by
strong Coulomb correlations. The role of oxygen-oxygen
hopping processes (P&0) is to introduce an asymmetry in

the density of states about the van Hove singularity.
Whereas the role of strong Coulomb correlations is to
change both the bandwidth as well as its center of gravity.

Considerable attention has been paid to the question of
how excess holes are distributed among the copper and ox-
ygen constituents when, say, La2Cu04 is doped with
Sr. " In Figure 4(a) we plot the number of electrons of
copper and oxygen character (upper and lower figures) as
a function of the total electron count n'" in the electron
picture. The half-filled point corresponds to 5 electrons.
In order to treat values of n"' above and below five, two
diAercnt mean-field theoretic sets of equations were
solved. The curves were plotted using a 0.4 and for vari-
ous values of the oxygen-oxygen overlap integrals, given
by P -0.125 (circles), and P 0.25 (triangles). The solid
line corresponds to P-0. In the absence of oxygen-
oxygen hopping processes the excess holes (n"'& 5) are
relatively evenly shared among copper and oxygen. Thc
excess electrons (n'") 5) are entirely taken up by the
copper levels since the oxygen bands are essentially fully
occupied.

It is important to stress that as the oxygen-oxygen over-
lap integrals become more appreciable, and when n"' & 5,
the copper occupancy rapidly approaches unity. In this
way the excess holes reside primarily on the oxygen sites.
To understand this, wc note that the main obstacle to the
localization of the copper levels is thc kinetic energy cost.
In the absence of oxygen-oxygen hopping (P 0) this is
prohibitive, so that the holes are rather equally shared
among the two types of orbitals, as discussed above. How-
ever, as P increases the effects of copper localization are
not so costly since there are now other contributions to the
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FIG. 4. The partial electron number associated with oxygen
and copper components as a function of the total numbers of
electrons. (a) corresponds to the electron model and (b) to the
hole model. In the former (a) are shown three values of the
oxygen-oxygen overlap integral P 0 (solid lines), 0.125 (cir-
cles), and 0.25 (triangles). The inset is a blow up of the results
above half filling (n"') 5). In the latter (b) are shown two
values of the covalency parameter a =0.23 and 0.35.
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kinetic energy. Near half filling the Cu electron count
may then be pinned close to unity as shown in Fig. 4(a).

Indeed, it has been generally accepted'' that in the
copper-oxide superconductors the excess holes are associ-
ated with the oxygen constituents and Cu is in the Cu +

valence state. We conclude that this is an appropriate pic-
ture if there is a moderately strong oxygen-oxygen over-
lap. This is not then a direct consequence of only strong
Coulomb interactions, as has been speculated. Further-
more, this "pinning" of the copper valence does not mean
that the excess holes are localized on any particular oxy-
gen atom, at least not in the metallic regime, considered
here. Rather the holes are shared among all oxygen sites.
As shown above, it is the very mobility of the oxygen elec-
trons which enables the holes to be preferentially associat-
ed with the oxygen atoms.

The behavior of the Fermi liquid when excess electrons
are present is quite different. When the band is more than
half filled, the copper electron count rises rapidly to ac-
commodate the extra electrons. If Ud is strictly infinite,
then the copper filling approaches the limit of 2.0 linearly
and the oxygen count is pinned at 4.0. This is because the
cost of transferring electrons from the oxygen band to the
copper level is prohibitive. For the case of moderately
large Ud, there may be some holes in oxygen due to a gain
in kinetic energy associated with the oxygen atoms. Thus,
the larger the oxygen-oxygen overlap the greater the
charge transfer. This very small eA'ect is shown in the in-
set of Fig. 4(a), where Ud was taken to be 16 eV for the
purposes of illustration.

The hole picture [Fig. 4(b)l of Refs. 6 and 7 can be
directly compared with the electron picture of Fig. 4(a).
In Fig. 4(b) are plotted the number of electrons of copper
and oxygen character as a function of n"'. For simplicity
we have omitted the oxygen-oxygen overlap integrals.
The solid and dashed curves correspond to values ofa""'=V/(s~ —sd) which are given by 0.23 and 0.35, re-
spectively. The former case is close to but not yet in the
small a""' limit considered in Ref. 6. As can be seen at
half filling there is no localization of the Cu electrons
since the electron count is always above 1.0. However, for
values of a less than 0.2, a localization or metal insulator
transition will occur. The smaller value of a in the figure
illustrates this trend. For slightly more realistic values of
a sho~n by the dashed line, it is clear that copper is in a
mixed valence state so that there is an appreciable frac-
tion of Cu'+ present at and around half filling. It is also
clear that in this scheme there is a strong tendency for ex-
cess holes to be associated with oxygen sites. This is more
pronounced than in the case of Fig. 4(a), since here the
copper levels contain more than one electron. As a result
additional. holes are present on the oxygen sites even at
half filling. It should be emphasized that in the hole pic-
ture the fact that excess holes reside preferentially on the
oxygen sites is not equivalent to the statement that the Cu
valence is pinned at Cu +. As can be seen from Fig. 4(b)
(dashed line), the copper occupation is pinned close to 1.3
as x varies from 0 to 0.15. This deviation from 1.0 is
significantly greater than in the localization picture of Fig.
4(a) in which the copper occupation differs from unity by
no more than 5% over this range of concentrations for
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FIG. 5. Density of states at the Fermi energy as a function of
hole concentration x for the same parameters as in Fig. 4(a).

