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Volume dependence of the superconducting transition temperature
of aluminum calculated from a first-principles potential
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Using a first-principles, local, volume-dependent pseudopotential which has been used successful-

ly to calculate several properties of aluminum, we have calculated the electron-phonon interaction

for this material. From this information we have calculated the volume dependence of the super-

conducting transition temperature. The pseudopotential is constructed from the nonlinear induced

density around an aluminum ion in an electron gas. The volume dependence is introduced by the

electron-gas density parameter r, .

I. INTRODUCTION

To have a reliable, first-principles, pressure-dependent
interionic potential is very important to make predictions
of the behavior of materials under pressure. With this in
mind we had performed, in previous work, ' first-
principles calculations of the interionic potentials of lithi-
um and aluminum, using a method which had been ap-
plied with success to metallic hydrogen. ' However, the
phonon frequencies calculated using those interionic po-
tentials were not satisfactory and could not be used to
calculate any property of aluminum or lithium.

In more recent work we have calculated the interionic
potentials for aluminum and lithium using first-principles
pseudopotentials. These potentials were used to calculate
the specific heat of lithium and the pressure dependence
of the specific heat of aluminum successfully. ' The
pseudopotentials were calculated from first principles fol-
lowing a method proposed by Manninen et al. who fol-
lowed some basic ideas from the work of Rasolt et al.

In this work we follow the same method of Manninen
et al. to obtain a local, first-principles, pressure-
dependent pseudopotential to construct the interionic po-
tential. Then, we calculate the force constants associated
with this interionic potential using the self-consistent har-
monic approximation ' (SCHA). These force constants
and the pseudopotential are used to calculate the effective

phonon distribution function a F(m) From this .func-

tion we calculate the superconducting transition tempera-
ture, T„using the formula proposed by McMillan" and

the method proposed by Leavens. ' The whole pro-
cedure, i.e., the calculation of the first-principles pseudo-
potential, then the interionic potential, the force con-
stants and T„ is done for five different values of the elec-
tron density parameter r, : the value at atmospheric pres-

sure, and then for values which are 1%, 2%, 3%, 4%,
and 5% smaller.

In Sec. II we make a brief description of the method we

have followed to construct the pseudopotential. Section
III is used to briefly describe the phonons in the SCHA,
the effective phonon distribution function a F(co), and

the formulas to calculate T, . Section IV is used for re-
sults and conclusions.

II. THK PSKUDOPOTENTIAL

Here we will give a brief description of the method
used to construct the pseudopotential. For further de-
tails the reader may see Refs. 6 and 7.

In this method a Fourier transform of the displaced
electronic density around an impurity in an electron gas
is taken. Then a local pseudopotential is defined in such
a way that it reproduces exactly in linear-response
theory, except for a small region very close to the ion, the
displaced electronic density. In this way some of the
nonlinear screening effects are included into the interion-
ic potential calculated from the pseudopotential.

The relationship between the Fourier transform of the
induced charge pseudodensity and the unscreened pseu-
dopotential form factor v(q) is

4m5n (q)e(q)
V 7

q [1—E(q)]

where e(q) is the dielectric response function of the elec-
tron gas.

From pseudopotential theory and linear-response
theory, '3 the interionic potential 4(r) is given by

Z 2
y

dq sin(qr)e(q)[5n (q)]4r= 1+
r ~Z' o q [1—e(q)]

(2)

where Z is the charge of the metal ion and r is the separa-
tion between ions.

In order to obtain 5n (q) we have considered the model
of a nucleus embedded in a jellium vacancy ' ' (this
model describes the phonons and the cohesion in the met-
al much better than the model of the nucleus embedded
in a homogeneous electron gas ' ). We first calculated
the electron density n (r) in an electron gas perturbed by
an aluminum nucleus located at the center of a spherical
vacancy made in the positive background and we also
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calculated the electron density, n„(r), around a pure jelli-
um vacancy. Then, we calculated the difference

bn(r)=n(r) —n, (r) —2g
~

1(tb(r)
~

b

where 1(b(r) refers to the bound-electron wave functions.
The calculation of the electron densities was performed
using the density-functional formalism. ' ' The induced

density b n (r) has wiggles for small values of r due to the
orthogonalization of conduction states to core orbitals.
However, in the pseudopotential formulation the pseudo-
density must not have core orbitals, thus we smoothed
b, n (r) in order to remove the wiggles near the ion follow-
ing the method of Manninen et al. , using a second-
order polynomial, 5n (r) = A Br, r—(Ro, for small
values of r. The constants A, 8, and Ro are determined
under the conditions that 5n (r) and B[5n (r)]/Br are con-
tinuous at Ro and that the electronic charge is conserved.
This smoothed density is the pseudodensity we used in
Eqs. (1) and (2) to calculate the pseudopotential and the
interionic potential, respectively.

