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The first nonperturbative calculation of optical absorption by a hydrogenic impurity in an electric
field including transition-matrix elements is presented. A nonperturbative method developed by
Duke and Alferieff to treat the effects of an electric field on excitons is applied to shallow donor im-
purity states. The model potential consists of the Coulomb potential near the origin and a uniform
electric field potential far from the origin. The potential switches from the Coulomb to the electric
field potential at a crossover boundary. We show that the calculated absorption spectrum is strong-
ly dependent on the choice of the crossover boundary and introduce a new choice for the crossover
boundary. Using this new definition we calculate the absorption spectrum for both excitons and im-
purity states. The results closely resemble the experimental data. We also show that Elliot’s ap-
proximation for optical absorption in excitons can be applied to shallow donor impurities at low

electric fields.

INTRODUCTION

The effect of an electric field on the hydrogenic levels
of shallow impurity states and excitons has received con-
siderable attention.!~?* Theoretical studies of the elec-
tric field effects are based on either the perturbation
theory (first- and second-order Stark effect) or on numeri-
cal approximations.! ~%! 12

A nonperturbative theory of optical absorption by a
hydrogenic system in a crystal in the presence of static
electric field was first examined by Duke and Alferieff.’
Duke and Alferieff (DA) calculated the optical absorption
spectrum for excitons in a crystal subject to an electric
field using an approximate potential. Comparison of the
DA results with experiments®!3~1° shows that their mod-
el overestimates the effect of the electric field on exciton
excited states. It is also found that the predictions of the
DA model are highly dependent on the choice of the
crossover criteria.

In this paper we give another alternative for the choice
of the crossover value. We recalculate the absorption
spectrum for excitons in a crystal subject to an electric
field by using this new definition. Compared to the exper-
iments'3~!° the new definition of the crossover value de-
scribes the electric field energy shifts and broadening of
exciton states more accurately.

We also apply the DA model which gives analytical
solutions to the calculation of the impurity absorption
spectrum. We calculate the impurity absorption by in-
cluding the actual transition-matrix elements. Among all
the theoretical papers in the literature concerning electric
field effects none have previously reported such calcula-
tions. Finally, we show that Elliot’s®> approximation for
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exciton absorption can be applied to impurity absorption
at low electric fields.

THEORY

The theoretical studies discussed in this paper are
based on the nonperturbative theory of electric field
effects on hydrogenic systems proposed by Duke and Al-
ferieff® (DA). In describing the exciton potential, DA
used an approximate potential defined in two regions
[in parabolic coordinates with coordinates £=r +z,
n=r—z, ¢=tan"'(y/x)]. In region I the potential is
Coulomb and in region II it is the electric field potential.
The boundary or crossover between the two potentials
occurs at a value designated as p%=pJ=x,/n, where
p1=E&/n and p,=n/n. The location of the crossover for
the potential is determined by finding the points where
the effective Coulomb and electric field potentials
are equal when the principal quantum number n=1 and
the parabolic quantum numbers n,=n,=0, where
n=n,+n,+1+|m| and n=—1/(—2E)"2° For a
hydrogen atom, n,, n,, and m determines the discrete
spectrum in parabolic coordinates. In the presence of an
electric field, the spectrum is continuous and consequent-
ly quantum numbers n, n,, and n, are not confined to in-
teger values.

DA solved the differential equation

(tA+ez +r '+ E)®g(r)=0 (1)

in parabolic coordinates, analytically, in each of the two
regions. The effective electric field € is given by
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in which F is the external electric field. p is the reduced
mass of the hydrogenic system, ap is the Bohr radius, and

e is the charge on an electron.
Separation of Eq. (1) in parabolic coordinates gives

’

4%, bt omi ~(—1)'5"—3pi
dpi 4 4] 4
n+3(1+|mj)
- X,=0,
P,

with the following solutions: For p,; <p?,

X, (p)=c n'2p\l+1m /2

Xexp(—p/2IM(—n, 1+ [m |,p)) ;

for p; > pf,

X (p))=b,Ailz,) ;
for p, <p3,

X,(py)=c,n 72+ 1m /2

Xexp(—p,/2)M(—n,, 1+ | m |,p,) ;

for p, >,

X,(py)=0b,Ai(z,)+b3Bilz,) ;
where ¢y, ¢,, b|, b,, and b, are constants,

z,=(ne/)"3[(n%) " 1+p,],

zy=(ne/4)"3[(n%)"'—p,],
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M (a,b,x) is the Kummer function, and Ai(y) and Bi(y)
are the Airy functions. The solution of Eq. (1) is

