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Models of flux pinning in the quasistatic limit
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The deformations of a two-dimensional vortex lattice pinned by a random pinning potential are
studied with use of a molecular-dynamics —annealing method. We find that the response of the lat-
tice varies as a function of the strength of the random potential. For the weakest potentials, the
response of the lattice is entirely elastic. For somewhat stronger random potentials, elastic instabili-
ties are induced in the lattice. Further increases in the random potential induce a highly defective
lattice, consisting of trapped lattice regions separated by areas in which the lattice flows plastically.
By examining the finite-size-scaling behavior of the lattice we conclude that the elastic response is
an artifact of the finite size of the simulations and that the strength of the random potential at
which the response of the lattice changes from elastic instability to plastic flow goes as 1/ln(N, , ),
where N, is the number of vortices in the simulation. Our simulation results are not well described
by the theory of Larkin and Ovchinnikov.

I. INTRODUCTION

The problem which we consider is that of a deformable
two-dimensional lattice in the presence of a random static
potential being acted on by a spatially uniform force
which may either be constant in time, or controlled so as
to yield a constant center of mass motion of the lattice.
The statistical summation of random attractive forces
acting on a deformable lat tice is a general problem,
relevant to flux pinning in type-II superconductors as
well as to other phenomena such as the pinning of
charge-density waves or Wigner crystals. The nature of
the deforrnations induced by the random potential is of
crucial importance to the summation problem. The total
force per unit volume from a random potential on a per-
fectly rigid or only elastically distorted lattice must aver-
age out to zero over the shift of the lattice. A finite total
pinning force has its origin in the deformations of the lat-
tice as the lattice responds to the random potential.

We have studied the deformations of a simple two-
dimensional model by use of computer simulations. A
lattice is gradually shifted over a spatially random set of
pinning centers. Since our main interest is in the flux-
pinning problem, we call the particles in the lattice vor-
tices. As we shift the lattice, we measure the variations
in the energy and the pinning force and study the defor-
mations of the lattice. Three different types of response
are found as a function of the strength of the random po-
tential. '

For very weak pinning, only elastic and reversible de-
formations of the lattice occur. The total pinning force
averaged over shift F is zero. However, the size of this
weak-pinning region goes to zero as one over the square
root of the system size. Hence, this region has no
relevance for macroscopic systems.

A narrow intermediate regime exists in which the pin-
ning centers are strong enough to trap a vortex tem-
porarily. Elastic instabilities occur when a pinned vortex
suddenly jumps off' the pinning center and a new vortex
jumps onto the pin. These instabilities produce precipi-

tous drops in the potential energy of the system and F be-
comes finite. This region is elastic, rather than plastic, in
the sense that every vortex keeps the same configuration
of neighbors during the entire shift.

For somewhat stronger pins, vortices start to become
permanently trapped by the pinning centers. Once this
occurs plastic flow takes place when the nontrapped vor-
tices flow past the trapped vortices. The motion of the
vortices is through a set of channels between the trapped
regions. Bottlenecks in the channels cause the flow to
pulsate and as a result of these pulsations the potential
energy (total force) varies as a periodic, piecewise quadra-
tic (linear) function of the center of the mass. The
strength of the random potential at the crossover between
the elastic instability and the plastic flow regime is found
to decrease only logarithmically as the system increases
and so both types of response may be of relevance to
finite macroscopic systems.

It is important to note that the values of the pinning
potential at which the crossovers from the elastic regime
to elastic instability regime and from the elastic instabili-
ty regime to the plastic flow regimes occur are both func-
tions of the density of the pins. The value of both these
crossovers decreases with an increase in the density of the
pinning centers. Hence, both the crossovers are collec-
tive and not single particle properties of the vortex-pin
system.

Our method only allows us to study the static pinning
force and the response of the lattice in the limit of a qua-
sistatic drift of the vortex system over the random poten-
tial background. In the presence of a driving force above
the threshold pinning force, the dynamic pinning force
and the detailed response of the lattice might change.
However, by performing computer simulations in which
we apply a constant pinning force above the threshold
pinning force and describe the vortex motion using
diffusive dynamics, we find that the classification into the
three diff'erent types of responses described above still ap-
pears to be valid. The comparison of quasistatic to
diffusive dynamics is presented at the end of Sec. III D.

39 102 1989 The American Physical Society



39 MODELS OF FLUX PINNING IN THE QUASISTATIC LIMIT 103

II. MODELS AND METHODS

A. The model

The simulations of the flux-pinning problem are run on
a system of N, vortices with variable positions r," and N
fixed attractive pinning centers at random positions r~ in
a basic area 3 with periodic-boundary conditions. We
choose a simple Gaussian-like form for the vortex-vortex
potential ~ There are two main reasons for this choice.
The first is that it allows us to compare our results with
those of Brandt who used this model to test numerically
the collective pinning theory of Larkin and Ovchinni-
kov. The second is that the Gaussian-like potential is
short ranged and therefore straightforward to implement
in a computer simulation, whereas the true two-
dimensional (2D) vortex-vortex interaction is very long
ranged, decaying only logarithmically, adding greatly to
the complexity of the computer simulations. The inten-
tion of this model is not to attempt to simulate a system
of vortices in a real type-II superconductor, but rather to
provide a simple model system in which to study the in-
teraction of a lattice with a random potential. Following
Brandt, the potential energy between two vortices at posi-
tions r,"' and r' is written as

u„(r;,)= 3, l—
66

IJ

66R, ,

where

The present model has previously been studied numeri-
cally by Brandt. Brandt's main concern was to investi-
gate the collective pinning theory of Larkin and Ovchin-
nikov (LO), ' which is expected to be applicable to the
elastic instability region. Brandt concluded that his
simulations did confirm LO's theory, although we believe
that Brandt's conclusions may be somewhat optimistic
given the results presented in his paper. Although our
simulations are much better equilibrated than those of
Brandt, we have not been able to find agreement with the
predictions of the LO theory.