The dielectric function we used satisfies the compressi-
bility theorem, which is important in connection with the
interionic potential, ' and involves the expression given
by Gunnarsson and Lundqvist for the exchange correla-
tion energy' (which is the same we have used in the cal-
culation of the induced nonlinear densities). The dielec-
tric function is given by

e(q) = 1+( 4m /q )G (q),
where

Go(q)
G(q)=

1 —(4m. /kryo )Go(q)(1 L)—

and Go(q) is the usual Lindhard polarizability and k~„ is
the Thomas-Fermi screening constant. The expression
for L is

Bp/Br,L=
BE /Br,

where p is the chemical potential, Ez is the Fermi ener-

gy, and

p(&, ) =EF(& )+p c(&. )

where p„,(r, ) is the exchange-correlation contribution to
the chemical potential. Using the expression of Gun-
narsson and Lundqvist for exchange-correlation, the
value of L is given by

' 1/3 0.6213r,

r, +11.4
4

III. ELECTRON-PHONON INTERACTION AND T,

From the interionic potential we calculated the corre-
sponding force constants using the SCHA. ' The result-
ing set of equations to be solved in the SCHA is the fol-
lowing:

co~(k)e„(k)= g D,„(k)eg(k), (4)

where e~(k) is the component of the polarization vector
ez(k) and the dynamical matrix is

D (k)= g [1—o (k R, )](4 (R, )),1

I

with

1(4 „(Rl)~=, d pexp —
—,
' Xp (AI ) sps 4 „(RI+pl)

( Sm'detA.
&

)'

where M is the ion mass, pI is the vector describing the displacement of atom I from its equilibrium position RI, and
4 &(Rl +pi ) is the tensor derivative of the interatomic potential evaluated at RI +pi.

Finally,

(A, l )~q —— g [1—cos(k RI )]@~ (k)e~v(k)coth[ —,'phd~(k)]/co~(k),
1

k, A.

where N is the number of ions. The sum is over the first
Brillouin zone and P is 1/(ka T), ka being the Boltzmann
constant.

To solve the set of self-consistent equations (4)—(7) we
start with the frequencies generated by the harmonic ap-
proximation as the first trial. Then the convergence pro-
cedure is followed. From the solution to these equations
we obtain the force constants to be used in our calcula-
tion of the effective phonon distribution function a F(co)
which is useful to calculate T, .

The function a I' (co) can be expressed as

dQk dQk
a F(ar)=N(O) f 4m 4m

t

where N(O) is the electron density of states at the Fermi
level, d Qk and d Qk are solid-angle elements on the Fer-
mi surface at k and k', co&(k —k') are the photon frequen-
cies, and g&& z is the electron-phonon coupling constant
which, for the one-plane-wave theory, is given by

iq e,(q) W„f(q)
[2MNcoq(q)]'n

where q =k —k', and Wkz(q) is the form factor for
scattering on the Fermi surface.

To calculate T, we have used the formulas given by
McMillan" and Leavens. ' The equation for T, given by
McMillan is
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where

(co) 1.04(1+A, )

(A, —p,
*

)( 1+0.62K, }
(10)

0.8—

(co}=—f a F(co)des,
0

and p* is the Coulomb pseudopotential parameter. The
expression for A. is also given in terms of a F(co):

0.6—
C3

C} 0q

k=2 dco
0 N

(12)

and it is the electron-phonon mass-enhancement factor.
The expression for T, given by Leavens' corresponds

to a coupled pair of equations: 0.0—
~ N ~+ ~ 0

~ ~ ~ a~gka a

kg T = 1 ~ 1 34cooexp
1+A, +A(T, )

k —p
(13} 15 15

and

0 a F(co)den
1

~+~o
co+ ks T, /l. 134

(14)

FIG. 1. Resulting interionic potential for aluminum as a
function of pressure. For a value of r, which corresponds to at-
mospheric pressure, ; for a value of r, which is 2% small-
er, ———;for a value of r, which is 4% smaller,

where coo is the maximum phonon frequency.