V2 X (p)X,(py)
(n 2p P2 )1 /2

imé

T

Pplpprd)=

DA used the continuity of the logarithmic derivative of
X,(py) at p;=p? to determine the quantum number n,.’
DA calculated the optical absorption coefficient for exci-
tons as a function of their initial energies,

ale,0)=e"""7 @y, (0)]?, (2)

where energy E =(#iwo—E,)/Ey=—1/2n2, #iw is the en-
ergy of the absorbed photon, and E, is the zero-field band
gap.

In DA’s result the n=2 levels are extremely broadened
or smeared out for €=0.05 and for almost any interesting
value of the electric field. The failure of the model to
produce the reasonably sharp peaks for the n > 2 levels is
principally due to the definition of the crossover for the
potential.

If the strength function | ®,(0)|? is calculated as a
function of the crossover value of p{ it is found that the
n=2 peaks move to lower energies and increases as p! in-
creases in magnitude. This is illustrated in Fig. 1 for
£=0.05. It appears that for the DA model the peak posi-
tions and the peak strengths are extremely sensitive to
the crossover value.

Our principal aim is to modify and apply the DA mod-
el to the calculation of the optical absorption by shallow
donor impurities. More specifically, we use the wave
functions of the DA model to calculate the optical ab-
sorption coefficient as a function of photon energy.

Various combinations of wave functions are needed de-
pending upon the values of p, and p,. One has

Qi <pd, pr<pd d)=Cin'2p\ 1M D 2exp(—p /2IM(—n\, 14 | m |,p)Cyn!2p4* 1M 1) 2exp(—p, /2)

XM(—ny 1+ | m|,pyexplim¢)2/m) 4 1/n%ppy) %,

Dp(p,>p8 py>pd d)=b,Ailz,) | b,Allz,)+b;Bilz,) | exp(im)(2/m) 21 /npp,)'/?,

Pppy<pl p2>p3 6)=Cin 2pit+ m D Zexp( —p1/2M(—ny, 1+ |m |,p,) | byAi(z;)+b,Bi(z,) |

Xexplim¢)(2/m)2(1/n’ppy)'"?,

and

Dr(p>p0 py>pS ®)=Cyn2p5 1M 1 2exp(p, /2)M (—ny, 1+ | m | ,py)b Ailz, Jexp(im)(2/m)2(1/n%p,py)' /% .

In order to obtain a more realistic behavior for the n=2
peak, we used a different criteria for the location of the
crossover for the potential. For p, > p3 the wave function
is given by

Xz(p2)=b2Ai(22)+b3Bi(Zz) (3)

where

172
[(n3€)~1—p,]. (4)

n3s

222 4

The Airy functions® Ai(z,) and Bi(z,) are oscillatory
functions when z, is negative. From the definition of z,,
it follows that when p,> (n%¢)~! the Airy functions will
be oscillatory. This means that at the point where
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FIG. 1. Strength function square at the origin, | ®:(0) |2, at
energies E =(#fiw—E,)/E,, near the second exciton peak
(E =—0.125, which corresponds to the principal quantum
number n=2 when €=0) for four different crossover values
[1—6.5611, 2—10.5611 (DA value), 3—12.5611, 4—14.5611]
with applied electric field e =0.05.

p,=(n%)"" the effect of the electric field starts to pro-
duce oscillations. Therefore this point is selected as the
crossover for the potential where p,; =p,.

The one-electron Hamiltonian for shallow donor im-
purities includes the one-electron Hamiltonian for the
perfect crystal plus the impurity potential. The impurity
wave function consists of a Bloch function modulated by
an envelope function. Since the Bloch functions for the
initial and final states are the same, the value of the ma-
trix element comes principally from the envelope func-
tions. Consequently, selection rules and intensities can be
calculated approximately from the envelope functions
alone (effective-mass theory?®).

Transition probabilities for shallow impurities is com-
puted to first order by considering the matrix elements of
the electron-photon interaction,

H=-""AP,
mc
between the initial- and final-state wave functions. Here
A is the electromagnetic vector potential and P is the
momentum operator.
The transition probability amplitude between initial
and final states a is given by

ay=[ @} (r)P® (r)dr . (5)

The transition probability per unit time is proportional to
P, ., < | eayl 8(E,—E;—#io) , (6)

where e is the polarization vector in the direction of the
electric field.

