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Biexciton states in semiconductor quantum dots (spherical microcrystallites) are investigated
variationally, and the biexciton binding energy and the oscillator strength are calculated as a func-
tion of the quantum-dot radius, the electron-to-hole mass ratio, and the dielectric constant ratio of
the semiconductor to the surrounding medium. The most important mechanisms for enhancing the
biexciton binding energy and the oscillator strength are clarified. One is the quantum confinement
effect, which increases the spatial overlap between carriers, leading to enhanced Coulomb interac-
tion. Another is the dielectric confinement effect due to the dielectric constant discontinuity at the
interface between a semiconductor microcrystallite and the surrounding medium. This effect arises
from the penetration of electric force lines through the surrounding medium with a relatively small
dielectric constant and leads to an enhancement of the Coulomb interaction. It is found that the
frequency dispersion of the third-order nonlinear susceptibility x>’ shows an out-of-phase behavior
at the one- and two-photon resonances, which is characteristic of the exciton and biexciton transi-
tions. For typical materials which are promising for observation of the biexciton state in microcrys-
tallites, the values of the biexciton binding energy, the third-order nonlinear susceptibility x'*’, and

15 MAY 1989-1

Biexciton states in semiconductor quantum dots and their nonlinear optical properties

the two-photon absorption coefficient K, of the biexciton state are predicted theoretically.

I. INTRODUCTION

Recently the excitonic states in semiconductor micros-
tructures have attracted much attention from the funda-
mental physics viewpoint and also from the interest of
applied physics, owing to enhanced excitonic optical non-
linearity and fast response time.!”!® In semiconductor
microstructures of lower dimensionality, the energy levels
of carriers become discrete due to the quantum
confinement effect. At the same time, the oscillator
strength, which is distributed over continuum states in
bulk materials, becomes concentrated on the sharp tran-
sitions of excitons and consequently the excitonic optical
nonlinearity becomes enhanced and the saturation power
becomes reduced relative to those of the bulk semicon-
ductor. On the other hand, the biexciton state in semi-
conductor microstructures has not yet received much at-
tention. The biexciton state in two-dimensional
quantum-well structures was investigated theoretically
several years ago.!” However, it was not until recently
that the biexciton state was observed convincingly in II-
VI compound semiconductor quantum wells.'®* The biex-
citon state in one-dimensional quantum wire structures
was recently studied theoretically and the enhancement
of biexciton binding energy was predicted. '°

In semiconductor microstructures of lower dimen-
sionality, the spatial overlap between an electron and a
hole is increased, leading to the increase in the Coulomb
binding energy and the oscillator strength. As an ulti-
mate limit of the reduced dimensionality, the zero-
dimensional materials such as semiconductor microcrys-
tallites are expected to show a much more enhanced
binding energy of the biexciton state and to have an
enhanced oscillator strength of the two-photon genera-
tion of the biexciton state. However, in the case of the
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biexciton state, the Coulomb repulsion between like parti-
cles, namely two electrons and two holes, is also
enhanced in microstructures. Thus the biexciton binding
energy is not enhanced straightforwardly as the particle
size is reduced but is dependent on a delicate balance be-
tween the Coulomb attraction and the Coulomb repul-
sion. Furthermore, in actual samples of semiconductor
microcrystallites such as CdS,_,Se, in glass and CuCl in
NaCl, the difference of dielectric constants between the
microcrystallites and the surrounding medium is rather
large. The significance of the dielectric constant discon-
tinuity at an interface in enhancing the Coulomb interac--
tion was first pointed out by Keldysh.?® It is found re-
cently that in two-dimensional quantum-well structures
the exciton binding energy and its oscillator strength de-
pend sensitively on the dielectric constant ratio between
the well and barrier materials.?! While the electrons and
holes are confined within a quantum well, the electric
force lines among electrons and holes pass through the
surrounding medium with a relatively small dielectric
constant. As a result, the screening effect is reduced and
the Coulomb interaction among electrons and holes is
enhanced to yield a large binding energy. The same situ-
ation holds also in the zero-dimensional materials.??
Thus the effect of the dielectric constant discontinuity,
which will be referred to as the dielectric confinement
effect hereafter, should be taken into account in the cal-
culation of the biexciton binding energy.

Recently Banyai et al.?® reported a calculation of the
biexciton resonance in a GaAs quantum dot employing
the adiabatic approximation in which the electron motion
is frozen in. Their calculation seems to suggest a nega-
tive biexciton binding energy, namely repulsive exciton-
exciton interaction for the moderate confinement regime.
However, the adiabatic approximation is too simple to
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take into account the correlation among two electrons
and two holes. Here we employ a more elaborate varia-
tional approach to incorporate fully the four-particle
correlation and investigate systematically the dependence
of the biexciton binding energy and the oscillator
strength on the quantum-dot radius, the electron-to-hole
mass ratio, and the dielectric constant ratio between the
quantum-dot material and the surrounding medium. It is
found that the dielectric confinement effect plays an im-
portant role in enhancing the biexciton binding energy
even for the moderate confinement regime.

The biexciton state consists of two excitons and is
known to have a giant oscillator strength for two-photon
generation.?* Thus the optical nonlinearity via the biex-
citon state is expected to be enhanced by the giant oscilla-
tor strength. At the same time, the frequency dispersion
of the third-order nonlinear susceptibility is expected to
show a characteristic behavior at the two-photon reso-
nance different from that at the one-photon resonance.
These features will be discussed in detail in the text.
Furthermore, since the nonlinearity arises from the two-
photon coherence instead of the saturation of exciton
population, the response time of this nonlinearity is ex-
J
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pected to be very fast.

In Sec. II, the relevant Hamiltonian is given for the
biexciton state, namely for two electrons and two holes in
the effective-mass approximation, and in Sec. III, details
of variational calculation are presented. The results on
the biexciton binding energy and the oscillator strength
are given in Secs. IV and V. The nonlinear optical prop-
erties and the two-photon absorption of the biexciton
state are discussed in Sec. VI. Typical materials which
are promising for observing the biexciton state in micro-
crystallites are given in Sec. VII and their third-order
nonlinear susceptibilities and two-photon absorption
coefficients are estimated.

II. FORMULATION

The lowest state of a biexciton in a semiconductor
quantum dot will now be investigated. It is now well
known that the effective-mass approximation is applic-
able even for semiconductor microcrystallites containing
only as few as 100 atoms.?* Then the relevant Hamiltoni-
an for two electrons and two holes is given as

2 2 2 2 2 2
H=—(vi+v)-(v24vi)-— Ot —— € €
2m, 2m, lri—r,l  elri—r,l  €lry—r,  e€lry,—rl
) ) ’ o« , 2n , 2n , 2n’ , 2n
e e e 1 2 a b
+£ M R
elri—ryl  €lr,—r,] 2R ,Z:I % | |'R R R R ]
2 = r.r " ryr " 1Y 4 "
e 1 175 2
- 3 a, RZ" P,(cosb,)+ |—5- | P,(cosf;,)+ R—; P,(cosb,,)
n=1
n n n
i) ryr, Talp
+ =5 | Pulcosby,)— [’7{2—“ P,(cosB,)— l? P,(cosf,,) (2.1

Here R is the radius of the quantum dot, 7, and 7, (r,
and r,) denote the coordinates of holes (electrons), and
my; (m,) is the mass of hole (electron). The dielectric
constant of the quantum dot and the surrounding medi-
um is denoted by €, and ¢,, respectively, and «,, is defined
by
_(n+1)e—1)
€lne+n+1) "’ @.2)
with €e=¢€,/€,. P, is the Legendre polynomial of the nth

order and 0;; is the angle between r; and r;. The first four
J

[
terms represent the kinetic energy and the next six terms
are the direct Coulomb energies among two electrons and
two holes. The remaining ten terms represent the in-
teraction energy among four particles and their image
charges. The first four terms of these ten terms are the
self-image potentials of four particles due to their image
charges and the next six terms are the mutual image po-
tentials among four particles and their image charges.
This Hamiltonian is a natural extension of the exciton
Hamiltonian* to the biexciton case.

To find out the lowest state of the four particles, a vari-
ational wave function is employed as

D, (r1, 75, 7,,15)= C,jolari /R)jolary /R)jolar, /R)jo(mr, /R)rl exp(—8r,)

X {expl —alr, +ry)—B(ryy+ry,)1Fexpl —B(ry, +ryp)—alr, +r,)1

where r;=|r; —r;|, jo is the zeroth-order spherical Bessel
function, C,, is the normalization constant, and «, S, 7,
and § are variational parameters to minimize the energy,
namely

Exyy=(®,|H|®,)/{®,,|®,,) . (2.4)

(2.3)

[

In the energy-level scheme, two electrons and two holes
occupy the lowest subband states forming a spin-singlet
pair, respectively. Thus the spatial part of the wave func-
tion is symmetric with respect to the exchange of two
holes or two electrons. The first four factors in (2.3)
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stand for the lowest subband states in a spherical quan-
tum dot whose wave function vanishes at the surface.
This boundary condition is reasonable since the energy-
gap difference between the quantum-dot material and the
surrounding medium is rather large in actual samples.
The wave function describing the relative motion among
four particles is taken to be identical with that employed
by Akimoto and Hanamura.?® It is implicitly assumed
that the quantum-dot size is so small that the quantum
confinement energy is larger than the Coulomb energy
among electrons and holes. Thus the above variational
wave function is most suitable for the case of strong
confinement. For larger quantum dots, we should in-
clude higher-lying subband states in the variational wave
function. However, in the case of excitonic state, an ela-
borate calculation including higher-energy subband levels
shows that the simplest wave function composed of the
lowest subband states still gives a good estimate of vari-
ous quantities even for the moderate confinement re-
gime.?? Thus it can be expected that the wave function
(2.3) can give a reasonable description even for the
moderate confinement regime. In the above variational
wave function the electrons and holes are not handled
symmetrically and thus the zero slope of physical quanti-
ties, e.g., biexciton binding energy, with respect to the
change of the electron-to-hole mass ratio at the positroni-
um limit (m,=m,) is not assured. However, since the
electron-to-hole mass ratio is rather small in actual ma-
terials, the above variational wave function is sufficiently
accurate to yield reliable estimates of physical quantities.

III. CALCULATION OF VARIOUS INTEGRALS

In this section, calculational details of various integrals
which appear in (2.4) are presented. In the calculation of
the matrix elements, it is convenient to introduce the
Fourier transform of an exponential function as
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DY) [ gk T () (3.2
rij ?
For a positive value of a, g and f are given as
a
(k,a)=———=, (3.3
g a ,ﬂ_2(k2+a2 )2 )
1
(k,a)=——s——. (3.4)
ke 274k +a?)