The paper is organized as follows. In Sec. II we de-
scribe the model, our simulation method, and the connec-
tion between our method of measuring the pinning force
and the model in which the vortices drift with a constant
velocity over the pinning centers. In Sec. III we discuss
the results obtained from our simulations and attempt to
test LO's theory in systems of 1020 vortices. In Sec. IV
we discuss the way in which our results scale with the
size of the simulation. Finally in Sec. V we discuss the
conclusions which can be derived from the computer
simulations and their application to flux pinning in real
type-II superconductors.

The total potential energy of a given configuration of pins
and vortices can therefore be written as

N„ N, ,
N

U= g u„(r,, )+ g g u~(r, , ) .
i=1 j=l

The length and energy scales for the simulation are set
by defining both the ideal vortex lattice constant and the
amplitude of the vortex-vortex potential ( A, ) to unity.
The pinning of the vortex lattice is studied in a similar
way to that described by Brandt. The ideal vortex lattice
is relaxed in the presence of the pins. This lattice is then
shifted over the fixed pins in such a way that it remains
properly equilibrated at all times. In this paper we only
consider the interaction of the vortex lattice with attrac-
tive pins since this is the most physically relevant regime.

B. Relaxation of the vortex lattice

The relaxation of the vortex lattice is achieved using a
molecular-dynamics (MD) —annealing method. MD is a
widely used algorithm for studying the behavior of
dynamical systems of interacting particles. The algo-
rithm makes it possible to follow the path of a system
through phase space by integrating the equations of
motion numerically for every particle in the system.

In order to use the MD technique we add an auxiliary
kinetic term K to the potential and study the behavior of
the Hamiltonian

H=K+U

where v, is the velocity of the ith vortex, each vortex be-
ing assigned a unit mass. The temperature" of the sys-
tem is defined to be the average kinetic energy per vortex.

The leapfrog time integration algorithm is used in
these simulations, as it is one of the simplest and most ac-
curate of the algorithms available. The algorithm con-
sists of three stages:

(I) Calculate all the forces on the particles at time t.
(2) Calculate the particle velocities at time t + ,'5t us-—

ing

at very low temperatures. This kinetic term is not sup-
posed to model the true vortex dynamics, but rather to
provide a mechanism by which the vortices can explore
configuration space and settle into a good local minima
on the potential energy surface at low temperatures. The
auxiliary kinetic term is defined via

N,
K= —'gv, ,

u(t+ —,'5t)=v(t ,'5t)+ ——5t .
F(t)

(4)

and between a vortex at r,' and a pin at r~ as
66

Vu„, (r, -)= —2 1—
66R

where

(2)

(3) Calculate the positions at time t +5t using

x (t+5t ) =x (t)+ U(t+ ,'5t )5t . —

At the start of the relaxation run the vortices are
placed at their ideal lattice site positions and given a ran-
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dom velocity chosen from a Gaussian distribution. The
simulation is then run at a temperature of 0.13 . The
temperature during this run is kept constant by rescaling
the vortex velocities at the end of each timestep so that
the total kinetic energy remains constant. For the first
few hundred tirnesteps the potential energy of the system
decreases as the vortices relax about the pins. Eventual-
ly, however, the total potential energy tends towards a
constant value. Once this point has been reached, the
temperature of the vortices is decreased, and the system
is reequilibrated. This whole process is repeated several
times until the simulation is at a temperature of typically
10 3 . Once the potential energy has stabilized at this
temperature the temperature rescaling is switched off and
the system is allowed to reach equilibrium in the micro-
canonical ensemble. The major difference between this
relaxation method and the one used by Brandt is that
while Brandt attempts to minimize the potential energy
directly, the MD annealing method subtracts energy
from the system in the form of kinetic energy, the system
then repartitioning the energy between kinetic and poten-
tial energy by following the equation of motion.

During the relaxation procedure the vortex-pin system
shows some behavior not normally seen in an MD sirnu-
lation. In a typical MD simulation the center of mass of
the interacting particles remains constant (as there is no
external force on the system). However, the center of
mass of the vortices is seen to oscillate slowly about a
fixed value. This oscillation is due to the fact that the
whole system consists of the vortices and the pins, not
just the vortices. Any change of the center of mass of the
vortices changes the total vortex-pin potential energy. At
any finite temperature T the center of mass of the vor-
tices will oscillate about the minimum of this potential
such that the energy stored in the oscillation is kT. Typi-
cally the amplitude of this mode is very small. However,
for the weakest pins, the elastic constant for this mode is
small, as the pins can only exert a weak restoring force.
In this case the amplitude of the vibration can be a
significant proportion of the vortex-vortex spacing.

where U is given by Eq. (3). If the center of mass is shift-
ed by

6X= g 6r,
1

and held fixed, then equilibrium is determined by mini-
mizing

U=U+f gr;,
where f is adjusted to yield the correct value of 6X.
Then

6U6U=O f = — for all i
5r;

The change in the total potential energy is

N, , 6U
5r; = —f.$ 5r, = —X„f 6X = —F 6X,

6r;

and, secondly, that 6x is not so large that the vortex
configuration is shifted too far from the local minima of
the potential-energy surface. The total cumulative shift
of the vortex lattice center of mass is typically one lattice
spacing.