The optical absorption coefficient a(w) is proportional
to the absolute square of the probability amplitude in-
tegrated over all initial and final states,

alw)« [dE, [dE, |e-ay|8(E,—E,—#0),  (7)

where fiw is the energy of the photon causing the transi-
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tion. We have carried out detailed calculations of a(w)
using Eq. (7).

Before describing these results, we consider an approxi-
mate result which leads to a formula analogous to that
used by DA for optical absorption by excitons. With the
polarization in the z direction (e=e, ) one has

2
le-ay| = ‘fchFv,ch,dr : (8)

When the electric field is small, the major contribution to
V,®,, is at the origin and the 1s band is highly peaked
about the =0 energy EJ,,

V.5 ~V, D5 (0)8(r —0)8(ES, —E;)

and

alw) e[|V, ®g (0)]|? | Pg (0)]7] at E;=#io+ES,
=const X | ‘1>Ef(0) |2. 9)

Thus the absorption coefficient for transitions from the s
ground state of a shallow-donor impurity in a low electric
field can be taken as approximately proportional to the
wave function square of the final state at the origin, pro-
vided that

| g, (0)] 0

comparisons with numerical calculations of a(w) from
Eq. (7) (following sections) show that this approximation
is quite good.

RESULTS

We calculate the strength function | ®,(0) |2 with the
new definition of the crossover x,. The results are given
in Fig. 2 for electric fields 0.05, 0.1, and 0.2. This figure
shows that two improvements in the behavior of the
strength function occur. First, the shift in the energy of
the second peak is far less than with the DA definition of
Xx,. Second, the excitonic peaks are much less broadened.
The second peak, shown in Fig. 2, remains observable for
€ even as large as 0.1.

These results appear to be much more reasonable than
those of DA (Ref. 9) in view of the experimental data on
excitons and impurity states. For example, electroab-
sorption experiments indicate only modest broadening
and small energy shifts of the exciton states of CdS (Ref.
19) for fields up to 10° V/cm, which corresponds to
€=0.6 for electrons and € =0.05 for holes. Numerous ex-
cited state exciton peaks were observed by Grossman?!+??
for Cu,O for fields up to 2x10* V/cm. Furthermore,
electric field induced fine structure in the absorption at
the indirect edge in Si (Ref. 23) also suggest that the exci-
ton states do not broaden with increasing electric field as
drastically as indicated by the DA crossover model.

In the case of impurities, Kopylov’s!® electroabsorption
experiment on shallow donor states in GaP:S shows a
Is—2p * transition for fields on the order of 10* V/cm
(corresponding to £€=0.06, u '=m['+m H‘l ). Also,
studies of the electric field dependence of the photocon-
ductivity®* show that excited states can be seen in Si at
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fields as large as 10* V/cm corresponding to e=0.1.

We next discuss the results of our calculations of im-
purity absorption in electric field including the
transition-matrix elements. Previous calculations in the
literature do not include the actual transition-matrix ele-
ments or the effect of broadening.

In order to calculate the absorption coefficient as a
function of photon energy, we first evaluate the transition
probability per unit time from an initial energy state to a
final energy state for a fixed photon energy #iw, by using
Eq. (6). This transition probability is proportional to the
absolute square of the transition-matrix elements. In the
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FIG. 2. DA strength function associated with allowed transi-
tions at energies E = —(E, —#iw)/E, near the first and second
exciton peaks. The calculations are performed using the new
crossover for the potential for electric fields: (a) e=0.05, (b)
e=0.1, (c) e=0.2.

9689
(a) Without electric field (b )th electric field
—

2p°

state
broadened

2p° state

1s
state
broadened

1s state

FIG. 3. 1sstate and 2p° state (a) without applied electric field
and (b) with applied electric field. Excitation of an electron by a
photon, with energy fiw, is shown schematically for both cases.

calculation of the transition-matrix elements an initial-
state energy E; is chosen and the final energy state is
determined by the fixed photon energy, E;=E; +fio. In
the absence of an electric field, the transition probability
from a s to a 2p° state is a & function in energy. Since
the presence of an electric field broadens the ls state
(E,;=0.5) into a band, the transition probabilities can
not be neglected below or above (Fig. 3). Therefore the
transition probabilities from every energy of the
broadened 1s band to higher broadened bands must be
calculated.