In the bulk semiconductor, the four parameters a, B, v,
and & in (2.3) are usually supposed to be positive to inhib-
it the wave function from becoming infinitely large. In a
semiconductor quantum dot, however, there is no reason
to believe that these parameters are all positive, because
carriers are confined three dimensionally. In fact, as will
be mentioned later, the parameter 3 turns out to be nega-
tive for many combinations of the physical parameters.
For a negative value of «, these functions and related in-
tegrals are given in Appendix D. As for the interhole
wave function r} e b v should be positive physically
to take into account the hole-hole repulsion, and & turns
out to be positive in the variational calculation. Then its
Fourier transform is simply given by

rie %= [d%k ™ h (k,y,8), (3.5)
with
r2+7) 1 1
h(k,y,8)= -
4 2mlik | (5—ik2  (5+ik)2T
(3.6)

A. Calculation of normalization integral

. _ 3, ik(r;—r;) To illustrate the details of calculation, we shall take up
exp( arij)_fd ke "glka), (3.1) 4 typical term in (®,, |®,, ), namely
|
. ; . : —28
Jadr, [, [dr, [ dr,j30kSr)id(kOry)id (k)i (kor, e et exp( —2ar , —2Br1y —2Bryy —2ary,) ,  (3.7)

where k(l’ = /R. Substituting the Fourier transforms of (3.1) and (3.5), we obtain

Jadr, [dPr, [dPr, [, j3kSr)j3(k0r,) i3k r,)j3(kSry)

X [dky [dky, [dPkyy, [ ko, [ dPkpph (ke 27,2808 (kyy, 2008 (K 1y, 2B)g (Kpg,2B)g (K gy, 200)

Xexplikgy,(r, —r,)+ik, (r;—

Making use of the expansion of a plane wave in terms of spherical waves,

oikT— > i"(2n +1)j,(kr)P,(cosh) ,
n=0

I, )_iklb’(rl"“rb)+ik2a'(rz_ra)—ikZb'(rz_rb )] .

(3.8)

27 namely

(3.9)

where j, and P, are the spherical Bessel function and the Legendre polynomial of the nth order, respectively, and car-
rying out the integration with respect to the angular parts of r, r,, 74, 74, Koy, k145 k1p» Koy, and k,,, we arrive at the
expression
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(4m)® [ Fdr,r2i3 ke, [ Ndryrdidet,) [ “arirtid kS [ tarordikdr)
X [ " dkapklyh (ks 27,28) [ dkigkiag (k1,200 [ " dkeipketog (eyy, 28)
X [ T dkogk3ag (k2qs2B) [ " dkapk3y8 (ap, 20
Xz 2 2 I(l'9mI’l“,m“‘l’m)IZjI(kabra)jl(kabrb)jl’(klarl)jl’(klara)

Lml'm' 1",m"
X jr(k 1ot )jr(K o7y )jr (Ko )jr(Kog g )iy kopry )jp kopry) . (3.10)
Here (I',m",1",m"|l,m) and (I, m|l’,m’,]”,m"") are the Gaunt coefficients, ?® defined by
(I',m" 0", m"|l,m)= fdQ Y QY ()Y, () (3.11)
and

(Lm|l',m', 1", m")= [dQ Y}, (Q)Y} Q)Y D), (3.12)

where the  integration is over the solid angle. These coefficients have the following symmetry:
'm0 m" | Lm)=1"m"I',m'|l,m)=,m|l',m', 1" ,m")=(,m|l",m",l'’ym’"). The expressions of the Gaunt
coefficient are given in Appendix C. We can perform the k integration in (3.10) analytically as

fo“’dk kg (k,a)j)(kr;)ji(kr;))=G\(r;rj;0) (3.13)
and

fo“’dk k2h (k,y,8)j(kr;)jy(kr))=H,(r;,7;;7,8) . (3.14)
Similarly, in the calculation of the Coulomb energy, we need an integral defined by

fowdk K2f (k,a)j)(kr,)j (ke ) =Fy(r;,rj;a) . (3.15)
The explicit expressions of these functions are given in Appendix A. The final expression of (3.7) is obtained as
(4m'© [ Raror2idkSr,) J “dr,riidceiny) [ faririidietn) [ arorgietr,) |

XSS 3 ,m U, m"|L,m)|>H(r,,ry;27,28)G (1 ,1,;20)Gp(r,ry3;2B)GpAr,1052B)G (1, ry52a)

Lml',m'l",m"

(3.16)
Then the normalization constant C,, is determined from
=(®,|®,)
— A2 10 R 2:2 (10 R 232 (10 R 232 (0
2C;, (4m) fo drargjol 1"a)fo dr,ryjol 1"b)fo dryrijolkiry)
XfORdrzrgjg(k?rz)z S S WmL 1 m” | Lm)|* Hy(r,,ry;27,28)
Lml'm' I",m"
X[ Gp(ri,ry;2a)Gilr,1y32B)G (1,1 2B)G (1,75 2a)
+Gp(ri,rg;a+BIGp(r,ry;a+B)Gp(ry, ry;a+B)Gpry,ry;a+B)] . (3.17)

B. Calculation of Coulomb energy

Now we calculate the Coulomb terms. From the symmetry of the variational wave function (2.3) with respect to the
exchange of electrons and holes, it is obvious that

1 1 1 >_< 1 >
—_— =(P Q. )={(P, | P, )={Pp, | |Pn) - (3.18)
<(D'" lry =7l ¢’"> < "\ r=rl '"> ( "=l SR Le e AN
Thus the six Coulomb integrals are reduced to three types of integral, namely
C,=(® AR, Y (3.19)
1a'—< m 61|r1—-ra| m>’ .
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62
= — ¢ o (3.20)
Cab <q)m 61"a“"b| m> ’
@ o 3.21)
C12—< m ellrl___rzl m) . .

C,, is given by e?/e, times the right-hand side of (3.17), replacing 2y with 2y —1. Making use of the functions in
(3.13)-(3.15), C, is calculated as

eX(4m)'1°C?

m R . R . R .
Cio= ——G——I dryrlj§esr,) [ dryrdidkSey) [ Cdririjbkdr) [ Cdrardigksns)

XSS 3 |,m,I",m"|,m)|?H/r,,r,;27,28)

Lml',m' 1", m"

X[Fpry,7,320)G 171,753 2B)G 11, 732B)G il ry, 1y 5 2a) + Fi(r,1452B)Gp(r 1,13 2a)G (75, 7432a) G 75,7432 3)

F2F(r,ry;a+B)G 1, ry;a+B)Gp(ry,ry;a+B)Gp(ry,ry;a+B)] . (3.22)
To calculate the Coulomb energy C,, between two electrons, we employ the following expansion:?’
! ! *
1 hd r< r< Ylm(ﬂl)Ylm(Q‘Z)
= P,(cosO,)=4m , (3.23)
lry—r,l ,20 S 12 % rit1 21+1

where r . =max(r),r,), r . =min(r,,r,), and Q, (,) denotes the solid angle of r; (r,). Then we have

) 112
(4m)°C,, R ) R
Cpop=—"T—"- f dr, ra](z)(k(l)ra)fo d"b’f](z)(k?rb)fo dririjg(k 1"1)f dryr3j§(kSry)

xz Y 2n+122 > 2 2 Im' U m " |\ Lm)(L,m|Tm T m ")

m" T,
X(I',m ' |I'ym' ,n,p)T",m ",n,p|l",m" H,(r,,ry;2y,28)
X[G,(rl,ra,Za)G (71,7532B)G 7,743 2B)Gr.(ry,7p520)
T Gp(r1,74;2B)Gr (7,753 20)G (7,743 20)Gr( 15, 743 28)
+T2G (1,150 +BIGrAr 1, 132 +BIG 7y, 1,50+ B)Grry, ry;a+B)] .
(3.24)

C. Calculation of surface polarization energy

The details of calculation of the surface polarization energy are presented. From the symmetry of the variational
wave function, we find

(@, |r"®,,)=(D,|ri"|®, ), (3.25)
(@, |r"®,,)=(D,|r"®,), (3.26)
(@, [(ryr,)"P,(c0s0,,)|®@,, ) =(®,, |(r,r,)"P,(cosb;;,)|P,, )
={(®,,|(ryr,)"P,(c0s0,,)|®,, ) ={®,, |(r,r,)"P,(cosb,,)|®,, ) . (3.27)
Thus the surface polarization energy can be written in terms of five types of integrals, namely
SW=(®, |(r,r,)"P,(cosb;,)|®, ) , (3.28)
S\W=(®, |(r,r,)"P,(cos6,,)|®,,) , (3.29)
S\p=(®,,|(r,r,)"P,(cosb,,)|®,,) , (3.30)
SW=(®,|(r)e,), (3.31)

=(®,,|(r,)"®, ) . (3.32)
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The integrals S(”) and S can be written similarly to (3.17). Expanding the Legendre polynomial in terms of spherical
harmonics as®’

P,(cosf)=—2T 5 Y,,(Q)Y5(Q,), (3.33)

p=-—n
we obtain essentially the same expression for S{3’ as (3.24) except for the replacement of ™. /r%*! by (r,r,)". Through

a similar procedure of calculation, S{") can be expressed as

(4m)''C3 R
2n+1mf dr, "a](z)(k(x)’a)fo d"b’tf]o 1"b)f d’l"llo(kl"l)f d"z"zlo(kl"z)

X(rir, "SI S 3 3 W,m',npll,m),m,1",m"|,m,n,p),m|l',m",I",m")

p Lml'm'l",m" [ m
- XH(r,,14327,28)[ G{ry,7,320)G (7,73 2B)G 1,743 2B)G (75, 7y 202)
+GT(rl,ra;ZB)G,,(rl,r,,;2a)G,u(rz,ra;Za)G,,:(rz,rb;ZB)

S(n)

+ 2Gi(ry, rg;a+BIG(ry,ry;a+B)
X Gpry,r;a+B)Gp(ry,ry;a+p)], (3.34)

where (I,m,1,7|l’,m',]",m"") is an integral of product of four spherical harmonics and its expression is given in Ap-
pendix C. In the same way, we find
(4m''c} R
Sip= > +1’" f dr,r2j3(kSr )f dryr} O(klr,,)fo dr rijd(k9r, )f dryr3jd3(kir,)

X(r,rp, "33 3 (,m', 1", m"”|l,m,n,p)|> H(r,,r};27,28)

p Lml,m' I",m"
X[ Gplri,r,;2a)Gp(r ,ry;2B)G 1y, 7,32B)G 1y, 1,5 2a)
+Gp(r57332B)G (71,153 2a)Gp 1, 7432a)G 1y, 74328)
+2Gr 1,0 +B)G(r ry;a+B)Gp(ry, 1 a+B)Gplry, ry;a+B)] . (3.35)

D. Calculation of kinetic energy

Calculation of the kinetic energy is rather complicated and requires an efficient algorithm. We make full use of the
vanishing property of the wave function at the particle surface and the Gauss formula. First of all, from the symmetry
of the wave function ®,,, we notice that