The number of MD steps needed to equilibrate the lat-
tice after each shift can be determined in a straightfor-
ward manner. Several jobs are run from the same start-
ing configuration, each run having a different number of
MD relaxations between shifts. The number of relaxa-
tions needed is simply given by the minimum number of
MD steps between shifts such that increasing the number
of relaxations does not significantly alter the path that
the configurations take through phase space. The nurn-
ber of MD relaxations between each shift typically varies
between four per shift for the weak pins to 10 per shift

In the absence of an external force, and when the kinet-
ic energy is negligible, equilibrium configurations satisfy

6U-=0 for all i
6ri

C. Measurement of the pinning force

After the vortex lattice has been relaxed, its center of
mass is shifted over the pins in the (1,0) direction by
successively adding a small displacement 6x to each of
the vortices. After each shift by 6x the lattice is relaxed
using the MD algorithm. During this relaxation the tern-
perature of the vortices is kept constant by rescaling the
vortex velocities, and any net linear momentum of the
vortex lattice is removed by adding an equal and opposite
velocity to each of the vortices. From Eq. (4) it can be
seen that keeping the net linear momentum zero is
equivalent to always applying an external homogeneous
driving force so as to exactly balance the force that the
pins exert on the vortices. In order that the vortex lattice
remains properly relaxed after each shift it is important
that, firstly, sufhcient MD steps are run between the
shifts so that the vortex potential is properly minimized

(6a)

where f is the total external force on the vortex lattice.
In equilibrium, the force F exactly balances the total pin-
ning force

5U„(r;q)

6r,
(6b)

The result that —F.6X=6U is the change in potential
energy of the lattice holds if the system has equilibrated,
provided that it did not jump from one metastable
minimum of U to another while its center of mass moved
by 6X. The fact that the force F and the change in the
potential 6U are measured separately provides a check
that the system is well equilibrated. In the case of elastic
instabilities, where the system does jump between rneta-
stable minima of U, Eq. (6a) does not apply. The above
results can be used to determine the size of the incremen-
tal shift we apply to each vortex. The value of 6x used in
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the simulations is the largest one such that Eq. (6a) is
satisfied. For'weak pins we find that 5x should be about
10 (in units of the lattice spacing), whereas for strong
pins it should be reduced to 10

Four quantities are measured and recorded after each
incremental shift of the vortex lattice: the average
vortex-vortex potential energy Uv, , the average vortex-
pin potential energy U„,the total pinning force F, and
the spatial fluctuations in the total force on each pin W:

l'

U„„,=—g u, ,„(r,),
i j=1
(ir j)

1
vp

(1

QT
v p

g u„(r,, ),
i =1 j-=-1

(7b)

p
iV lV

F= g gF, (r,, ),
v i=1 j=1

(7c)

where F, (r,, ) is the force between a vortex at r," and a
pin at rp, and

1W= g Fp(r~),
X, ,

(7d)

where F (r~) is the total force on pin i The . vortex
configurations are periodically written onto disc during
the shifting procedure.

The method of successively shifting and relaxing the
lattice can be related to the process in which the lattice
moves with a small constant center-of-mass velocity over
the pinning centers. The two processes are equivalent in
the case where the particles in the lattice follow a
diffusive equation of motion. This procedure should thus
be relevant to type-II superconductors where the vortex
motion is believed to follow diffusive dynamics.

To make the connection between the two methods, we
consider the equation of motion

dri = fo„+f'„„+f',
dt

Here f'„,is the total force exerted on vortex i from all the
surrounding vortices, f'„ is the total pinning force felt by
this vortex, and g is the friction coefficient. By choosing
the driving force fD„,to be given by

It seems natural, as suggested by Brandt, to identify
the maximum static pinning force with the pinning force
averaged over the position of the center of mass

F= lim I F (X)dX
L —~ L 0

By this definition of F it follows that F times a dis-
placement AX, will, on average, be equal to the work
needed to translate the vortex system, when the transla-
tion is done by a force that at any instant is exactly able
to overcome the restoring pinning force. This feature
makes it plausible to assume that F will be approximately
equal to the threshold pinning force measured for a mac-
roscopic system. Furthermore, the pinning force defined
by Eq. (9) will be given by the instabilities induced by the
random-pin potential. These elastic or plastic instabili-
ties produce discontinuities in the potential energy
as function of the center-of-mass (c.m. ) position U(X)
= U„,(X)+ U„(X).By using F(X)=dUldX (this equa-
tion holds also in the case of diffusive dynamics) we ob-
tain

F= lim —U(L) —U(0)+ g discU(x, )
1

L
x, E-[O, Lj

1= lim — g discU(x;)
L x c[0,L]

where the sum is over the discontinuities

discU(x) = lim [U(x +e) —U(x —e)]
e--0 +

within the interval [O,L]. Hence, the force defined in Eq.
(9) will, when calculated in the limit of a quasistatic shift,
only depend on inherent elastic and plastic properties of
the vortex-pin system.

D. Computational details

The lists giving all the vortex-vortex and vortex-pin in-
teractions are calculated using the linked-list algorithm
described by Hockney and Eastwood. All the simula-
tions are run on a Floating Point System FPS-264 proces-
sor and a Cray Research, Inc. X-MP/24 supercomputer.