IV. RESULTS AND CONCLUSIONS

The whole procedure is started with the calculation of
the displaced electronic density. This is done by first cal-
culating the electron density n (r) in an electron gas per-
turbed by an aluminum nucleus embedded in a spherical
vacancy made in the positive background. Then, we cal-
culated the electron density n„(r) around a jellium vacan-
cy. The densities were obtained using the density-
functional formalism. ' ' The displaced electron density
is obtained by Eq. (3). This displaced electron density is
then smoothed in a region close to the ion following the
procedure mentioned in Sec. II. This smoothed density is
used as the pseudodensity. To obtain the Fourier trans-
form of this pseudodensity we had to use the asymptotic
form given by

5n (r) = 3 cos(2kzr +P)/r

where the constants A and P were obtained using the last
points of our numerical calculation of 5n(r). This nu-
merical calculation of the density was up to
R,„=15.04ao, where ao=0.529 A is the Bohr radius.
To test the accuracy of the Fourier transform we ob-
tained 5n (r) by taking the inverse Fourier transform of
5n(q) and the difference with respect to the original
values of 5n (r) was less than 0.08%.

The pseudopotentia1, for each value of r„ is obtained
using 5n (q) and the dielectric function corresponding to
the expression of exchange correlation energy given by
Gunnarsson and Lundqvist, ' in Eq. (1). The interionic
potential is obtained using Eq. (2). In Fig. 1 we show the
resulting interionic potential for three different values of
r, . The first is for atmospheric pressure, the second is for
a value which is 2% smaller than the corresponding value
at atmospheric pressure and the third is 4%%uo smaller than

the first value.
From the interionic potential we calculated the corre-

sponding force constants using the self-consistent har-
monic approximation. We should mention that the pho-
nons generated using this approximation are in good
agreement with experimental results.

The force constants are used to calculate the function
a F(co) by Eqs. (8) and (9). This is achieved following the
method of Gilat and Raubenheimer ' with some straight-
forward modifications. The method of Gilat and Rau-
benheimer ' consists of solving the secular equation asso-
ciated with the dynamical matrix only at a relatively
small number of points of the irreducible part of the first
Brillouin zone. Then, by using a linear extrapolation the
other phonon eigenfrequencies are extracted from within
small cubes, each centered at one point. These cubes are
arranged to fill the entire irreducible part of the first Bril-
louin zone and thus yield the complete frequency distri-
bution of the crystal.

With the function a F(co) we calculate A, and A,(T, )

which are required to calculate T, with the formulas of
McMillan and Leavens [Eqs. (10)—(14)]. Figure 2 shows
the function a F (co). The corresponding value of A, at at-
mospheric pressure is 0.245 which is smaller than the
values previously reported for A, (0.364&A, (0.51), see
Refs. 22 —25.

The density dependence of the Coulomb pseudopoten-
tial parameter p* is not known, but it is believed to be
small. We have considered a rescaling of the zero pres-
sure value at each volume according to the simple expres-
sion obtained in Thomas-Fermi screening. This resulted
in a small increase in p*. For for the zero-pressure value
we considered five possibilities. The first one was taking
the expression given in Refs. 26 and 27 which was 0.126
using Thomas-Fermi screening. The second value we
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FIG. 2. The function a'F(e) for electron-phonon interac-

tion. For a value of r, at atmospheric pressure, ; for a
value of r, which is 2% smaller, ———;for a value of r, which

is 4' smaller,
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took for the zero-pressure value of p* was 0.10 and then
0.07, 0.05, and 0.001, respectively. In Fig. 3 we show the
variation of T, /T, (0) with volume change. We used the
formula by McMillan [Eqs. (10)—(12)] and the formula by
Leavens [Eqs. (12)—(14)]. The results, using one formula
or the other, are very similar. The difference between the
results from these formulas increases slightly as p* de-

creases. Figure 3 shows the results obtained using the
formula by Leavens and, for the smallest value of p*, the
result obtained using the formula of McMillan is also
shown.