(®,|V},,)=(®,|Vi®,), (2,|V|®,)=(D,|Vi|®,). (3.36)
From the Gauss formula, we find that

fdare,Vie,=— [drv®,? [dre,vVie,=—[dnv,®,), (3.37)

where the integration (d ) is carried out over ,, 7,, r; and r,. To reduce (V,®,,)* into a tractable form, we factorize
®,, as

@, =fgh, (3.38)
with

f=jotkiry), (3.39)

g =exp(—ar,, —Bry, —Bry, —ary,)t+exp(—Br,, —ar,, —ar,; —Briy,) , (3.40)

B =jokSra)jolkSra)jotkSry rdpe . (3.41)

Then we have

(V,@,,)2=[(V /) g2 +2fg(V [}V g)+ fUV g 1> =[(V IV (fg>)+ f2(Vg)]h?, (3.42)
and applying the Gauss formula to the first term, we find

Jarv,@, 2= [dr{—(Vif)fg>+fUV,g)Ih?. (3.43)
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Noticing that [Vi+(k9)?]f =0, we finally have

(@, Vi@, )= [dr—(k§2fg>~ fAVgPh? . (3.44)
The first term is simply —(k$)? times the normalization integral in (3.17). The second integrand is written as

FAV@1Ph2= j2(k%, )2k, )3 (kO )2 (kO r e 2o

2, 2 Tia°'T1p
X |2 |la*+B°+2aB . exp( —2ar, —2Br, —2PBr,, —2ar,,)
1a”16
2 2 T1a°Tp
+2 [2aB+(a*+B )# exp[ —(a+B)r,+ry,try,+rp)] ]| . (3.45)
la” 1b

The integral of the first, second, and fourth terms in (3.45) can be expressed similarly to (3.7). To calculate the integral
of the third term in (3.45), we notice that

4 B — exp( 2ar ., —2Bry, —2Pry, —2ar,, )=V, -V exp(—2ar,, —2Bry, —2Br,, —2ary,) , (3.46)
1a"16

where r,, and r, are regarded as independent variables. Ihtroducing the Fourier transforms of (3.1) and (3.5), we can
derive the expression

fd”'J 1" )]o(kl"b)ch)(k "1)10 kSry) 213/9 ﬂb4 B CXP( 2ar, —2Bryy —2Bry, —2ary,)
a1

= [drj3kSr, 5k Sy )j§ (kS i§(kSry) [ dPkyy [ dPky, [ dky, [dky, [ dPky,
Xh(kgp,27,28)g (ky,,2a)8 (ki1y,2B)8 (Kyy, 2B)8 (Kyp,2a)(Ky, k)
Xexplikgyy (r, —1,) ik, (ry—1,) =ik, (r;—1,) +ik,, «(r,—1,)—iky,-(r,—1,)] . (3.47)
Further introducing the expansion (3.9) and making use of the recurrence relation®’
(2n +1)xP,(x)=(n +1)P, +(x)+nP, _(x), (3.48)

we arrive at the expression
(4m)loc? fORdraraz]o kO, )f dr,,r,,JO(klrb)foRdrlr%jg(k?rl)fORdrzrgig(k?rz)
XX I Wm0 ,m"|L,m)|> Hyry,r,;27,28)G(ry,7,;2B)G il r o, 743 20)
LmUym' I, m"”
X—" YE +1 [I'G;m ra,r];Za)Gp_(rb,r1;2ﬁ)+(l'+l)Gﬁ'(ra,r1;2a)G1T(rb,r1;23)] , (3.49)
where G;* is defined by .
G,i(r,.,rj;a)=fo°°dk kg (k,a)j (kr;)jy(kr;) (3.50)

with g (k,a) given in (3.3) and its analytic expression is given in Appendix A. The integral of the fifth term in (3.45) can
be calculated in a similar manner. These complete the calculation of ¢ o, IV2|<I> ).
Now let us proceed to the calculation of {®,, |[V2|®,, ). Factorizing <I> as

o, =fghe , (3.51)
with

f=JolkSr,), (3.52)

g =exp(—ary, —Bri, —Bry, —ary)+exp(—Bri, —ary, —ar,, —Bry,) , (3.53)

h=rge ", (3.54)

e =jokry)jo(kSry)jo(kory) , ' (3.55)

we can derive that

fdf(v,,cb,,, 2= fdr[—(V?,f)fgzh2+f2(v,,g)2h2—f2g2h (VZh)—2(V,f-V, h)fg?hle? . (3.56)
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Making use of the relations
[V2+(k$)?1f =0 (3.57)
and

z(y-i—l) 28(y+1)+62 n

27 —
Vih=
ab Tap

(3.58)

we can perform the integration of the first and third terms in (3.56) in the same way as the normalization integral of
(3.7). The calculation of the second term in (3.56) proceeds in a similar way to that of (3.45). For a typical term corre-
sponding to (3.47), we obtain

fd’rlo(k g )]O(klrb)fo(klrl).]O(ker)raZg/e ab4 /3 exp( 2“’1a_23’1b_23'2a_2ar2b)
T1a¥2a

(4 R
) f dr rajg(k(l)ra)fo d"b"bzlo 1"b)f d"l"lJo 1"1 f d’z"z/o(kl"z)

i11+12—1"1 (1’,m',l”,m"|l,m)(l,m|11’m1’12’m2)

xzzzzzi

Lml'm' ,m" 1,m 1,,m, p=—1
x(llyml’l}“lllrm’)(12,m2|l”,m”,lyﬂ)HI(ra)rb;zy’ZS)
I'—1,) -1,
XG) "V (ry, ;200G (r,ry2B0G), 2 (ry,ra;2B)G) (3520 (3.59)

~where I'=1,%1 and [""=1,%+1 and the superscript (I'—1,) or (I"—1,) corresponds to (£) in (3.50). In this way the
second term in (3.56) can be calculated. The calculation of the fourth term in (3.56) is performed as follows. First of
all, we have

I, Ty . . —28r
—2UVo SV h)fghe?= 4k§—— L8 | kO, )y (KO, )3 (K0P, )3 (kP )2 (K ry 2 e et
a’ab Tab
X {exp(—2ar,, —2Br, —2PBr,, —2ary,)texpl —(a+B)ry,+ry,+ry, +ry)l} . (3.60)
Noticing the relation
1, ry T —25r
o ab |\ Y 5| ppe Pw="y  (r2e ), (3.61)
Falap abv a

and introducing the Fourier transform of the exponential functions, we can rewrite the integral of the first term in the
curly braces of (3.60) as

2ik [ drjo(kQr,)j1 (K97, )j3 Kk r, i3 (KPR K, [ dkyy [ dPky, [ dky,

kab

ra
X [ d%kyy [ dPkoyh (kg 27,28)g (K1q,20)8 (K14, 2B)8 (Ko, 2B)8 (kyp,200)

Xexplikgy (£, —r,)tiky,(r;—1,)—iky,(r;—r,)+iky, (ry—r,)—ik,,(ry—r1,)] . (3.62)
Substituting the expansion (3.9) for the plane wave and making use of the recurrence relations®’ of (3.48) and
J1=[1j, _1)— +1)j, +1(x)]/(21 +1) , (3.63)
we obtain the final expression
2k?(41r)1°foRdrar,,2jo(k(l’ra )i, (Ko, )f dr,r2i3 (K%, )fORdrlr%]O O, )f dryr2id(k%r,)
XSS 3 ,m,I",m"|l,m)|?Pr,,r,;2v,28)

LmU',m' I",m"
XGp(ry,7,32a)Gp(r,ry32B)G A1y 13 2B)G 1y, rp52a) ,  (3.64)
where P, is defined by
Py(r,,ry;2y,28)= fo“’dk k3h (k,2y,28)j{(kr,)j)(kry) ‘ (3.65)

with h(k,y,8) given in (3.6) and its explicit expression is given in Appendix A. Here jj is the first derivative of j;. The
integral of the second term in the curly braces of (3.60) can be rewritten in a manner similar to (3.64).
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Now the basic integrals appearing in the kinetic-energy terms are all reduced to numerically tractable forms. The ex-
pansion in terms of spherical harmonics in all the above expressions is carried out up to / =10 to assure sufficient accu-

racy.

IV. RESULTS AND DISCUSSION

The biexciton binding energy Byy is defined by the
difference between the biexciton energy Eyy and twice
the exciton energy 2Ey, namely

Byxy=2Ey—Eyxy . 4.1)
This binding energy is a function of the quantum-dot ra-
dius R, the electron-to-hole mass ratio m,/m,, and the
dielectric constant ratio €,/€, of the semiconductor ma-
terial to the surrounding medium. The dependence of
Byy on the quantum-dot radius R is plotted in Fig. 1 for
a few values of the electron-to-hole mass ratio m,/m,
with a fixed value of €,/€, (=4.0). In the following the
units of energy and length will be taken as the effective
exciton Rydberg (Ry) and the exciton Bohr radius (ag),
respectively, of the bulk semiconductor material. The
binding energy increases as the radius is reduced and this
increase is stronger for smaller electron-to-hole mass ra-
tio. However, as the particle size is reduced further, the
binding energy begins to decrease and eventually becomes
negative. This implies that the exciton-exciton interac-
tion becomes repulsive in a small-sized particle. In a
small-sized particle the increase in the electron-electron
and hole-hole Coulomb repulsion becomes predominant
and cannot be compensated for by the deformation of the
wave function for the four-particle relative motion. The
dependence of Byy on the quantum-dot radius is again
plotted in Fig. 2 for a few values of the dielectric constant
ratio €,/€, with a fixed value of m,/m, (=0.2). The in-
crease of the binding energy is stronger for a larger value
of €,/€,. This is a manifestation of the dielectric
confinement effect. The dependence of Byy on the
electron-to-hole mass ratio is given in Fig. 3 for a few
values of the quantum-dot radius with a fixed value of

05 10 15 20
RIaB

FIG. 1. Dependence-of the biexciton binding energy Byy on
the quantum-dot radius R normalized by the bulk exciton Bohr
radius ap is plotted for a few values of the electron-to-hole mass
ratio m,/m, with a fixed value of €, /€, (=4.0).

f

€,/€;, (=4.0). The binding energy increases with decreas-
ing m,/m, and takes a maximum value at the hydrogen
limit (m, /m;, =0) as in the case of bulk materials.?® The
increasing trend is stronger for smaller particle radius as
a manifestation of the quantum confinement effect. In
Fig. 4, the same dependence is plotted for a few values of
the dielectric constant ratio €;/€, with a fixed value of
R /ap (=1.0). It is again confirmed that the binding en-
ergy depends strongly on the dielectric constant ratio
€,/€.