III. RESULTS

A. Introduction

where fo is a constant, the vortex system will drift slowly
over the pins with a constant center-of-mass velocity
equal to fo/q. If fo is chosen small enough, the vortex
configuration will always be kept close to the minimum
configuration (of Uvv+ Uv ) due to the term f'„„,+ f', in
Eq. (8). It is, however, difficult numerically to relax the
potential by the discrete version of Eq. (8) since this equa-
tion corresponds to a relaxation along the gradients. In
this respect molecular dynamics annealing is much more
efficient. The equivalence between the two techniques is
demonstrated in Sec. III D.

The flux line lattice is found to exhibit three qualita-
tively different types of behavior as the center of mass of
the vortices is shifted over the pins. For weak pins the
response of the vortex lattice IVL) is entirely elastic, the
average pinning force over a shift of one lattice spacing
being several orders of magnitude smaller than the max-
imum pinning force measured over the shift. For
stronger pins (or a higher pinning density, or a higher
value of R„,or a larger system) the average pinning force
becomes comparable with the maximum pinning force.
Although none of the vortices become trapped on the
pins for an entire shift of the center of mass by a lattice
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TABLE I. The values of A,&;„„andA~i„measured on a sys-
tem of 340 vortices for a range of model parameters.

0.6
0.6
0.6
0.6
0.75
0.75
0.6
0.75

Rp

0.25
0.25
0.25
0.25
0.25
0.25
0.50
0.50

IVY

340
14$
73

1

146
73

146
146

0.016
0.024
0.03
0.08
0.007
0.013
0.08
0.018

0,021
0.032
0.05
0.15
0.013
0.021
0.138
0.052

FICx. 1. F and F,„/Fas a function of A~ for a system of 340
vortices with R, =0.6, R~ =0.25 and N~ =146.

I

spacing, some vortices are briefly trapped causing elastic
instabilities. Finally, for even stronger pins, some vor-
tices are permanently trapped on the pinning ct.nters.
With some of the vortices fixed, the remaining vortices
must flow plastically around them as the center of the
mass of the VL is shifted.

Figure l shows graphs of F and F,„/Fas a function
of Az for a system of 340 vortices with R„=0.6 and 146
pins with R =0.25, where F and F,„arethe average
and maximum pinning forces measured over a shift of the
center of mass of the vortices by one lattice spacing.
From these graphs it can be seen that the value of Az at
which F,„/Ffalls to a constant is lower than the value
of A at which the value of F begins to rise rapidly. By
examining the vortex configurations it is clear that the
rapid rise in F is associated with the onset of plastic flow
and the trapping of vortices (for values of Az &0.032 at
least one vortex was trapped for the entire shift of the lat-
tice). Similarly the rapid fall in the value of F,„/Fcan
be associated with the crossover from the elastic regime
into the elastic instability regime. For a given set of
values of R, R„,the pinning density and the system size,

x
0.01 x

x
x

0
0

I

1.5
I

0.5 1.0
Ap

FIG. 2. F as a function of A~ for a larger range of A~ than
Fig. 1.

2.0

we can therefore define two quantities: A,&;„„,which la-
bels the value of A at which the lattice crosses over
from the elastic to the elastic instability regime, and
A pf, which labels the value of A at which the lattice
crosses over from the elastic instability to the plastic re-
gime. Table I shows the various values of A,&;„„and
A

p&
obtained for a range of model parameters for a sys-

tem consisting of 340 vortices.
The values for A,&;„„andA pl„given in this table are

not exact as each value quoted refers to a particular pin
configuration, not an average over pin configurations.
However there are certain trends in the behavior of the
VL that can be determined from this data. First we can
see that values of A,i;„„andA i„depend on the density
of the pinning centers, decreasing the pin density in-
creases the values of A at which the crossovers occur,
the value of A,l;„„scalingas +1/N . This suggests
that elastic instabilities and vortex trapping are not
caused by individual pinning centers but involve the
cooperative action of several pinning centers coupled
through the VL. Secondly we can see that, as we would
expect, reducing c«—the shear modulus —by increasing
R„reduces the values of A at which the crossovers
occur.

Figure 2 shows how the pinning force varies with A
for a larger range of values A than those given in Fig. 1.
Figure 3 shows the same data plotted on log scales.
From these graphs we can see that for values of A larger
than A &„the pinning force rises rapidly before reaching
a maximum and settling down to a canstant value. It
should be noted that the dependency of F on A is
different from the one found by Brandt. Brandt typical-
ly found that F scaled as A for 0.01( A (0.1. We see
no clear sign of such a region in our simulations.

As the value of Az is increased (with the other model
parameters held constant) the VL becomes increasing
disordered. This increasing disorder can be seen in the
initial relaxed VL's (the VL's we obtain from our initial
MD anneal in the presence of the pinning centers). Fig-
ure 4 shows how the numbe'r of miscoordinated vortices
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B. Elastic regime

x
, X

XxX X

varies with 3 . It can be seen from this graph that the
number of induced defects rises rapidly at some critical
value of 3 and then levels off when the fraction of defec-
tive vortices in the lattice reaches about 30%%uo. The value
of 3 at which defects start to be created is very close to

p]Every relaxed configuratio that contains defects
will flow plastically when shifted over the pinning
centers.

This increasing disorder can also be seen in the vortex-
vortex radial distribution functions. Figure 5 shows the
radial distribution functions for various values of 2 for
a system with 2 ~,s=0.032. It can be seen from these
functions that increasing the value of 3 decreases the
degree of positional correlation. For values of A larger
than A ~,, the radial correlation functions resemble those
obtained from a liquid, the correlation decaying to 1 after
only 4 lattice spacings.

log ip(Ap)

FIT&. 3. log»(F) vs log» (A~). Note that this graph does not
have an initial slope of 2.