It is clear from Fig. 3 that the experimental behavior of
T, /T, (0) with volume change is not well reproduced.
The linear behavior is not obtained for any of the calcu-
lated curves of Fig. 3. At this point it is necessary to
mention that in order to reproduce the value of T, at
zero pressure, a very small and negative value of p* is re-
quired ( —0.00126). This can be seen as a consequence
of the small value of A, obtained in our calculation. When
we use 0. 1 for IM", we obtain for T, (@=0)a value of 0.015
K. Curve F in Fig. 3 corresponds to a value of T, at zero
pressure, T, (0) of 1.13 K, which is very close to the ex-
perimental value of T, (0), 1.19 K. For this reason we
take curve F. as our prediction of the variation of
T, /T, (0) with volume. We can see from this figure a de-
viation upwards from the linear relationship. This
characteristic behavior is found in other calculations (see
Refs. 28 —32).

We should mention that our aim in this work is not a
careful determination of the zero pressure T, . If this
were our purpose, we should have to take into account
the electronic band structure. Our interest in this work is
to predict changes in T, . It is expected that the inclusion
of the band structure is not the principal ingredient but
rather changes in it, which probably have a relatively
small effect

To our knowledge, no previous work has included
first-principles calculations of all the relevant metallic
properties at each volume. In Ref. 29 a first-principles
calculation of the volume dependence of T, /T, (0) is

made. A pseudopotential proposed by Rasolt and Tay-
lor is used, but the same bare pseudopotential,
rescreened, is used at all volumes.

In this work we have calculated the bare ion pseudopo-
tential for each volume. We found that the change of the
bare ion pseudopotential with volume is small. This can
be seen in Fig. 4, where we show q v (q)/(4mZ), where

0.5

0.2 ~ D ~ F
0.5—
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0 ~ ~~ ~~ iy a 1 ~ al ~ le
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FIG. 3. Variation of the transition temperature with volume

change. The solid line corresponds to experimental results from

Ref. 28. Curve E corresponds to the prediction made in this

work using the formula by Leavens. Curves 3, 8, C, and D are
for different values of p (0)=0.126, 0.10, 0.02, and 0.05, respec-

tively. For curve E, p*(0)=0.001. The discontinuous curve

corresponds to case A, using McMillan's formula. The crosses
correspond to result of Ref. 29.
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FIG. 4. Change of q v(q)/(4mz) with r, . The bare ion pseu-

dopotential is v(q). Result for a value of r, at zero pressure,

; Result for a value of r, 4%%uo smaller than the first value,
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dicated in Fig. 2. The experimental fit has a maximum
phonon frequency corresponding to 6.1)&10' Hz. This
gives a difference of 9.8/o with respect to the experimen-
tal fit for this maximum phonon frequency.

For the rest of the values of r, we have indications to
believe that the phonons generated using our pseudopo-
tentials for each volume are good. This is because the
elastic constants as functions of pressure, calculated using
our pseudopotentials are in good agreement with experi-
ment for aluminum and lithium. If we take our pho-
nons as functions of pressure as good, we may look at p*
like a parameter which may be responsible for the devia-
tion upwards from the linear relationship. This parame-
ter would have to change much more rapidly than what
in general is believed it should vary with r, . If p
changes like

FIG. 5. Phonon density of states. The continuous curve is
the result of this work. Measurements from Ref. (34), ———;
Born —Von Karman fit from Ref. (35),

U(q) is the bare ion pseudopotential, for two difFerent
values of r, . The first is for zero pressure and the second
for a value of r, which is 4%%uo smaller than the first value.

In Fig. 5 we show our calculated phonon density of
states F(to) at atmospheric pressure and compare it with
two experimental results deduced from Born- Von
Karman fits to neutron measurements. The overall shape
is very similar. Our maximum phonon frequency is
5.5)&10' rad/s, which corresponds to 8.75X10' Hz in-

where hr, is the percentage of change in Ar„ the curve E
in Fig. 3 would become the linear relationship between
T, /T, (0) and the volume given by the experimental re-
sults.

In any case, a careful study of changes in p* or band
structure with r, should be made to be incorporated in
the calculation of the volume dependence of T, /T, (0).

As a final comment we have that for aluminum, the
difference between the values of T, obtained using the
formulas of McMillan and Leavens and solving the
Eliashberg gap equations is of the order of +0.02 K for
each value of p'.
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