In order to see more clearly the importance of the
dielectric confinement effect in enhancing the biexciton
binding energy, we plot Byy as a function of the dielec-
tric constant ratio €,/€, in Fig. 5 for several values of
R /ap with a fixed value of m,/m;, (=0.2). The binding
energy increases with increasing €,/€, and the increase is
prominent for smaller quantum-dot size. In Fig. 6, the
same dependence is plotted for several values of the
electron-to-hole mass ratio m,/m, with a fixed value of
R /agp (=1.0). In this case also, the strong dependence of
Byy on €, /€, is demonstrated.

Finally, the variational parameters a, 8, and 8, which
minimize the biexciton energy, will be plotted. In the
variational calculation, the parameter y is fixed to be uni-
ty for simplicity of numerical calculation because the nu-
merical algorithm becomes too time consuming for gen-
eral real numbers of y. However, we confirmed that this
restriction does not bring about any serious error in es-
timating the binding energy and the oscillator strength of
the biexciton state. In Fig. 7 these parameters are plotted
as a function of the dielectric constant ratio €;/€, with
fixed values of R /ag (=1.0) and m,/m;, (=0.2). Here
these parameters are scaled by k9, namely a/k$, B/k9,
and 8/k are plotted. It is to be noted that the parameter

10r me/mp=0.2
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FIG. 2. Dependence of the biexciton binding energy Byy on
the quantum-dot radius R normalized by the bulk exciton Bohr
radius ajp is plotted for a few values of the dielectric constant ra-
tio €, /€, with a fixed value of m,/m; (=0.2).
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FIG. 3. Dependence of the biexciton binding energy Byy on
the electron-to-hole mass ratio m.,/m, is plotted for a few
values of the quantum-dot radius R /ap with a fixed value of
€,/€, (=4.0).

B takes negative values. The parameter & shows a rather
large change compared to a and 8. This implies that the
hole-hole separation is affected much by the change of
the dielectric constant ratio due to the enhanced
Coulomb interaction, while the electron-hole relative
motion shows little change. In Fig. 8 the variational pa-
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FIG. 4. Dependence of the biexciton binding energy Byy on
the electron-to-hole mass ratio m,/m, is plotted for a few
values of the dielectric constant ratio €, /€, with a fixed value of
R /ap (=1.0).

rameters are plotted as a function of the electron-to-hole
mass ratio m, /m, with fixed values of R /agz (=1.0) and
€,/€; (=4.0). As the hole mass becomes lighter, the hole
kinetic energy increases and the hole-hole relative motion
becomes extended. At the same time the electron-hole
relative motion is also affected.

V. OSCILLATOR STRENGTH OF TRANSITION FROM EXCITON TO BIEXCITON STATES

Now that the variational wave function of the lowest biexciton state has been determined and the exciton wave func-
tion in a quantum dot is already obtained in the previous paper,® we can calculate the oscillator strength of transition
from exciton to biexciton states. This oscillator strength will be denoted by fyy and that of the excitonic transition by

fx, respectively. These are given by

2
=———|(XX|plX)|?,
Sxx mOﬁwXX-XKX lplx )|
-2 2
fx mothI(leioﬂ ,

(5.1

(5.2)

where |X ) and | XX ) denote, respectively, the exciton and the biexciton states, m is the free-electron mass, p is the
momentum operator, and #iwy and #iwyy_ y are the exciton energy and the transition energy from exciton to biexciton

states, respectively. The exciton and biexciton state wave functions including explicitly the spin structure can be writ-
ten as

C
|x)= ‘/i S @,(r,r4 )@l 480y, atad pau, 6)10) (5.3)
Torlp
_Cn togt gt gt
IXX)"“T 2 (Dm(rlirZ’ra’rb )(acr‘aacrzﬁ_acrlBacrza )(avraaavrbﬁ—avrnﬁavrba)l()) ’ (5.4)

T1o72 Ty

where the second-quantized form in the Wannier representation is employed, a () represents the spin-up (-down) state,
®, and C, are the exciton wave function and its normalization constant, respectively, and |0) denotes the ground state
of the crystal. Then the momentum matrix element is calculated as
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FIG. 5. Dependence of the biexciton binding energy Byy on FIG. 6. Dependence of the biexciton binding energy Byy on
the dielectric constant ratio €, /€, is plotted for several values of the dielectric constant ratio €, /¢, is plotted for several values of
R /ap with a fixed value of m, /m, (=0.2). m, /m, with a fixed value of R /ap (=1.0).

(XX|plX)=V2C,Cym,, 3 @, (r,ryr,r)®@,(ry,r,), (5.5)

rsry Ty

where m_, ={cr|p|vr ) is the momentum matrix element between atomic Wannier orbitals. This is written more explic-
itly as

— CmCe R . . —&r
vzme [a’r, [dPr, [ dr,j3(kSr i3 (kSry)j3(KSr, rlpe 10

X{exp[ —ar;, —ary, —(B+a,)ry, 1+expl —Br, —Bri,—(a+ta,)ry,, 1}, (5.6)

where v, is the volume of the unit cell, a, is the inverse exciton Bohr radius in a quantum dot, and a, 3, 7, and 8 are

125t
R/ag=1.0
€/€2=4.0
120+
5
ust
K
11 110t
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03 5 ° 05 10
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8 [ S
-osl -os!
&/ me/mp,
FIG. 7. The variational parameters a, 3, and 8 scaled by k¢ FIG. 8. The variational parameters a, 3, and 8 scaled by k¢
are plotted as a function of the dielectric constant ratio €;/€, are plotted as a function of the electron-to-hole mass ratio

with fixed values of R /az (=1.0) and m,/m, (=0.2). m, /m, with fixed values of R /ay (=1.0) and €, /€, (=4.0).
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the variational parameters concerning the biexciton state. A typical integral in (5.6) can be calculated as

fd3’1fd3r2fd3’blo k1"1)J 1’2)Jo(k1rb)"{be

—8ryy—ar;;—Bry,

——(417')6f drlrlf dr2r2f d"b"bjo(kl"l) 2(k 1r2)_]o(k,rb) > I+1DH|(ry,ry;7,8)G(r,r;2)Gi(ry,r3B) .

=0
(5.7)

"~ On the other hand, the momentum matrix element of the exciton transition is calculated as

172
(X|pl0)=m_,7*

2mal (a)

where a =2a, /k° and

I(a)= f dk

where Si is the sine integral function. The biexciton os-
cillator strength fy, will be normalized by the oscillator
strength f, of the band-to-band transition given by

2
fo moE,

lm,, 1%, (5.10)

where E, is the band-gap energy. In the following, how-
ever, we will assume fiwyy y=fioy=E, and will plot
essentially the ratios of the squared momentum matrix
elements as

Fxx/fo=l{XXIplX)2/m2 ,
fx/fo={XIplO)|>/m}, .

In Fig. 9 the normalized oscillator strength fyy/f, is
plotted as a function of the quantum-dot radius for a few
values of m,/m, with a fixed value of €,/€, (=4.0). The
oscillator strength increases with increasing quantum-dot
radius as in the case of excitonic transition.® This is be-
cause the number of unit cells available for coherent exci-
tonic or biexcitonic polarization increases with the parti-
cle size. The increasing trend of the oscillator strength is
stronger for smaller values of m,/m,. In the limit of
vanishing quantum-dot radius, the oscillator strength

(5.11)
(5.12)

€)/E=40 Me/Mh=
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FIG. 9. Dependence of the normalized biexciton oscillator
strength fyx /f, on the quantum-dot radius R /ay is plotted for
a few values of m, /m, with a fixed value of €, /¢, (=4.0).

Z{Sl(kﬂ')-‘[Sl(k+2)77')+sgn(k —2)Si(|k —2|m)]}?

(5.8)

(5.9)

[

should go to zero because there is no unit cell sustaining
the transition dipole moment. Here, however, the plotted
quantities are essentially the ratios of the squared
momentum matrix elements as shown in (5.11) and (5.12)
and we have a finite value (=2.0) of fyy/f, in the limit
of R —0. Actually, the subband energies and wyy_y be-
come infinite, resulting in the vanishing fyy, according to
(5.1). Furthermore, it is interesting to note that in the
limit of R —0, we have

[{xx|p|X )2/I{X|pl0)|*>=1. (5.13)

This implies that the two excitons composing a biexciton
become uncorrelated in a small-sized particle because the
kinetic energy dominates over the Coulomb correlation
energy.

In order to look at the effect of the dielectric
confinement, the dependence of fyy on R is plotted in
Fig. 10 for a few values of €,/€, with a fixed value of
m,/m, (=0.2). The difference due to the change of the
dielectric constant ratio is rather small. In Fig. 11 fyy is
plotted as a function of m,/m, for several values of the
quantum-dot radius R with a fixed value of €,/¢€, (=4.0).
The dependence on m,/m, is rather weak compared to
that on R. The same dependence is plotted in Fig. 12 in

10t melmy=0.2

05 10 15 20
Riag
FIG. 10. Dependence of the normalized biexciton oscillator
strength fyy /fo on the quantum-dot radius R /ay is plotted for
a few values of €, /€, with a fixed value of m,/m, (=0.2).
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FIG. 11. Dependence of the normalized biexciton oscillator
strength fyy/fo, on the electron-to-hole mass ratio m,/m, is
plotted for several values of R /ap with a fixed value of ¢, /¢,
(=4.0).

an expanded scale for a few values of €,/¢€, with a fixed
value of R /ap (=1.0). In this case also the dependence
on €, /¢, is not very strong.