Figure 6 shows the various potentials and forces as a
function of center-of-mass displacement for a lattice in
the elastic regime. In this regime all the properties vary
smoothly and periodically as a function of the center-of-
mass position with a period equal to the lattice spacing.
The pinning force averaged over a shift of one lattice
spacing F is much less than the maximum pinning force
over the shift F„.The distortion of the lattice is rever-
sible, and all the vortices are coordinated by the same six
neighbors for all values of the center-of-mass displace-
ment. Table II lists the results obtained from the elastic
lattices. It is interesting to note that the maximum pin-
ning force obtained increases with increasing N until it
reaches some maximum value and then starts to decrease
with further increases in N . The decrease in F,, as a
function of N results from the fact that, as the number
of pinning centers increases, the random potential pro-
duced by these centers becomes more homogeneous
thereby reducing the net pinning force on the VL.

C. Elastic instability regime

Figure 7 shows the various potentials and forces as a
function of center-of-mass displacement for a lattice in
the elastic instability regime. The characteristic feature
of the runs in this regime is that, while the potential, etc. ,
are still periodic with periodicity equal to the lattice spac-
ing, they are no longer smooth, but contain discontinui-
ties. These discontinuities were not observed by Brandt,
presumably because his relaxation algorithm was not
sufficiently accurate lsee Sec. III D). The discontinuities
in these curves can be associated with vortices being tem-
porarily trapped by pinning centers. As the shift of the
lattice continues, the elastic distortion in the lat tice
caused by the pinned vortex increases until the trapped
vortex suddenly escapes from the pin, typically to be re-
placed by another vortex. This process can most easily
be seen in the case of a VL with a single pinning center.

50

lal (b)

& 30

20
V.

(c)

oL
6

4—

(r)
(d}

0 ~~~
0 0. 1 0.2 0.3

Ap
0.4 5 10

0
15 0 5 10r 15

FICx. 4. Percent of defective vortices as a function of A~ for a
system of 108 vortices with R,, =0.6, R~ =0.25, and N~ =46.

FIG. 5. Vortex-vortex radial distribution functions for a sys-
tem of 340 vortices with R„=0.6, R =0.25, and N =146. (a)
Ap 0 0 1 (b) Ap 0 03 (c) Ap 0 1 (d) Ap 0 5
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TABLE II. Numerical results for a system of 340 vortices in the elastic regime for a range of model
parameters. U;„is the lowest value of the total vortex potential observed over the shift. U„,measures
the difference between the minimum and maximum values of the total vortex potential. F

„

is the
maximum value of the pinning force observed over the shift ~

R„
0.6
0.6
0.6
0.6
0.6
0.6
0.6
0.75
0.75

Rp

0.25
0.25
0.25
0.25
0.125
0.25
0.50
0.25
0.25

0.01
0.01
0.01
0.01
0.005
0.005
0.01
0.005
0.01

N

1

73
146
340
146
146
146
146
73

Umin

0.17604
0.17543
0.17480
0.17345
0.17590
0.17544
0.17213
0.50736
0.50728

3 X10-'
18X 10
20X 10
12 X10-'
8X 10

11 X 10
6X10-'

10X 10
20X 10

Fmax

9X10 -'

50 X 10--'

70X10 -'

40 X 10--'

30X 10--'

40X 10
20X 10
40X 10
80X 10

Figure 8(a) shows the initial configuration with a vortex
directly on top of the pinning center. As the shift contin-
ues the strain field about the pinned vortex increases rap-
idly, extending across the full width of the sample [Fig.
8(b)]. Once the energy stored in the strain field reaches a
critical value the trapped vortex suddenly hops off' the
pinning center to be replaced by another vortex [Fig.
8(c)]. The fact that this depinning-pinning phenomena
can be described as a hop can be seen by examining the
trajectories of the two vortices which hop and onto the
pin during the shift (Fig. 9). These vortices are denoted
by the bold circles in Fig. 8. By examining Figs. 8(b) and
8(c), it can be seen that the pinning force changes sign
directly after the hop. By further shifting the lattice we
finally reach a configuration in which every vortex has
been displaced by one lattice spacing from its start posi-
tion. Figure 10 shows the various potentials and forces as
a function of center of mass for this process. At no point
in this process are defects created in the lattice (defects
being defined as vortices with a coordination number
different from 6).

It should be noted that although the pinning-depinning
events occur on single pinning sites, they arise as a collec-
tive effect of the pins. The onset of the elastic instability
region is strongly dependent on the pinning density. For
example, in a system of 340 vortices with R„=0.6 and
R =0.25 and N =1, elastic instabilities will be induced
if 3 ~ 0.08. Whereas, with 146 pinning centers
pinning-depinning events can be induced with 3 as
small as 0.024. In Sec. IV we also show that, for a fixed
density of pins, the value of A,~;„,, scales as 1/QN„,.
Therefore for a macroscopic sample, any pins, however
weak, will induce elastic instabilities.