both nonzero values of oxygen-oxygen overlap.
A crucial distinction between the two renormalized

band models of Figs. 4(a) and 4(b) is seen in the concen-
tration dependence of the effective mass or density of
states at the Fermi energy p(EF). In the model of Ref. 7,
p(EF) increases with increasing x, or strontium doping.
This arises because as x increases the antibonding band
narrows (as shown in Fig. 1, left-hand panel), due to the
depletion of the Cu'+ state relative to the Cu + state. In
this way the copper electrons are more and more localized
as holes are added. This is in contrast to what is observed
in a model in which there is a localization transition as
x 0. In this second case [corresponding to Fig. 4(a)],
p(EF) increases rapidly as x~ 0. This behavior is illus-
trated in Fig. 5 for the electron picture. Similar results
are obtained in the ionic limit of the hole picture. Here
the density of states at the Fermi energy is plotted as a
function of hole concentration x for a =0.4. To obtain the
units on the vertical axis we have had to specify the actual
copper-oxygen hybridization V (rather that the dimen-
sionless ratio a) in units of eV. For definiteness we chose
V=1.6 eV. The two curves correspond to two values of
P =0.25 (upper curve) and 0.125 (lower curve). We have
chosen these two values because they seem to bracket the
value which would best fit the Fermi-surface shape. We
estimate that p =0.18 may be most appropriate. Howev-
er, to show the effects of varying oxygen-oxygen overlap
integrals we have presented our results with two some-
what extreme limits of p.

There are some experimental indications of the size and
x dependence of p(EF) which do not seem to be consistent
with this localization picture, although the data is quite
uncertain at this time. It has been estimated that Som-
merfeld constants obtained in Lap —„Sr„Cu04 range '
between about 6 and 12 mJ/molK at x =0.15. This
translates to p(EF) between 2.5 and 5 states/eVcell. At
higher concentrations, x=0.2, the reported values ' " of
y range between about 14 and 39 mJ/molK correspond-
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ing to a p(EF) of 6 to 17 states/eVcell. These measured
values of p(EF) are considerably lower than shown in
the figure. For a lower limit, we estimate p(EF) =10
states/eVcell at x —0.15. In the localization picture the
copper-oxide superconductors would behave like "mod-
erately heavy" fermions. Furthermore, the x dependence
does not seem to be correct. However, it should be noted
that for x-0.2 there are problems in La2 —„Sr Cu04
with controlling the oxygen stoichiometry. To help es-
tablish the x dependence of p(EF) it would be better to
look in a lower range of x values, say between 0.08 and
0.17, where oxygen stoichiometry is well controlled. It
should also be stressed that extracting the values of y are
difFicult experiments which must be done on high quality
samples. Specific heat and magnetic susceptibility g mea-
surements are not likely to yield unambiguous results, be-
cause the former is dominated by the lattice contribution
in the normal state' and there are temperature depen-
dences in the latter whose origin is not entirely cer-
tain. ' It should also be noted that in narrow band
metals there may be additional temperature dependences
in g coming from the electronic contribution as has been
discussed in Ref. 30. If the insulator is driven by a locali-
zation transition, then it seems clear that p(EF) or y must
increase as x decreases near x=0. However, it is not
possible to quantitatively predict the magnitude of y since
(i) three-dimensional effects may tend to cut off the singu-
larity and (ii) a more accurate band structure must be
used. We should also note that in the metallic regime we
find that other competing effects such as van Hove singu-
larities may mask the structure reflecting the localization
transition.