In order to see more clearly the dielectric confinement
effect, the oscillator strength fyy is plotted as a function
of €,/€, with a fixed value of m,/m, (=0.2) in Fig. 13
and with a fixed value of R /ap (=1.0) in Fig. 14, respec-
tively. The dependence on €, /€, is rather weak in either
case. Furthermore, in Fig. 14, fyy begins to decrease
when €,/€, exceeds a certain value. In order to inspect
the reason for this rather weak dependence, we plot the
normalized exciton oscillator strength fy /f, and the ra-

R/ag=10
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FIG. 12. Dependence of the normalized biexciton oscillator
strength fyy/fo on the electron-to-hole mass ratio m,/m, is
plotted for a few values of €,/€, with a fixed value of R /ag
(=1.0). Note that the vertical scale is expanded compared to
that in Fig. 11.
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FIG. 13. Dependence of the normalized biexciton oscillator
strength fyy/f, on the dielectric constant ratio €, /¢, is plotted
for a few values of R /ay with a fixed value of m, /m, (=0.2).

tio of the oscillator strength of the biexciton state to that
of the exciton state fyy/fy in Fig. 15 as a function of
€,/€, with fixed values of R/az (=1.0) and m,/m,
(=0.2). It is found that fy/f, and fyy/fx have oppo-
site dependence on €,/€,, and that as a product of both
factors, fyy/fo is almost constant. The increase in
fx/fo with increasing €,/€, is a consequence of dielec-
tric confinement, which enhances the electron-hole
Coulomb binding. The extent of electron-hole relative
motion shrinks and the spatial overlap between an elec-
tron and a hole increases, leading to the increase in fy.
The oscillator strength fyy is associated with the process
of creating another exciton to form a biexciton when an
exciton is already present. It is proportional partly to the
spatial extent of the exciton-exciton relative motion in
the biexciton state. The hole-hole relative motion, which
gives a measure of the exciton-exciton relative motion,
becomes extended with increasing €,/€,, as seen from &
in Fig. 7. However, since all particles are confined within
a microcrystallite, the spatial extent of the exciton-
exciton relative motion has an upper limit and is not

Rlaaslo
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FIG. 14. Dependence of the normalized biexciton oscillator
strength fyy/fo on the dielectric constant ratio €, /¢, is plotted
for a few values of m,/m, with a fixed value of R /ap (=1.0).
Note that the vertical scale is expanded compared to that in Fig.
13.
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FIG. 15. The normalized exciton oscillator strength fy/fo
and the ratio of oscillator strength of the biexciton state to that
of the exciton state fyy/fy are plotted as a function of the
dielectric constant ratio €,/€, with fixed values of R /ap (=1.0)
and m,/m; (=0.2).

strongly dependent on the dielectric constant ratio €,/€,.
This explains the weak dependence of fyy/f, on €,/€,.
Thus the dielectric confinement is not very effective in
enhancing the oscillator strength fyy. However, since
the oscillator strength for the two-photon generation of a
biexciton state is proportional to the product fyyfy, the
biexciton resonance can be enhanced by the dielectric
confinement effect, namely for a large value of the dielec-
tric constant ratio €, /¢,.

Thus the large oscillator strength of the biexciton reso-
nance is demonstrated in a semiconductor quantum dot.
It is predicted that in order to obtain a large oscillator
strength, it is favorable tc choose a small value of

m,/m,, a large value of R, and an optimum value ofl’

|4
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€,/€,. Since, as mentioned before, our calculation is car-
ried out for the strong-confinement regime, in which the
subband energy spacings of both electrons and holes are
larger than the Coulomb binding energy, the argument of
the increase of fy and fyy with the particle radius
should be restricted within this regime. Actually, the
magnitude of oscillator strength is determined by the
coherence volume of excitonic or biexcitonic polariza-
tion?>*° and in turn the coherence volume is limited by
scattering by phonons and by defects or impurities. Thus
there would exist an optimum particle size for obtaining
a maximum oscillator strength.

VI. NONLINEAR OPTICAL PROPERTIES
AND TWO-PHOTON ABSORPTION
OF THE BIEXCITON

As discussed in the preceding section, the two-photon
excitation of the biexciton state has a large oscillator
strength. Accordingly, the optical nonlinearity via the
biexcitonic state is expected to be enhanced. At the same
time, this nonlinearity arises from the two-photon coher-
ence instead of the population saturation of the excitonic
state and thus it holds a promise of very fast optical
response.

A. Nonlinear optical properties of the biexciton

In this subsection the optical nonlinearity via the exci-
ton and biexciton states will be discussed on the basis of a
three-level model. Hereafter, the ground state will be
denoted by g, the excitonic state by e, and the biexciton
state by b, respectively. Through the perturbation expan-
sion up to the third order as given in Appendix E, we ob-
tain the third-order nonlinear optical susceptibility ¥’ as

1 1

(e =201+ @))F Y g i@y —201)F Y4y (@ —@1)F 7V

1 1

il 1 1
2w, —wy; — 0y, — 01,0,) = — —=
X 1 2 1 pE2 2#43 H(Weg =201+ @)+ 7 i(w,—wy)+7]
X 1 1
i(weg_w1)+7/eg i(wz_weg)+7eg
+ il,ueg|2 |p'be|2 1 1
4#3 (@p, — 20, T @) T Ve i(wy—w))+y)
1 1
Hweg =0+ Yey (0= 0g)t Ve
g i I? 1
4%
ilieg 1* I1t4e 2 1
+
4%

where #iw;;, p;;, and v ;; denote the energy difference, the
transition dipole moment between i and j levels, and the
dephasing rate of the transition dipole moment, respec-
tively, and v} (yf,’) is the population decay rate of the ex-
citon (biexciton) state. The transition dipole moment is
related to the oscillator strength as

[ (0p =20, F0))F ¥y, i(0p—20))F Yy (05 —0)F7,

) 6.1

[
2 'ﬁez

T UR (6.2)

ij
The first two terms in (6.1) arise from the saturation of

excitonic population, whereas the remaining two terms
arise from the nonlinearity via the two-photon coherence
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of the biexciton state. In order to see the two-photon res-
onance with respect to the biexciton state, we introduce
the off-resonance A, defined by

27A=#(20, — ) - (6.3)
Then other off resonances are given by

@, —@)=Byy/2—#A , (6.4)

flwy, — )= —Byy /2—#A (6.5)

where Byy is the biexciton binding energy given in (4.1).
Thus the one-photon resonance appears at iA=+By, /2.
In the following we consider the degenerate case, i.e.,
0=, 0.

In order to see the typical behaviors of the third-order
susceptibility ', we scale all the off-resonance energies
and the relaxation constants in terms of y,,, and choose
the following typical values:

YbEZYeg’ ng/‘}/egzo'IYI'O’ 'Vﬁ/l}’eg=o'1’

5 N (6.6)
|tpe |*=tteg 1>, Byy /%y s =5.0 .

The frequency dispersion of y'* for Yog/Veg=0.1 is
shown in Fig. 16, which shows a resonance at the two-
photon transition (A=0) and two resonances at the one-
photon transition (#AA==Byy/2) corresponding to
®=w0,, and o,,. It is interesting to note that the frequen-
cy dispersion at the two-photon resonance is opposite to
that at the one-photon resonance (#A=Byy/2). The
imaginary part of x'*’ at the two-photon resonance is pos-
itive and the real part changes its sign from negative to
positive when the frequency is scanned from above,
whereas the imaginary part of y'* at the one-photon res-
onance is negative and the real part changes its sign from
negative to positive when the frequency is scanned from
below. These features of frequency dispersion can be un-
derstood qualitatively from (6.1). The frequency disper-
sion around the one-photon resonance at v =w,, is deter-
mined dominantly by the first term of (6.1) and can be
written as

_ il:u’egl4 27’eg 1
2ﬁ3yﬁ’ (=@ P +ryE (05 =)ty

(6.7)
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FIG. 16. Frequency dispersion of Y. The parameters are

* given in the text. A=0 corresponds to the two-photon reso-
nance with the biexciton state and A=1Byy /(2%) (=1+2.5y,,)
to the one-photon resonances, respectively.
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Similarly, the frequency dispersion around another one-
photon resonance at ® =w,, is contributed mainly by the
second term of (6.1) and is approximated as

i|:u‘eg|2 |.u'be|2
4ﬁ3y§

2Y o 1
(0— w4 )2+1’§g oy =)+ 74,

(6.8)

On the other hand, the frequency dispersion around the
two-photon resonance at 20=w,, is determined by the
third and fourth terms of (6.1) and can be approximated
as

ilpteg | [ptpe I? 1 1

47 (Byy /287 +7%,  (iByy /20ty )
1

i(@pg —20)+FY g

izly’eg |2 |,u'be |2

= 2

1
i(0pg —20) Y4,

, (6.9)

where we assumed that By /% P>V and Yy, =Y,,.
From the sign of prefactors in front of the last complex
Lorentzian factors in (6.7)—(6.9), it is seen that the fre-
quency dispersion around the resonance at 0=, is Op-
posite to those around the resonances at ®=w,, and
2w0=wy,. This feature is independent of the sign of the
biexciton binding energy Byy. The only difference due to
the change of sign of Byy appears in the order among
three resonances on the frequency axis. In the case of
positive Byy, we have wp, <wp, /2 <., Whereas for the
case of negative Byy, i.e., when the exciton-exciton in-
teraction is repulsive, we have Bop <Wpg /2 <wp,. The
schematic frequency dispersions around these resonances
are plotted in Fig. 17.

The two-photon resonance is sensitive to the value of
Vsg- In the case of y,, /vy, =1.0, although not shown
here, the two-photon resonance at A=0 is smeared out
by the broad background of the one-photon resonance at
#IA=Byy /2, while the other parts of the frequency
dispersion are almost identical to Fig. 16.

R ———
Im—

Ba>0

\ve NS W w
Woe  Wng/2

Br<O

ANIN/AN 74N
N/ VT e
Weg  Wpg/2 Whe

FIG. 17. Schematic representation of frequency dispersion of
X' around the one- and two-photon resonances for positive and

negative values of the biexciton binding energy Byy. The real
(imaginary) part is shown by a dashed (solid) line.
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For the absorptive optical nonlinearity, the most ap-
propriate figure of merit representing the efficiency of op-
tical nonlinearity is ¥>’ divided by the product of the ab-
sorption coefficient @ and the exciton (or photocarrier)
lifetime 7. Denoting the incident power density and the
number density of photoexcited carriers by I and N, re-
spectively, the nonlinear change of a is related to the
imaginary part of x'> as

a=ayta]=ay+oN , (6.10)
2
ay =220 1™ | 6.11)
€oC
o="12 (6.12)
aoT

In the same way, the associated change of the refractive
index n is related to the real part of x>’ as

n=ng+n,I=ny+yN , (6.13)
2
ny,= Ly Rex'¥ , (6.14)
€oC
Fiw
=—n, . 6.15
n aOT n2 ( )

Here o and 7 represent, respectively, the change of a and
n per one electron-hole pair, or an exciton in a unit
volume, and have dimensions of area and volume. The
derivation of these relations is given in Appendix F.
Thus ¥'¥/ayr is a fundamental quantity describing the
efficiency of absorptive optical nonlinearity. The carrier
lifetime 7 is in general dependent on the carrier energy.
Hereafter, however, we ignore the energy dependence of
7 and calculate ¥'*'/a,. As for the absorption coefficient
a, we take a model form combining the Lorentzian
shape in the higher-energy side and the Urbach tail in the
lower-energy side, namely

1 Yeg
T (0= Wy )2+y§g ’
aglw)=

> 0y

(6.16)

exp(— |0 — 0| /7)) ©<o, .
e

The results are shown in Fig. 18. In the case of
Ybg /Y eg =0.1, sharp structures are seen at the biexciton
resonance. The figure of merit |x*|/a, at the two-
photon resonance is about twice as large as that at the
one-photon resonance, although the magnitude of x'* it-
self at the two-photon resonance is smaller than that at
the one-photon resonance. Even when the dephasing rate
Y bg 18 increased (¥ 4, /¥ 5, = 1.0), the figure of merit at the
two-photon resonance is still comparable to that at the
one-photon resonance, as shown in Fig. 19, although the
above sharp structures are smeared out. Furthermore,
the response time of optical nonlinearity via the two-
photon coherence of the biexciton state is determined
mainly by the dephasing constant y,, and is expected to
be very fast because the saturation mechanism of exciton
population is not relevant. These features demonstrate
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Figure of merit(arb. units)

FIG. 18. Figure of merit of the third-order optical nonlinear-
ity ¥ /a. The parameters are the same as in Fig. 16.

most clearly the advantage of two-photon resonant exci-
tation of the biexciton state in enhancing the optical non-
linearity.