D. Plastic flow regime

Figure 11 shows some typical force and potential
curves for a system in the plastic regime. It is clear that
these curves are no longer periodic with periodicity of the
lattice spacing. All the curves show a characteristic
sharp saw-toothed form with many discontinuities. In
this regime some of the vortices remain trapped on the
pinning centers for the entire shift, the abrupt drops in
the potential energy being associated with the plastic flow
about these trapped vortices. Figure 12 shows the flow of

the vortices for the same run as in Fig. 11. This figure
shows that, for these particular model parameters, the
majority of the lattice is trapped, the moving vortices
flowing in well-defined channels with a width of one lat-
tice spacing. For other values of the model parameters
these channels can be much wider (Fig. 13). The VL can
now be highly defective. Figure 14 shows the initial re-
laxed lattice used in the run described by Fig. 11, the
coordination number of the vortices being calculated us-

ing the Voronoi polygon construction. For some runs as
many as half the vortices can have coordination numbers
different from six. However, there is no clear connection
between the channels and the position of the miscoordi-
nated vortices. Similarly by examining the configurations
as the VL is shifted, we see no sign of any clear connec-
tion between the total potential energy and the number of
defective vortices in the VL.

The sharp saw-toothed shape of the force curve can
only be obtained if the lattice is sufficiently well relaxed
during the shift over the pins. Less complete relaxation
gives the same type of force curves as those obtained by
Brandt. This is illustrated in Fig. 15 where the force
curves for completely relaxed (curve B) and incompletely
relaxed (curve 3) simulations are shown. Curve 2 is
very similar to the results presented by Brandt for the
same parameters (but presumably for a diff'erent set of
random pin positions). The criterion for complete relaxa-
tion defined by Eq. (6), i.e. , that dU/dX should equal
F (X) (where X is the center-of-mass coordinate), is
satisfied by curve B but not by curve A.

As the center of mass of the vortices is shifted, the to-
tal potential energy increases quadratically with a corre-
sponding linear increase in the pinning force. The pin-
ning force increases until it reaches a critical value at
which point the lattice undergoes a sudden reorganiza-
tion which releases some of the accumulated potential en-

ergy in the VL. The quadratic increase in the VL poten-
tial energy then resumes. Each linear section of the F(X)
curve has approximately the same slope and reaches the
same maximum value for a given set of model pararne-
ters. The release of potential energy in the VL is linked
to the flow of the vortices in channel-like paths between
the trapped vortices, the drop coinciding with a sudden
increase in the flow. The successive smooth increases and
sudden drops in the pinning force can be associated with
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frequency noise is caused by thermal fluctuations.

a pulsating flow through the channels. The variations in
U(X) and F(X) can be remarkably periodic (see Fig. 11)
with a periodicity specific to the channel in operation, the
periodicity can change when one channel closes and a
new one opens. The width of the flowing channels de-
pends on the strength of Ap If Ap is only slightly larger
than 2 ~„then the width of the flowing regions is large.
As 3 is increased, the width of the channels decreases,
until for values of A corresponding to the plateaux in F

-(see Fig. 2) the width of the channel is only a single lattice

FIG. 7. U(X), F(X), U„,(X), and U,p(X) for a system of 340
vortices with Ap =0.028, R„,=0.6, Rp =0.25, and Np =146.

spacing. For this case the periodicity in F(X) and U(X)
corresponds to vortices in the channel moving a lattice
spacing. Examining the configurations it can be seen that
there are bottlenecks in the channel and that the drops in
U(X) occur when a single vortex is pushed through one
of these bottlnecks. Table III shows some of the numeri-
cal results obtained from simulation runs in the plastic
regime for a range of model parameters. Several qualita-
tive features of the pinning region can be deduced from
this table. First, as demonstrated in Fig. 2, the maximum
value of the pinning force is independent of the value of

However, the derivative of the linear parts of the
p
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FIG. S. A series of configurations showing the development of an elastic instability for a system of 340 vortices with N = l,

R, , =0.6, R =0.25. The dashed lines show the extent of the computational box. The vortices are shifted from left to right. Two of
the vortices are shown in heavier type; the vortex located on the pinning center in the relaxed configuration, and the vortex that even-
tually hops onto the pinning center. The cross shows the position of the pinning center. {a) The relaxed vortex configuration. {b)
The configuration just before the vortex on the pin hops off. The lines are drawn on the figure as a guide to the eye to show the extent
of the strain field produced by the pinned vortex. {c)The configuration just after the vortex hop. Note that most of the strain energy
stored in the system has now been released.

pinning force versus center of mass k is weakly dependent
on 3 . Increasing 3 from 0.1 to 1.0 typically raises k

by a factor of approximately 2. As would be expected
there seems to be a similar dependence of the difference
between the maximum and minimum values of the poten-
tial U» with 3 . The values of U», F,. „andk depend
also on the pinning density and the value of R„.Increas-
ing the pinning density increases the values of all these
quantities, as does reducing R, Similarly, by increasing
R we can also increase U», k, and F,,

It is possible to compare the results obtained using the
shift and relax algorithm with those obtained using a con-
stant excess driving force and diffusive dynamics. The
comparison between the two methods is shown in Fig 16.
In this figure we compare the pinning force and potential

obtained as a function of the center-of-mass coordinate
for two different simulations: the first for a run in which
we use the successive shift and relax algorithm, and the
second in which we use diffusive dynamics and an excess
driving force of 10 . The two runs show qualitatively
the same features. Both contain piecewise linear pinning
forces as a function of center of mass, both contain pre-
cipitous drops in the potential and force curves, both give
similar values of F, and in both runs the moving vortices
Aow through well-defined channels separating regions of
trapped vortices. The two sets of curves are not identi-
cal, but we would not expect them to be. First, the two
different runs are made with different dynamics and the
shift and relax method contains a noise term (tempera-
ture) which is not included in the diffusive dynamics. Be-
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8.64—