It is noteworthy that while there is little evidence for a
dramatic x dependence in the Sommerfeld constant as the
insulator is approached, the Hall coefFicient is extremely
sensitive to changes in x near x 0. In Fig. 6(a), by way
of a summary, we have replotted a variety of different
Hail coefFicient measurements as a function of stron-
tium concentration in doped La2Cu04. While there is
considerable scatter in the data (some of which refiects
the temperature dependence of RH) one trend is clear:
RH rapidly increases as x 0. It should be stressed, how-
ever, that interpreting experiments on polycrystalline
samples is somewhat complex as has been emphasized in
Ref. 66.

To try to understand this behavior we have calculated
the x dependence of R~ using the same parameters as in
Fig. 5. The results are shown in Fig. 6(b). The circles
correspond to P =0.125 and the triangles to P =0.25, ob-
tained using Eq. (2.8) in a strictly two-dimensional model.
The small kinks which are evident on both curves are a
reflection of the geometry of the Fermi surface. The cur-
vature of the Fermi surface increases monotonically with
decreasing x, whereas the length of the Fermi line is max-
imum near the van Hove singularities. This leads to the
structure shown in the figure. Similar effects were also
seen in the density of states calculation of Fig. 5. To rep-
resent the experimental situation, we have replotted the
data of Ref. 49 shown by the solid squares. The curves A
and B are from previous calculations. The latter corre-
sponds to the LDA based calculations and the former is
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taken from Ref. 7 in which the renormalized band-
structure approach with infinite hole-hole repulsion was
used. These previous theoretical results are not in good
agreement with most experiments as may be seen from the
figure. A comparison of the two curves A and 8 shows
that they are rather similar so that the effects of infinite
Coulomb correlations are not clearly apparent in RH
within the hole-hole repulsion picture of Ref. 7. (The
small upturn around x =0.1 is, presumably, a manifesta-

FIG. 6. (a) Experimentally measured Hall coefficient as a
function of strontium doping in La2Cu04 from Ref. 48 (trian-
gles), Ref. 47 (circles), and Ref. 49 (squares). The open square
indicates one single-crystal measurement from Ref. 49. (b)
Comparison of diAerent theoretical results for Hall coefficient as
a function of hole concentration. The curves labeled A and B
are from Refs. 7 and 46, respectively. The present results are
shown for the same parameters as in Fig. 4(a) by the circles and

triangles (2D calculations) and by the dotted line (estimated 3D
results) for the larger value of P. We have selected the data of
Ref. 49 to plot for comparison purposes (squares).
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tion of the decreasing renormalized bandwidth discussed
earlier). The localization model leads to a larger Hall
coefficient particularly as x 0. This is a refiection of the
increased importance of oxygen-oxygen hopping relative
to the copper-oxygen hybridization terms as the insulator
is approached. These oxygen-oxygen processes contribute
to a positive Hall coefficient so that the greater their rela-
tive weight, the larger the (positive) Hall coefficient. In-
directly then, in our calculations the growth in RH as
x 0 derives from incipient localization processes. For
P =0.18, which seems to match the Fermi-surface shape,
we anticipate that the present two-dimensional model
would yield reasonable agreement with the measured RH
for x ~ 0.1S. 'However, it is clear that in a strictly two-
dimensional model RH will never increase sufficiently rap-
idly as x 0, to be consistent with experiment.

As discussed in Sec. IIC, the effects of three dimen-
sionality on the Hall coefficient are rather profound, since
a three-dimensional dispersion may cut off the singularity
in the density of states p(EF) as x~ 0 and thus, as shown
in Eq. (2.12) lead to a greatly enhanced Hall coefficient.
It is extremely difficult to obtain a reliable estimate of
these three-dimensional (3D) effects because of the
difficulties inherent in calculating a 3D Fermi surface in
the presence of strong Coulomb correlations. Presumably
one should introduce additional oxygen bands (corre-
sponding to overlap processes in the z direction). This
would involve diagonalizing a 7X7 matrix in conjunction
with solving the mean-field equations. As a rough esti-
mate we have included a Cu d, 2 along with an oxygen p,
band which thus reduces to a 5 x S problem. Rather than
solving self-consistently for the mean-field equations in
this larger matrix we have replaced the 3X 3 submatrix by
that arising in our 2D mean-field theory in the absence of
any z-direction coupling. Phenomenological overlap in-
tegrals V, associated with the z direction are chosen so
that away from half filling the ratio of the z bandwidth to
xy bandwidth is, . Furthermore, the strong constraint
of Luttinger's theorem is imposed so that the Fermi
volume in the 3D model with no dispersion in the z direc-
tion is the same as that of 3D model with the Fermi
volume derived from the above scheme.