B. Two-photon absorption of the biexciton

As mentioned in the preceding section, the oscillator
strength of transition from exciton to biexciton states is
very large in semiconductor microcrystallites. As a
consequence, the two-photon absorption coefficient of the
biexciton can be also enhanced. Experimentally, one of
the most direct evidences of the biexciton state is the ob-
servation of two-photon absorption. The two-photon ab-
sorption coefficient is related to ¥*Nw;—w, —w,),
narhely

47w

Wlmx(3)|E(w)|2 .
0

alw)= (6.17)

Around the two-photon resonance, 20 =y, x“ ) can be
approximated as given in (6.9),
i2|.u'eg |2 Il“'be !2
%Y bg Bix
where N is the number density of semiconductor micro-
crystallites. As seen from (6.17), the two-photon absorp-

tion coefficient is proportional to the incident power
I(®). Thus a more fundamental quantity which depends

X0 =wy,) = N, (6.18)

Figure of merit(arb. units)

FIG. 19. Figure of merit of the third-order optical nonlinear-
ity x'*/a. The parameters are the same as in Fig. 16 except
that 7, /7 =1.0.
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only on material parameters will be introduced by

(6.19)

where I(w) is given in (F7). This is exactly equal to
a,(®) in (6.11). K,(w) is positive definite because Imy‘*
is positive, as given in (6.18). The values of K, will be
given for typical materials in the next section.

VII. TYPICAL MATERIALS

Finally, we will discuss some typical materials which
are promising for observing the biexciton state in micro-
crystallites. The first candidate is the CdS;_,Se, mixed
semiconductor microcrystallites embedded in a glass ma-
trix, which seem to be realized in a semiconductor-doped
filter glass. For CdS microcrystallites in a glass matrix,
the relevant parameters are given as®!

me/mh.=_0.24, 61/€2§3.8, fo%8.14 . (7.1)

For a particle radius of R /ag =1, i.e., R =30 A, the biex-
citon binding energy Byy is estimated to be about 56
meV. This binding energy is about 14 times as large as
that in bulk CdS (Refs. 32 and 33) and is sufficient to en-
sure the stability at room temperature. The oscillator
strength of the exciton and biexciton states are calculated
as

Fx/fo=5.2, fxx/fo=4.1. (7.2)

Another example is a GaAs mlcrocrystalhte in vacuum
with the relevant parameters

m,/m;,=0.14, €,/€,=12.6, f,=19.0. (7.3)

Actually, this type of sample is realized in GaAs quan-
tum disks patterned by electron-beam lithography,® in
GaAs quantum boxes patterned by focused ion beam3®
and in GalnAsP/InP quantum-box structures fabricated
by holographic lithography, 37 although the surrounding
medium is not vacuum in these cases. For a particle ra-
dius of R /az=0.2, i.e., R =27 A, we obtain

BXX%46 meV, fx/f0%2.6, fxx/f0%2.3 .

This binding energy is about 90 times as large as that in
bulk GaAs (Ref. 29) and about twice as large as the
thermal energy at room temperature (kg T ~26 meV).

The third candidate is a CuCl microcrystallite embed-
ded in a NaCl matrix with the relevant parameters’!

m,/m;,=0.22, €/€,=2.3, f,=590.

(7.4)

(7.5)

The small-angle x-ray-scattering data reveal that the
shape of CuCl microcrystallites is flakelike rather than
spherical.®3 These microcrystallites may more ap-
propriately be called quantum disks than quantum dots.
However, the effect of microcrystallite shape on the biex-
citon binding energy and on the optical properties may be
small, as long as the microcrystallite size is larger than
the exciton Bohr radius or the biexciton radius. This
seems to be the case for actual samples of CuCl micro-
crystallite in NaCl. For a CuCl particle with radius of
R /ag=3,i.e., R =20 A, we estimate
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Byy=114 meV, fy/fo=28.6, fyx/fo=22.4. (7.6)

This binding energy is about 3 times as large as that in
bulk CuCl (Refs. 40 and 41) and is much larger than the
thermal energy at room temperature. This favors a CuCl
microcrystallite as being one of the most promising sam-
ples for observing the biexciton state in microcrystallites.
Most recently, Itoh*? has observed successfully the biex-
citon state in this material and has obtained the biexciton
binding energy of the same order as the predicted value.

Now the third-order nonlinear optical susceptibility
x® will be calculated based on the formalism presented
in the preceding section. Since the magnitude of y*' de-
pends sensitively on the relaxation constants, we must be
careful in choosing the values of them. In the following,
the longitudinal relaxation constant y| of the exciton
state is identified with the inverse of radiative lifetime,
namely

. 2ne’w

Y= 3Imy 3fX . (7.7

The dephasing rate y,, can be determined from the
homogeneous linewidth of the excitonic absorption spec-
trum. However, the other dephasing parameters y,, and
Vb are not well identified experimentally even in bulk
materials. For CuCl crystals, the relaxation parameters
Veg» Vbe» and v,, were determined through line-shape
fitting of the resonant-Raman scattering spectra.*> Thus,
for the purpose of order estimation, we employ the fol-
lowing values, #y,, =#y,, =1 meV, and #iy,, =0.1 meV,
commonly for three materials. We found that the magni-
tude of x'¥ is not very strongly dependent on these pa-
rameters around the above values. Employing a typical
particle number density N of 10'3 cm™3, we estimated the
magnitude of '3 for both the one- and two-photon reso-
nances and listed the results in Table I. x'*) values at the
one-photon resonance are quite large and comparable to
that of GaAs quantum-well structures.** On the other
hand, y‘* values at the two-photon resonance are of the
order of 107°-1077 esu. As mentioned before, the mag-
nitude of x'*) is proportional to the square of the oscilla-
tor strength and in turn the oscillator strength is deter-
mined by the smaller value of the microcrystallite volume
and the coherence volume. Since, at the same time, the
magnitude of ¥ is proportional to the particle number
density, it may be possible to realize a ¥*’ value of the or-
der of 0.1 or 1 esu by choosing an optimum particle size
and by increasing the particle number density.

The two-photon absorption coefficients of these materi-
als are estimated by employing the dephasing constant
#iy pg 0f 0.1 meV in (6.19) and are listed in Table I. These
values will yield an easily measurable absorption
coefficient for an incident power of 1| MW/cm?. The es-
timated value of K, for CuCl microcrystallites is about
an order of magnitude smaller than the observed values
of K, for bulk samples of CuCL.**% However, in con-
sideration of the small volume fraction of microcrystal-
lites about 0.1%, a dense packing of microcrystallites will
possibly lead to a 2-order-of-magnitude enhancement of
K, over the bulk value.
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TABLE 1. Material parameters and theoretical estimates of
the biexciton binding energy Byy, the third-order optical non-
linearity x‘*’ at the one- and two-photon resonances, and the
two-photon absorption coefficient K, for typical semiconductor
microcrystallites.

GaAs Cds CuCl
in vacuum in glass in NaCl

m,/my 0.14 0.24 0.22
el/Eg 12.6 3.8 2.3
R (A) 27 30 20
R/ay 0.2 1.0 3.0
Byx (meV) 46 56 114
Byy (bulk, meV) 0.5 44 34
X' (esu)

(one photon) 1.0x1073 6.8X1073 2.1x107*
X(3) (esu)

(two photon) 1.3x1077 7.7X107° 1.2x10°%
K, (cm/W) 4.2X107° 1.7X107° 7.2X107°

VIII. CONCLUSIONS

Biexciton states in semiconductor quantum dots are in-
vestigated variationally and dependences of their binding
energy and oscillator strength on the quantum-dot radius
(R), the electron-to-hole mass ratio (m,/m,), and the
dielectric-constant ratio (€,/€,) are clarified for the first
time. Most importantly, the significance of the dielectric
confinement effect in enhancing the biexciton binding en-
ergy and the oscillator strength is demonstrated. It is
found that in order to obtain a large biexciton binding en-
ergy it is favorable to choose an optimum value of R, a
small value of m,/m,,, and a large value of €,/€,. On the
other hand, in order to obtain a large oscillator strength,
it is advantageous to choose a large value of R, a small
value of m,/m,, and an optimum value of €,/€,. For
typical materials which are promising for observation of
the biexciton state in microcrystallites, the values of the
biexciton binding energy, the third-order nonlinear sus-
ceptibility ¥*), and the two-photon absorption coefficient
K, of the biexciton state are predicted theoretically.

A paper by Banyai et al.*’ has recently appeared
which discusses the nonlinear optical properties of the
biexciton state in semiconductor quantum dots. In their
paper the biexciton binding energy is not given explicitly
and its dependence on physical parameters is not exam-
ined systematically. We would, however, like to mention
a few words on the results found by Banyai et al. in com-
parison with our results. They conclude that in the
moderate confinement regime the biexciton energy is
larger than twice the exciton energy, even when the
dielectric effect is included; namely, the biexciton binding
energy is negative. The moderate confinement regime is
specified by

o R 1

<—< s
140 az 140

where o is the electron-to-hole mass ratio, and ay is the
exciton Bohr radius. For realistic values of o, the above
range is overlapping with the range discussed in the
present paper. Thus their conclusion that the biexciton
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binding energy is negative in the moderate confinement
regime is contradictory to our result. Their calculation
in that regime is based on the adiabatic approximation, in
which the holes are assumed to be moving in the average
Coulomb potential due to the strongly confined electrons.
Furthermore, they introduce a harmonic approximation
for the effective hole-hole potential. These approxima-
tions lead to an oversimplification of the problem and are
likely to discard the important part of correlation energy
among electrons and holes, which may lower the biexci-
ton energy. On the other hand, our variational approach
treats all the energy terms on an equal footing without
any approximations, at the cost of more involved algebra.
Thus, the above discrepancy may arise from the
difference in the theoretical approach. However, we be-
lieve that our results are more reliable than theirs because
our variational approach has not introduced various sim-
plifying approximations.