From our transition probability calculations (Figs. 4
and 5) we show how the bands broaden (the range of the
initial energy) and how the peaks decrease in magnitude
with increasing strength of the electric field.

In order to obtain the actual absorption spectrum, in-
tegrations are performed. The transition probabilities

100 000

Transition probability

0.10

0.01

0.001 1 1 1 1
-0.502 -0.501 -0.500 -0.499 -0.498
Initial energy

-0.497

FIG. 4. Transition probability per unit time from 1s band to
2p° band as a function of initial energies for three different
photon energies for electric field €=0.05 at energies
E =(#io—E,)/E,. Logarithmic scale is used for the transition
probability axis. In these calculations the DA model is em-
ployed.
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FIG. 5. Transition probability per unit time from 1s band to
2p° band as a function of initial energies for photon energy
#fiw=04 and for electric field €=0.1 at energies E =(fiw
—E;)/E,. In these calculations the DA model is employed.

(which are functions of initial energies for a fixed photon
energy) are integrated over all possible initial energies to
obtain the absorption coefficient for that photon energy.
This process is repeated for all photon energy values to
obtain the absorption spectrum.

The results for the absorption spectrum for the
1s —2p° band transitions are shown in Fig. 6. For these
results, the definition given by DA for the crossover of
the Coulomb and electric field potentials has been em-
ployed. Figure 6 shows the results for the electric fields
equal to 0.04, 0.05, and 0.1. It is of some interest to com-
pare these curves with the available experimental data to
determine whether the DA model is applicable to shallow
donor impurities or not.

In light of the experimental papers, Stark effect calcu-
lations, and numerical calculations on excitons and im-
purity levels, we expect to see peaks that are slightly
broadened and shifted for low electric fields, i.e., € =0.03
(552 V/cm for GaAs). At moderate electric fields, an in-
crease in the broadening and shifting should occur with
increasing electric field. At large electric fields, field ion-
ization occurs and the absorption peak should disappear.
All these features can be seen in Fig. 6. However, the
question of whether the quantitative effects are in agree-
ment with experiment needs further examination.

Comparison of these absorption curves in Fig. 6 with
the available experimental data (Vrehen,'® White,'® Car-
ter,'* and Kopylovls) indicate that Duke’s method, when
applied to shallow donor impurities, greatly overesti-
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mates the effect of the electric field just as it does for exci-
tons.

In order to determine if our definition of the crossover
has improved the situation, we have repeated the calcula-
tions using the new crossover and including the
transition-matrix elements as well. Our crossover for the
potential makes the excited states less sensitive to the
electric field; therefore, the broadening and shifts are re-
duced in the absorption spectrum. The absorption
coefficient versus photon energy for the ls-band-to-
2p°band transitions are shown in Fig. 7. The effect of
changing the crossover can be seen by comparing Figs. 6
(DA model) and 7 (our model). In both cases the 2p°
band shifted to higher-energy values; however, the shift
in DA’s case for the broadened 2p° band far too large.
The level is at E=—0.07 for €=0.05 compared with
E =-0.125 for ¢=0. In our case, the level is at
E =—-0.123 for €=0.05. The large 2p°band shift in
DA’s case is directly related to the location of the cross-
over.

The absorption coefficient is also calculated by assum-
ing that it is proportional to a constant times the square
of the final-state wave function at the origin [Eq. (9)], just
as in the case of excitons. The result is shown in Fig. 8.
We have compared this figure with Fig. 6(b) (which is ob-
tained by including the transition-matrix elements for the
same electric field, €e=0.05). The shape of the curve and
the energy of the excited state are essentially the same in
both figures. This similar behavior shows that for low
electric fields, the absorption coefficient formula for exci-
tons can be used also for donor impurities. This approxi-
mation can not be applied to m=£0 final states because
these wave functions vanish at the origin. The approxi-
mation which gives the absorption coefficient as a func-
tion of final energy can be used as a very good check for
the complicated calculations of the absorption coefficient.

DISCUSSION AND CONCLUSION

In this paper we have examined the effects of an elec-
tric field on the energy levels and the absorption spec-
trum of both excitons and impurities using a modified
version of the model proposed by Duke and Alferieff.’
We have calculated the absorption spectrum including
the actual transition-matrix elements. Such calculations
have not been previously reported in the literature.