In Fig. 7 is shown the resulting 3D Fermi surface for an
irreducible wedge. Figures 7(a)-7(c) correspond to vary-

ing hole concentrations of x =0.04, 0.13, and 0.21, respec-
tively. Our choices of a =0.4 and P =0.125 correspond to
parameters used throughout this section. The effective z-
direction hopping matrix element is V,/V=0. 06. The
solid lines indicate the irreducible wedge of our simplfied
model and the dashed lines correspond to that of the LDA
where a more complex lattice structure is considered. The
shaded area indicates the occupied Fermi volume. There
are clear similarities between the results of our simple
model and the LDA calculated Fermi surface in the me-
tallic region as can be seen by comparing Figs. 7(b) and
7(c) with Figs. 1(b) and 1(c) in Ref. 36. However as
shown in Fig. 7(a) incipient localization effects very near
the metal-insulator transition lead to important
differences between the LDA and the present theory. The
dotted lines plot our 3D Fermi surface as extrapolated to-
wards x~0. (It should be understood that our Fermi-
liquid approach is not valid arbitrarily close to x =0, but
our intention here is to emphasize the trends with varying
small x).

Even with the approximations for the Fermi surface dis-
cussed above, it is still difficult to evaluate RH numerical-
ly. To estimate the Hall coefficient, we perform the indi-
cated Fermi-surface integrals by using a coarse mesh in
which the 2D contributions to RH from slices perpendicu-
lar to the z direction are summed with equal weight. The
behavior of each Hall coefficient contribution is described
by Eqs. (2.9) and (2.10). With reference to the dotted
lines in Fig. 7(a), although the fiat region of the Fermi
surface is larger, because of the short Fermi line length,
the region of positive curvature dominates the Hall
coefficient. Consequently, RH rises rapidly as x 0. A
semiquantitative estimate for RH is shown by the dotted
line in the figure for the case of P =0.25. Presumably this
case represents an overestimate of the oxygen-oxygen hop-
ping processes so that in the metallic regime, the Cu elec-
trons are more strongly localized than would be expected.
Thus, these 3D effects begin to show up at a relatively
high hole concentration x =0.1S. For the smaller value
of P =0.125, the 3D enhancement of RH coming from in-
cipient localization will occur at significantly smaller x
values. A more realistic case would lie between the two
limits. Although fully self-consistent mean-field calcula-
tions are required, these crude estimates illustrate the fact

X
p

X

X p'l

I

X

X = 0.04
~ ~ ~ ~ ~ 0 X~0

X= O. I3 X= 0.2 I

FIG. 7. Evolution of the 3D Fermi surface with varying hole concentration (a) x =0.04, (b) x 0.13, and (c) x 0.21. The dashed
lines correspond to the LDA calculated irreducible wedge which diA'ers from that of the present simplified model. The zone of the
present model is indicated by the outermost solid lines. The dotted lines in (a) correspond to the limiting x = 0 Fermi-surface shape.
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that incipient localization effects may lead to a diverging
Hall coefficient as x approaches zero, providing some
srriall three-dimensional dispersion is included.

IV. CONCLUSIONS

The inain contribution of this paper has been to de-
scribe a Fermi liquid in which both a semirealistic band
structure of the copper and oxygen components and inci-
pient localization phenomena are included. We have em-
phasized that the interplay between these two effects is
important for understanding the copper oxides. It should
be stressed that there have been previous attempts to in-
corporate one or the other of these two phenomena into a
Fermi-liquid scheme, ' but not botll. Thus, this repre-
sents a kind of "collaboration" between band-structure
approaches and strong Coulomb correlation theories
which give rise to localization. It also represents an inter-
mediate picture between those theories in which the
copper is fully localized and the band picture in which it is
covalently admixed with the oxygen. We do not believe
that this general picture is limited by 1/N expansion ap-
proaches or infinite Ud theories. One should view this
more generally as a plausible scenario for a Fermi-liquid
theory of the copper oxides.

To what extent is this scenario valid? We have argued
that it is consistent with the observation that the copper
valence is pinned close to Cu2+ and with the general
behavior of the Hall coefficient. However, the most
stringent test of this picture is based on the behavior of the
Sommerfeld coefficient y as the metal-insulator transition
is approached. This coefficient should grow rapidly as the
transition is reached. This behavior should be apparent,
although to a lesser degree, even within the metallic or
Fermi-liquid regime, just as the Hall coefficient seems to
refiect the onset of localization. On the basis of thermo-
dynamic measurements, there is as yet no indication of
this incipient localization in y when either x is varied in
La2, Sr„Cu04 or as oxygen stoichiometry is varied in
YBa2Cu307. These are difficult experiments which re-
quire well characterized samples, particularly since, as
discussed in the Introduction, y cannot be obtained yet in
a simple direct way either from specific heat'5 or static
susceptibility' measurements. One may speculate that
thermodynamic measurements are not as direct a probe of
the localization transition (if it exists) as are transport
measurements, such as the ac and dc conductivities and
the Hall coefficient. These latter measurements have a
number of features which seem consistent with an
effective mass which increases as the insulator is ap-
proached. On the other hand, all of these transport mea-
surements may also be interpreted in terms of a Hubbard
gap or reduced carrier number description. The ultimate-
ly decisive experiments may well be Fermi-surface studies.