In our variational wave function, only the lowest sub-
band levels are included as the envelope function associ-
ated with the electron-hole four-particle correlation func-
tion. This type of variational wave function is. usually
thought to be applicable only for the strong confinement
regime. However, we found, surprisingly enough, that
the variational wave function including only the lowest
subband levels gives a very accurate estimate of the exci-
ton energy, not only for the strong confinement regime,
but also for the intermediate and even for the weak
confinement regimes, in particular, for the particle radius
up to several times the exciton Bohr radius. The
difference in the energy eigenvalue from the result of a
more elaborate calculation which includes many of the
higher subbands is only a few percent, although in the
eigenfunction the higher subband states begin to contrib-
ute substantially at the particle radius of a few times the
exciton Bohr radius. Thus, for the biexciton state also,
the present variational wave function is expected to give
a very good estimate of the energy eigenvalue even for
the intermediate (moderate) confinement regime.

Banyai et al. also discuss the effect of the dielectric
constant difference between the semiconductor particle
and the surrounding medium. They say that the absence
of the dielectric effect causes the increasing difference be-
tween the biexciton energy E, and twice the exciton ener-
gy 2E,. In our understanding, the dielectric effect causes
the enhancement of the Coulomb interaction and conse-
quently increases the exciton and also the biexciton bind-
ing energies as long as the dielectric constant of the semi-
conductor is higher than that of the surrounding medi-
um. Since in the case of Banyai et al. the biexciton bind-
ing energy is negative, we can assume that the absence of
the dielectric effect raises the biexciton energy by an
amount more than twice the increase in the exciton ener-
gy and hence causes the increasing E, —2E,.
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APPENDIX A: EXPRESSIONS OF G,, F;, H;, P, AND G/
G, is defined by
G,(xa,xb;a)=f0°°dk kg (k,a)j(kx, )j;(kx,) (A1)
with

a

(k,a)=—F——5 >
g (k2 + a2
where j; is the /th-order spherical Bessel function. Noticing the relation j,(x)=%[h,(”(x)+h }2(x)] and making use of
the analyticity of #{!(A{?) in the upper (lower) half-plane of x, we obtain

(A2)

G,(xa,xb;a)=—4%[!1,‘”(1’:7“> Viliax ) +iax . bV iax jliax ) +iax ch\Piax . )jjliax )], (A3)

where x . =max(x,,x,) and x . =min(x,,x,). These spherical Bessel and Hankel functions for pure imaginary argu-
ments can be written in terms of modified Bessel functions. However, it is more convenient numerically to rewrite them
by the following expressions:

Jitix)=(2ix) TR O (x), h‘”(ix)=iH,R‘°>(x)/(2ix)’+‘ (A4)
Jlx)=ix) TR D(x), h{V(ix)=iHF V(x)/(2ix) 12, (A5)
Jlix)=(2ix) TR D(x), h{V"(ix)=iHF P (x)/(2ix)' T3, (A6)
and so on. The explicit expressions of JR k)(x) HR¥(x) (k =0,1,2,. .. ) are given in Appendix B. Then we have
1
1 X< R(0) R(0) R(1) R (0)
Gy(Xg,xp50)=—— H J} +1[H J,
1(Xg,xp50) Srax. | x. {Hi*(ax ) (ax )+ H ax )W) P ax )
+HEOax IR Dax )]} . (A7)
Similarly, the function F;, defined by '
F,(xa,xb;a)=f0°°dk k2f (k,)j(kx,)j(kx,) , (A8)
with
1
(kya)=——, (A9)
! 214k +a?)
is calculated as
!
X
- SoT s U Ve (A10)
The function H, defined by
H,(x,,,x,,;y,a)=f0°°dk k2h (k,v,8)j,(kx,)j,(kxy) (A11)
with
h(k,y,8)=L217) L1 , (A12)

27k | (8—ik)*>TY  (8+ik)*TY

can be calculated in the same way as above for non-negative integers of y. For y =0, H;(x,,x,;0;8) reduces exactly to
G(x4,x,;0). For example, we find

!

X <
H\(xg,%p31,8)=— 32162 1+1{4[H1 W(8x WP (8x ) +HFO8x IRV (8x N+HFP8x , TR O8x L)
+2HR V(xR V(8x )+ HRO(8x , R P (8x )}, (A13)
Hj(x,,%,;2,8)= 64183 1+1{6[H, 2(dx )J, Odx ) +2HR M (8x IR V(8x ) +HRO5x , IR P(8x )]

+HR3(5x . )JR‘O( O H3HLP(8x TR N(8x ) +3HF V(xR P (8x )
+HROSx , )JTRP(8x )} . (A14)
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More generally, for non-negative integer values of 7, setting n =2-+7v, we find that

B . . _ (=" d"” () .
fo dk k2h (k,y,8)j(kxg )jykxy )= == dS”_‘[Sh (idx . )j(idx )], (A15)
and we can derive that
"R i8x . )jy(idx )] = —— xl LS CHRY(Bx IR (6x )
dsn 28)" x I+1 2r=0
n—1
+n S, CHRP(Sx IR 170(6x ) | . (A16)
r=0

Now it is easy to derive a formula for P, defined by
P,(xa,x,,;y,a)=f0°°dk k3h (k,y,8)j](kxy)j(kxy) (A17)

with the same function 4 as given in (A12), if one notices that

—1)* n—1
(471r) di ;sn—l[5”1(”“5">)J'1(i5x<)], (A18)

where 7 is a non-negative integer and n =2+y. After some manipulation we get a general formula
!

Pl(xa!xb;y: zh(k"}/’s)jl(kxa)jl(kxb)z

di'a :;n[“"’hz(”“s"a)fz‘mb)] (2;) —% %éoncr[er’“”(Sxa>+%H1R(’+”(5xa)]Jf“”‘”(axb>
+n'f;l,,_xc,[rH,R"’wxa)+%H,R"+”(ax,,)]J,Rw'l—')(ax,,) (A19)
r=0
for x, > x,, and »
d_d’ ——[8h{V(idx,)j(i8x,)]= 1 -)-C—al;i {l i LCIPTRO(8x, )+ LIR D (8x ) IHE ™ ~(8x,)
dx, d&" 28 x[ 1|2 &, 2
1S C IR (Sx,)+ LR (6x ) JHR® 1 (8x,) | (A20)

r=0
for x, <x,. Using these formulas, P;(x,,x,;v,8) can be calculated straightforwardly. For example, for y =2, we have

P,(xa,xb;2,8)=f0°°dk k3h (k,2,8)j](kx, )j,(kx,)
l

32183 ~(6LHR (8, R O(8x, )+ HR V(5x,)IR V(8x,)]
i
+3[LH D (8x, R O(8x, )+ 2HR P (8x, )V (8x, )+ HF V(8x, )T P(8x,)]
+ A HR (xR O(8x,)+3HE P (8x, )R V(6x,)
+3HR D (8x, )R P (8x,)+HRV(8x, TR (8x,)1} (A21)
for x, >x,, and
1—1
3271783 ST SR B, HE o, )+ I3, JHF V(5,)]
+3[TRPU8x, ) HR ©(8x,)+2JR P (8x , )HR V(8x, )+ IR V(8x, ) HE P (6x,)]
+1[JR(4)(8X )HR(O be)+3JR‘3’(8x )HR(I)(sxb)+3JR(2 (6)6 )HR(Z) Bx,,)
+JIJRD(x VHE(8x,)]}  (A22)
for x, <xj.

In a similar way we can calculate G;"(x,,x,;a) in (3.50). Here we derive the expression for a more general integral
defined by

© 3
Gy (X Xp30) = fo dkmf—_;f)—z—jn(kxa Vi, (kxy) (A23)
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where integer numbers n and m are different by an odd number. We note that G,,,,,il(xa,x,,;a)=G,,i(xa,xb;a). The
above integral is calculated as
m

x
—%(21‘(1)"' —"*‘—n—”ﬁ{m,{“m(ax,, WROWax, )+ L HEV(ax, TR O ax,)+HE O(ax, TR V(ax,)]} (A24)
xH
for x, > x,, and
n
—%(21’&)"""’~1 (2RO ax  )HR O ax, )+ L[TR D(ax, ) HR Oax, )+ TR O(ax, ) HR V(ax, )]} (A25)
x

b
for x, <x,.
APPENDIX B: SPHERICAL BESSEL AND HANKEL FUNCTIONS FOR PURE IMAGINARY ARGUMENTS

In this appendix, a numerical algorithm to calculate the spherical Bessel and Hankel functions for pure imaginary ar-
guments is presented. From the power-series expansion of the spherical Bessel function?’

- (=1D)"™n+m) ,,

WA= X ot om0 B
we find
N h = (n +m)xm
Jalix)=(2ix) m2=0 mi2n +2m 10 ° (B2)
0 2m
Jatix)=2Q2ix)" ' 3 (n +mN2m +n)x (B3)

m!(2n +2m +1) ’

m=0
and
ey e & (m+m)2m +n)2m +n —1)x?"
V(ix)=4(2ix)" "2 3 .
I =420 3 mi(2n +2m + 1) BY

More generally, the pth derivative of the spherical Bessel function is given by
JPix)=(2ix)" “PTRP)(x)
(n +m)2m +n)2m+n—1)---2m +n—p +1)x>"

—Qix) P2 S

_—0 m!(2n +2m +1)! ’ (B5)
and JRP)(x) is defined by this expression.
With respect to the spherical Hankel function, it is convenient to start from the power-series expansion®’
. =3 +r |
A D(g)y=(—jr 18- (n L
n @=(=D z EO ri(n —r)! |2z (B6)
Then we have
. 2ie ™ & (2n—r)
h(]) —_ r
= e 2 i = 2 ®7
o 4ie™ L (2n—r)
h(l) — _ r
a o (ix) i) P2 rg() T p— (x +n—r+1)2x)", . (B8)
and
by 8ie™* & (2n—r)
(1 - 2 _ - —
h, " (ix) EYRYES] rgo r!(n—-r)![x +2n—r+x+(n—r+1)n—r+2)](2x) . (B9)
More generally, we can derive
ITR(p)
B0 gy = T0X)
n (2ix)n+p+1
i(—2p*le™™ 2 Qn-—rt ., -
= + —r+ Pl ...
(2ix)r TP Tl 20 ri{n —r) [xP4, Cilm —r +1xP 70
+,C(n—r+1)(n—r+2)- - (n—r+k)x? 75+ ...
+(n—r+1)n—r+2)---(n—r+p)j(2x), (B10)

and this expression defines HR P(x).
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APPENDIX C: INTEGRAL OF PRODUCTS OF THREE AND FOUR SPHERICAL HARMONICS

The integral of product of three spherical harmonics can be written in terms of the Clebsch-Gordan coefficients as?®

(Lml|l',m", 1", m") = [ dQ Y3, ()Y}, ()Y}, (Q)

1/2
=8t (214:(12);2_*{1T1)‘ (1,017,0,1",0){ L, m|l',m", I"",m" ) . (C1)
This is equivalent to the formula
Y, ()Y, (Q) st (@htbehty 1/2<10|1 0,15,,0){1,m|l 1y,my )Y, (Q) (C2)
m m = ) 1°Ys82, m 9m1’ 2)m2 I ’
fim T my =) 4m(21 +1) ! "

where m =m |+ m,. Making use of this formula twice, we can calculate the integral of product of four spherical har-
monics as

(yymy,Lymsylly,my,lym)= [dQ Y, (@Y, (DY, ()Y, (Q)

(21, + 102+ 1)1 +1)(21,+1)]7?