It is shown that with the DA model® the peak positions
and the peak strengths are very sensitive to the way in
which the crossover for the potential is defined. By
changing the location of the crossover for the potential,
the peak shifts and widths can be changed substantially.
Consequently, the location of the shape of the peaks can
not be reliably predicted unless some physically meaning-
ful criterion can be found for selecting the location of the
crossover for the potential in a precise fashion. Another
problem with the DA model is the restriction placed on
the quantum numbers employed in calculating the cross-
over boundary. The principal quantum number n is set
to 1 and the parabolic quantum numbers n; and n, are
set to zero. This choice leads to a model which gives
reasonable results only for the 1s ground state.
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We have generalized the DA model by introducing a
different definition of the crossover boundary. Using this
new definition we have calculated the absorption spec-
trum for both excitons and impurity states. The results
(Figs. 2 and 7) more closely resembled the experimental
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data.’*~' In particular, we have found much sharper
peaks in the absorption spectrum, and the shift of the
peak energy with increasing electric field was much
smaller than that produced by the DA model.

We have shown that Elliot’s?® approximation for exci-
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FIG. 6. Calculated absorption coefficient vs photon energy (in atomic units) from 1s to 2p° band for electric fields (a) € =0.04, (b)
€=0.05, (c) e=0.1. In these calculations the transition-matrix elements are included and DA’s definition for the crossover for the po-

tential is used.
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tons (absorption coefficient is proportional to the absolute
square of the wave function at the origin) can also be ap-
plied to shallow donor impurities at low electric fields
(Fig. 8). It is shown that this approximation agrees well
with the full calculation of the absorption coefficient in-
cluding transitions from the ground states to states with
m=0.

The transition probability calculations reveal how the
bands are broadened and shifted with increasing electric
field. The transition probability curves also indicate at
what electric field values the electrons in shallow donor

10} @

Absorption coefficient

0 1 I
0.37 0.38 0.39 0.40

Photon energy

tb

Absorption coefficient

0 1 1 1 1
0.30 0.34 0.38 0.42 0.46

Photon energy

FIG. 7. Calculated absorption coefficient vs photon energy
(in atomic units) from 1s to 2p° band for electric fields (a)
€=0.05 and (b) e=0.1. In these calculations these transition-
matrix elements are included and the new choice of the cross-
over for the potential is used.

DARICI, WOLFRAM, CHANDRASEKHAR, AND COWAN 38

1
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FIG. 8. Calculated absorption coefficient [by using the

| ®£(0) | 2 approximation for impurities, Eq. (9)] vs final energy
from 1s to 2p° band for electric field e=0.05 at energies
E =(#iw—E;)/E,. DA’s definition for the crossover is used.

states are field ionized. The absorption-coefficient calcu-
lations show how the absorption edge changes with elec-
tric field, and the amount of photon energy needed to ex-
cite an electron from the broadened ls band to higher
bands or the continuum.

Due to the lack of experimental data, we were not able
to compare our results directly with experimental absorp-
tion data on shallow donor impurities. The only experi-
mental data for comparison with our results are those
due to Carter on the photoconductivity of shallow
donor impurities, White’s'® results on absorption by im-
purity acceptors in an electric field, and Kopylov’s'® elec-
troabsorption results on GaP:S.

The photoconductivity experiments measure the con-
ductivity by exciting electrons from impurity levels into
the conduction band. These experiments show that as
the electric field increases the energy of the conductivity
peaks moves towards lower photon energies. This shift
towards lower energies means that the excited states
move closer to the conduction band under the influence
of the electric field. In our calculations, we observed the
same type of shift. The excited states move towards
higher energies with increasing electric field. The ground
state is not shifted as much as the excited states. There-
fore, as the electric field increases, the energy difference
between the broadened 1s band and the broadened 2p°
band increases as well. Consequently, the s —+2p0 tran-
sition energy increases with increasing electric field.

Comparisons with related experiments show clearly
that with our choice of the crossover boundary, the mod-
el predicts the correct electric field effects. We have
presented results for 1s —2p? transitions. The model can
be employed for transitions from 1s or excited levels to
higher excited levels depending on the strength of the
electric field. The question of whether there is a more
“physically meaningful way” to select a criterion for the



38 ELECTRIC FIELD EFFECTS ON EXCITONS AND SHALLOW . .. 9693

crossover is not answered. However, one might use ex-
perimental data to find a reasonable choice for the cross-
over boundary. Therefore we conclude by saying that
what is needed are careful absorption measurements on
donor impurity states at high electric fields.
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