In this paper we have not addressed the interactions in
the Fermi liquid. Within the 1/N scheme these can be
readily calculated. These interactions occur as a re-
sult of fluctuations of the renormalized copper-oxygen hy-
bridization as well as fluctuations of the copper d level. In
the liinit of infinite Ud and to leading order in 1/N, these

interactions do not involve a spin-spin coupling which
might be important in these materials. Nevertheless, we
can make some general comments and speculations about
the magnetism and superconductivity associated with the
Fermi liquid.

Because this theory leads to a localization of the Cu
electrons at half filling, the natural description of the
magnetism in the insulating state is that of a Heisenberg
local spin model in which the interactions derive from su-
perexchange. In the electron picture, there is no superex-
change mechanism at infinite Ud, whereas for the hole pic-
ture a charge transfer contribution J 4V /(e~ —eq) is
present. That these two pictures lead to diff'erent results is
a consequence of infinite Ud. As was seen earlier, in the
hole picture there is considerably more delocalization so
that charge transfer exchange can take place. These two
approaches become equivalent at finite Ud which seems to
be more appropriate for the copper oxides. Presumably
there is a "residue" of this superexchange in the metallic
state, which can in principle be incorporated into a
Fermi-liquid approach. However, it should be stressed
that even without these interaction induced spin fluctua-
tion effects there will be considerable structure in the
dynamical susceptibility g0(q, ro), deriving from the inter-
play of band structure and localization effects. Analogous
effects have been discussed in the context of heavy fer-
mions. Calculations of this dynamical susceptibility are
in progress and should provide a basis for extracting from
experiment the residual spin fluctuation effects.

At this stage it seems premature to focus on the super-
conducting mechanism, since the picture of the normal
state is still uncertain. It is, nevertheless, amusing to
speculate about different pairing interactions. For the
most part, treatments of the superconductivity are based
on a description of the metallic state in terms of a disor-
dered Heisenberg antiferromagnet in the presence of di-
lute, mobile holes. These treatments have yielded novel
and exotic scenarios for the superconductivity involving
quasiparticles of various statistics: Fermi, ' Bose, and
fractional. Experimental proof for the existence of these
quasiparticles is still very controversial. In a somewhat
different vein, Newns and co-workers have argued that a
finite Ud mean-field theory of the copper oxides (which we
have discussed here for infinite Ud ) may lead to supercon-
ductivity. In this approach both the Cu'+ and Cu + bo-
sons are assumed to co-exist at the same site. If one
chooses to replace both bosons with c numbers, the result-
ing mean-field theory breaks global gauge invariance and
number conservation and, therefore, has been associated
with superconductivity. This approach is still controver-
sial and its interpretation requires that the effects of
finite Ud on the normal state must also be sorted out.

More generally, it is evident that the nature of the nor-
mal state is far from clear at this point. Knowing the ex-
tent to which the copper electrons are localized will he1p
select among a variety of different scenarios (e.g., the
band picture, incipient localization of Cu in a Fermi
liquid, and full localized Cu spins) of these systems.

In summary, it is our contention that if a Fermi-liquid
description is appropriate, the large body of evidence
which implies that the Cu valence is pinned close to +2
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suggests that this Fermi liquid is nearly localized. This
behavior is reminiscent of helium-3 and f electrons in

heavy electron metals. Localization strongly affects the
Hall coeScient since it involves the ratio of nearly vanish-
ing conductivities. While the localization mechanism we
have considered is Brinkman-Rice (Coulomb) localiza-
tion, the geneal behavior we have found for the Hall
coefficient and other properties would also be obtained if
incipient localization derived from other effects.

Nore added in proof. Our calculations on excess elec-
tron systems are, in principle, relevant to the newly
discovered electron doped oxides [Y. Tokura, H. Takagi,
and S. Uchida, Nature (London) 337, 345 (1989)l. How-
ever, it should be noted that the observed change in the
sign of RH in these materials is not compatible with the
LDA calculated Fermi-surface shape which is only slight-
ly modified from that in the hole-doped systems.
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