Oy tmamytm, 2 4m(21 +1)

X( 1,0“1,0,12,0)( l,mlll,ml,lz,mz >( I,O|I3,O,l4,0>< I,m]l3,m3,l4,m4>,
(C3)

where m =m,+m,=m;+m, and the sum of / is implied over the common interval of (|I,—1I,|,/;+1,) and
(Il3—l4|,l3+l4).

APPENDIX D: EXPRESSIONS OF G|, F;, AND G/t FOR NEGATIVE EXPONENT

The calculation in Appendix A ic carried out assuming implicitly that the exponent a is positive. However, the ex-
ponent can take a negative value, as mentioned in the text. Thus we have to extend the formalism in Appendix A to the
case where the exponent is negative. In this case the Fourier transform is not well defined because of divergence at the
infinity. However, since the interparticle distance P = lr,. —frj| is less than the diameter of a quantum dot, i.e., 2R, we
can restrict the Fourier integral from O to 2R and obtain a finite integral. Then the function g (k,a) is replaced by

g (k,a;R) given by
2R )
. =(2 -3 2, —ar ikr
g(k,a;R)=(2m) fo dr rle fdﬂe

1 a Re 2R i o | e 2R sin2kR
=— - - R +cos2kR | — ——5——— +Hla?—k?)—=—
2 | ka2 ke ksm2k cos TR acos2kR +(a*—k*) 2k , (D1)
where the first term in the square brackets corresponds to g (k,a). Similarly f (k,a) is replaced by
. . _ —3 2R ze'“’ iker — 1 1 _ e_zaR a . »
[t R)=2m)7° [ Tdr r?S— [dQe =57 | Tihg kit |k SM2kR FeoskR | | . (D2)
Then we have
w 5 (—4a*x,x,)
fo dk kg (k,a; R)jy(kxg )i (exy )= Gilaxg,xp30) +O( —a) —— ==
X (IR O alx WRO(alx,)+ L TR V(lalx, TR O alx,)
+IR O alx TR V(lalx,)1} (D3)
and
o 5 lal(—4a?x,x,) RGO R
fo dk k*f (k,a;R)j,(kx, )j,(kx,,)=F,(x,,,x,,;a)+e(—a)——TJ, O(lalx, RO alx,) , (D4)

where O is the Heaviside step function and G; and F; are given in Appendix A. It is quite interesting to note that these
integrals are independent of R, although the integrands are dependent on R. Another integral which is necessary in the
variational calculation is given by
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fowdk k3g (k,a;R)j, (kx,)jm (kxy)= G, (x4, %,;0)+O( —a)ﬂ%‘(Zilalxa (2] et|x, )™
X (TR O alx TR O(alx, )+ HIR D (|alx, WRO(|alx,)

+IRO(|alx, TR V(|alx, )]}, (DS)

where G, ,, (x,,x,;@) is given in Appendix A.

APPENDIX E: DERIVATION OF THE THIRD ORDER NONLINEAR SUSCEPTIBILITY x‘*’

The third-order nonlinear optical susceptibility x¥'* is calculated employing a three-level model for the exciton-

biexciton transitions. Hereafter, the ground state will be denoted by g, the excitonic state by e, and the biexciton state

by b, respectively. The equation of motion for the density matrix is generally written as*®
p=—é[H,p]+Fp. (E1)
The equations of motion for matrix elements are written explicitly as
. zE( )
Peg =( T W T Ve )peg [.u'eg(pgg " Pee )+:u'ebpbg I, (E2)
. iE (1)
Pgg =Yﬁpee + # (y‘gepeg T HegPge ), . (E3)
P e b lE( ) _
Pee ="V Pee TV Pos 2 (HegPge ~HgePeg T HebPre ~HbePeb) 5 (E4)
. iE (1)
Pob = —'yf\’pbb + % (LpePeb —KebPoe) 5 (ES)
. iE (t)
be =( —i@pe — Ve IPpe T T[.u'be(pee “Pob )_:u‘gepbg] ’ (E6)
. . iE (1)
pbg=(_lwbg_‘ybg )pbg+T(.u'bepeg —:u‘egpbe) ’ (E7)

where ;; and yu;; denote the frequency difference and transition dipole moment between i and j levels, respectively, and
y; is the dephasing rate of the transition dipole moment ;. The trace of the density matrix is conserved, namely

Peg tPeetP=1. (E8)
For an electric field E given by

E(M)=E(w)e “"+E(w)e “+cc.], (E9)
we expand each matrix element in powers of E as

py=pD+p P +pP+ -, (E10)

with the initial condition that pgg)(O)—l and other matrix elements are zero. By the successive iteration of the pertur-
" bation expansion with respect to E,*’ we obtain

. l.u’e t .
p(eé)(t)——%-g—fodfexp[( —Ye Nt —T)E(7T), (E11)

pP(t)= —2— !'ueg fdtlf dtyexp[ —v{(t —t ) H(—iwg =V o Nty — 1) E (2 )E(2;)

|Meg

+ fdz,f dtyexpl —y{(t —1))F(iw,g =V g 8, —1,)]E(t))E(t,) (E12)
P = —Pe: » (E13)

p2At)=— ””"““ fdtlf dtyexpl(— g, — V5t —11)F(— i — 7 o N1, —1)1E (£ )E (1) , (E14)



P(3)=Trl“‘p(3)—”gepeg)+ll’ebpbe)+c c. .

Extracting the polarization component with the time dependence of e

susceptibility by
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p(ez,)(t)=—2|f—t£§il—z—lﬂfotdtlfotldtzfotzdt3exp[(—lweg—yeg)(t—tl)‘—yﬁ(tl——tz)
F(~iwg =Yg Nty —t3)1E(2t))E (£,)E(t5)
—il"%z"ifo’dhfot‘dtzfo'zdt3exp[<—meg—yeg)u—tl)—yﬁ(tl-—m
F (i@ =V Nty —13)1E (8 )E (2,)E (23)
*il[ubeﬁ#fotdtlfolldtzfotzdt3exp[ (—iweg— Y og Mt —11)F(—icyy =4 Mt —1;)
F(—iweg =V g\t —13)1E (8)E (1,)E (13) , (E15)
ph()= Mfdtlf dtzf dts expl(—iop =75 Mt =)=yl —ta)
F(—iweg — Ve Nt —13)]E (£)E (£,)E(23)
'—'“—"‘L"ﬂf at, [dty [ desexpl(—iop =75 )Nt =)=yt 13)
F (i@ — ot —13)1E (1) E (£5)E (£;)
+iﬁf&ﬁlj—@e—fotdt,fotldtzfotzdt3exp[(*iwbe—ybe)(t—t1)+(—iwbg—'ybg)(t1—12)
F(—iweg =Y g Nt —13)1E (£))E (£,)E (t3) . (E16)
The third-order nonlinear polarization is given by
(E17)

—i(2w,—w,)t . .
1727 we define the third-order nonlinear

P(s)(zwl_m2)=%[x(3>(2w1—a,2;—a)l,—ml,mz)E(w,)E(a)l)E*(wz)e_i(zw‘_mz)t%-c.c.] . (E18)
Then we have
ilprgg|* 1 1
BN 20— @y — @y, — @, @y) = — ——=
X 1 2 1 12 2#3 (@ =201+ @)+ 7 i(w,—wy)+7)
1 1
@ —0)) TV (0= @) +7,
_ il:u'eg| |y‘be|2 1 1 1
A% (@ =201+ @)+ Vo iy —201)F Yy i@ —01) 7,
4 il o 12| e |I* 1 1
4#° i(@p =20, @,) 7y, i(0,— @) +7]
1 1
H@gg=01) Ve (0= We)+ Ve
il1tg 1211y I 1 1 1 (E19)
4% (@ =201+ @) Ve i(@py—201)F Yy i(Wgg—@0)) Vg

APPENDIX F: RELATIONS AMONG Rey'?,
Imx‘”, Ray Ay Neps AND O eh

The relations between the real and imaginary parts of

x'¥ and the nonlinear changes of refractive index 7, and

[

of absorption coefficient o, per one electron-hole pair in
a unit volume are derived. For a monochromatic electric
field given by

E(t)=1[E(w)e "“'+c.c.], (F1)



10230

the third-order nonlinear polarization is written as
PR()=1[PPw)e *'+c.c.], (F2)

and the third-order nonlinear susceptibility y'*(w) is
defined by

P3¥(0)=xy*0)E (0)E (0)E*(®) . (F3)
The dielectric constant is given by
e=1+4my'Nw)+4my'0)|E (0)]?
=¢, 4y P(w)|E(0)|?, (F4)

where €, is the linear susceptibility. Then the refractive
index n is defined by the real part of the square root of €
as

277.X(3)
n

n+ik=Ve=n,+ (w)]E(w)|2 , (F5)

0
with ny=(¢€y)!”2. When ¢, is assumed to be dominantly

real, we have
(3)
n=nyg+2TRX @)\ g 2mp 4n, 1, (F6)

ng

where I is the incident power per unit area given by
— ¢n
=S EXH=—"|E(0). (F7)
4 87

Thus the coefficient n, of nonlinear change of the refrac-
tive index is given by>®
167°

- (3)
= Rex(w) . (F8)

To obtain 7, defined by
n=nyotn;N , (F9)

with the electron-hole pair density N per unit volume, we

must relate N to I. The rate equation for N is given by

a N

N=% g (F10)
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where « is the absorption coefficient and 7 is the popula-
tion lifetime. This equation has a stationary solution

ar

r
= I. F11
N Zico ( )
Thus we find
fiw
=—n, . (F12)
Nehn ar ny
The absorption coefficient « is given by
al0)=Y"2 Imy(w) (F13)
ngye
with
Y0)=xVw)+x*w)|E(0)|* . (F14)
Then we have
a=i@—[lm)((”(a))+lm)((3’(w)|E(m)lz]
noc
=aqyta,l . (F15)

The coefficient a, of nonlinear change of the absorption
coefficient is calculated as

_ 3270

a,= Imy* (o) . (F16)

[ 260

The absorption change o, per one electron-hole pair in a
unit volume is defined by

a=ayto,N , (F17)
and is given by
fiw
=—a, . F18
Teh oar a, ( )

Thus it is seen that the efficiencies of optical nonlinear-
ity n,, and o,, are proportional to the real and imagi-
nary parts of ¥'*/ar, respectively.
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