8.68—

the elastic flow regime as the pinning force in this case is
solely due to finite-size effects within our model,
equivalent to the correlated areas being much larger than
the system size. The elastic regime is expected to vanish
for any macroscopic sample. Similarly we would not ex-
pect LO to hold in the plastic flow regime as in this case
the VL is highly defective and plastically deformed. One
of the major predictions of the LO summation theory is
that the pinning force, F should be proportional to the
fluctuations in the pinning force W

(

8.64 —----'
7

cW
c«R

(10)

where c is some constant. In the LO theory it is possible
to estimate A„the strength of the pinning potential at
which the size of the correlated area becomes smaller
than the simulation size

FICs. 9. The top curve shows the trajectory of the vortex that
is initially localized by the pinning center as the shift of the
center of mass procedes. The bottom curve shows the trajectory
of the vortex that hops onto the pinning center.

cause of these differences we would not expect the vor-
tices in the two different simulations to follow the same
trajectories. Second, we are not yet in the limit of the ex-
cess driving force being zero. This can be seen in the fact
that precipitous drops in the potential and pinning force
are smaller in the run made using diffusive dynamics than
in the run made by successively shifting and relaxing the
lattice. Nevertheless the two runs are qualitatively very
similar.

E. Connection to Larkin-Ovchinnikov theory

Random-pinning centers destroy the long-range oder
of the VL. In the LO summation theory it is assumed
that there remains short-range order of the VL inside a
"coherence area, " an area within which the VL is as-
sumed to be only elastically distorted. The total pinning
force is assumed to be due to the statistical fluctuations of
the pinning force inside these areas. As LO summation
theory assume that the lattice is only distorted elastically
inside finite areas, we might expect the theory to hold
within the elastic instability regime of our model. We
would not expect the LO summation theory to hold for

2.026R

where we have assumed that R (0.25 and taken
R„=0.6. In order to test the LO theory in our simula-
tion we need to find a parameter set such that A, ( A i„..
For example, consider a system of 1020 vortices with
R„=0.6 (for which c«=0.2695), and 438 pins with
R =0.25. For this system A,.i;„„=0.015, A, =0.024,
and A „i,s =0.031. Therefore for values 0.024 ~ A

~0.031 we might expect the LO theory to be applicable.
Figure 17 shows the values of F/W obtained for various
values of A with a different pin configuration being used
for each run. The values of F and W are obtained by
averaging F and W, respectively [cf. Eqs. (7)] over a shift
of the center of mass of the VL by one lattice spacing.
Although there is a good degree of scattering in our data,
it does not seem consistent with Eq. (10), we do not find
that F/W is constant. This could be due to finite-size
effects, perhaps the size of the correlated areas is larger
than is given by Eq. (11), perhaps we need to be able to fit

several correlated volumes into the simulation area be-
fore the averages work properly. Our data appears to be
consistent with F/W~O as A A,i;„,, suggestion that
F/W cannot be a constant and that the transition of the
lattice from the elastic to the elastic instability regimes is

TABLE III. Numerical results for a system of 340 vortices in the plastic regime. k is the derivative
of the linear parts of the pinning force vs center-of-mass graphs.

Unpin

0.6
0.6
0.6
0.6
0.6
0.75
0.75
0.75
0.75
0.6
0.75

0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.5
0.25

0. 1

1.0
0. 1

0.7
1.0
0.1

1.0
0.5
1.0
1.0
0.1

146
146
73
73
73
73
73

146
146
73

146

0.1529
—0.213

0.164
0.0388

—0.0294
0.4916
0.2577
0.3221
0.1152

—0.1244
0.1529

0.0016
0.004
0.001
0.0012
0.0014
0.0002
0.0004
0.0006
0.0005
0.0012
0,0016

0.2
0.3
0.015
0.018
0.016
0.005
0.009
0.015
0.015
0.025
0.02

0.26
0.46
0.13
0.17
0.3
0.09
0.18
0.28
0.4
0.35
0.26
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FIG. 10. The potentials and forces as a function of X for the
run described in Fig. 8.

FIG. 11. The potential energy and force functions for a lat-
tice in the plastic flow regime. N„=340,R,, =0.6, N~ =146,

=1.0, and R =0.25.

continuous. These results suggest that it is very impor-
tant that further simulations be carried out on larger sys-
tems in order to test the validity of the LO theory.

IV. FINITE-SIZE EFFECTS

Figure 18 shows the variation of 3, and 3 . as ael inst as a
function of system size for a given set of model parame-
ters with a constant density of pinning centers. From
Fig. 18(a) it can be seen that A„~,„,, decreases with in-
creasing system size, approximately as one over the
square root of the number of vortices in the simulation.

This size dependence can be understood in terms of the
LO theory if 3„;„,t is assumed to be equal to the pinning
strength for which the size of a correlated region becomes
smaller than the system size. The square-root depen-
dence of A,~, „„

implies that the crossover between the
elastic and elastic instability regimes will disappear for
macroscopic systems and therefore that it will not be pos-
sible to observe the elastic regime in real superconducting
films. The variation of 3 ~„with system size is much
weaker. Our data is consistent with a 1/log%, depen-
dence.
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FIG. 12. Vortex motion as the lattice is shifted. Crosses
mark the fixed pins and circles the vortices. The arrows show
the motion of the vortices as X is increased from 0 to 0.125.

V. CONCLUSIONS

FIG. 14. The initial relaxed configuration used in the run de-
scribed by Fig. 11. Crosses show the fixed pins, circles the six
coordinated vortices, filled pentagons the five coordinated vor-
tices, filled triangles the seven coordinated vortices, filled

squares the four coordinated vortices, and filled octagons the
eight coordinated vortices.

A. Conclusions from the simulations

In this paper we have investigated the response of the
VL as it is moved over a random distribution of pinning
centers in the quasistatic limit. We have been able to
show that the VL exhibits three qualitatively different
types of behavior as a function of the strength of the ran-
dom potential. When the random potential is very weak
the response of the VL is elastic and reversible. This re-
gime is entirely due to finite size effects and should not be
observable in a macroscopic sample.

As the random potential becomes stronger the pinning
centers start to introduce elastic instabilities into the VL
(elastic in the sense that dislocations are not created and
the vortices retain the same nearest neighbors throughout

the shift). Although the instabilities in this regime con-
sist of vortex pinning-depinning events, they are the re-
sult of cooperative behavior, increasing the pinning den-
sity reduces the value of 3 at which the instabilities
occur. For a macroscopic VL we would expect the elas-
tic instabilities to be present for any arbitrarily small ran-
dom potential.

As the strength of the pinning centers is increased fur-
ther we begin to see topological defects introduced into
the VL. Coincident with the appearance of these defects
is the onset of plastic flow in the VL. The pinning centers
are now strong enough to localize some of the vortices
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FIG. 13. The vortex flow pattern for a system with the same
parameters as in Fig. 12 except that Ap =0.07.

FIG. 15. The force-displacement curve F (X) for two
different degrees of relaxation for the same system parameters:
X 340 R 0 6 Rp 0 25 Np 146. Curve 3 was produced
with 6x =2X10 " and one relaxation per shift. Curve B was
produced with 6x =1X10 and 9 relaxations per shift. Curve
B does not change upon further relaxation.
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FIG. 18. (a) The variation of 2„,;„,, with system size, (b) the
variation of 2 „~.„with system size.



39 MODELS OF FLUX PINNING IN THE QUASISTATIC LIMIT 115

and the mobile vortices must flow plastically around
these trapped regions. The flow is plastic as the vortices
now change their neighbors as the shift proceeds. The
mobile vortices flow in channels between the trapped re-
gions. Bottlenecks in these channels result in pulsations
in the vortex flow. As a result of this pulsating flow
through the channels the force varies as a piecewise
linear function of the center-of-mass coordinate. In this
regime the random potential is strong enough to corn-
pletely destroy any long-range order in the VL, the radial
distributions typically decaying to unity for separations
greater than four lattice spacings. As the value of 3 at
which the crossover between elastic instabilities and plas-
tic flow occurs scales only as I/log(N„) one might expect
to be able to observe both regimes in macroscopic sam-
ples.

We have also attempted to check the LO theory in our
model, locating a region in parameter space where it
might be expected that the LO theory should apply.
However the results obtained from these simulations ap-
pear to be incompatible with those predicted by the LO
theory.

The qualitative results described above were obtained
for simulations of the quasistatic limit. We have also per-
formed several simulations in which we apply a constant
driving force larger than the static pinning force and in
which we model the motion of the vortices using the
diffusive dynamics described by Eq. (7). Although we
only have preliminary results for this system, several
features are already clear. First, the value of the dynami-
cal pinning force is comparable to the static pinning
force. Second, for strong pins we still the vortices flowing
in channels between trapped regions (as shown in Fig.
19). Thirdly, for weak pins the distortion of the lattice is
still elastic. However, in this model we seem to lose the
periodic, piecewise linear form of the pinning force as a
function of center-of-mass coordinate when the applied
driving force is much larger than the static pinning force.
These results would seem to suggest that many of the

(3 (3 p

qualitative features of the VL observed in the quasistatic
limit should also hold in the case where the VL motion is
caused by a constant external driving force.

B. Connection to Aux How

in type-II superconductors

The value of c« for a vortex lattice in a type-II super-
conductor is known to vary as b(1 —b), where
b =B/B, is the reduced field, B the internal field, and

B, is the upper critical field. ' However, the strength of
2

the pinning potential goes as (1 b) (s—ee Ref. 11). There-
fore as the value of the external magnetic field is in-
creased, the pinning potential is initially large relative to
the vortex-vortex potential, then for intermediate values
of b the vortex-vortex potential dominates, and finally for
values of b close to 1 the pinning potential again dom-
inates. In our simulations we can mimic the changes in
the relative strengths of the pinning and vortex-vortex
potentials by varying the value of 2 . If we assume that
the qualitative features observed in the computer simula-
tions will also be applicable to vortices in type-II super-
conductors, then we can speculate that as the external
field is increased to B, , a weakly pinned vortex lattice'2'
moves from the elastic instability regime into the plastic
flow regime. This change in behavior will have several
consequences. As the VL is highly defective in the plas-
tic flow regime, we would not expect the LO theory to be
valid. The crossover from elastic instabilities to plastic
flow should therefore be characterized by a departure in
the measured pinning force from that predicted by the
LO theory. This signal has been observed experimental-

12

If the vortex lattice is in the plastic flow regime then,
there should be some evidence that the moving vortices
flow in channels between trapped regions. Several au-
thors have suggested that the vortices do indeed flow in
channels. For example analogue experiments have been
performed using floating magnets in which vortex in
channels was observed. ' Flux flow in channels has also
been proposed as an explanation for the noise spectrum
observed in superconductors. ' Experiments have also
been performed in which weak pinning channels were
specifically introduced into a strong pinning 2D super-
conducting sample. ' It would be fascinating to see
whether the specific structure of the mobile regions of the
vortex lattice can be observed experimentally, perhaps by
means of magnetic decoration techniques' or measure-
ments using SQUID's (superconducting quantum in-
terference device)' of various sizes.
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