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We report self-consistent, all-electron calculations of the band structure of paramagnetic bcc
niobium. Density-functional theory and the linear combination of Gaussian orbitals method were

employed. Results are presented and discussed in the light of the existing theoretical and experi-
mental data for the energy bands, density of states, Fermi surface, optical conductivity, x-ray form

factors, and Compton profile. In addition, spin-polarized band-structure calculations were carried
out to investigate a possible magnetically ordered state for large values of the lattice constant. A
composite transition from a nonmagnetic to a low-spin ferromagnetic state and from a low to a

high-spin state was found.

I. INTRODUCTION

During the last two decades the electronic band struc-
ture and allied properties of niobium have been the sub-
ject of numerous theoretical investigations. ' The elec-
tronic structure of niobium is characterized by the over-
lap and hybridization of a rather broad d band with an
even broader nearly-free-electron-like sp band. Much in-
terest in niobium, both theoretical and experimental, has
arisen due to the fact that it has the highest supercon-
ducting transition temperature (T, =9.25 K) of all the
elements in the Periodic Table. This makes the compar-
ison of theoretical and experimental results particularly
interesting. There is a large amount of experimental in-
formation available which can be interpreted with
the aid of band-structure calculations. The present study
is devoted to the computation of energy bands, the densi-
ty of states, the Fermi surface, the optical conductivity,
x-ray form factors, and the Compton profile, which are
compared with experiment wherever possible.

Recently, interest has arisen in the magnetic ordering
of transition metals in nonequilibrium geometries (ex-
panded lattices or different structures) from both experi-
mental and theoretical ' points of view. Experi-
mentally, thin films are grown epitaxially on appropriate
substrates. ' This may give a different structure and
lattice constant to the film in comparison to bulk materi-
al. As an example, we mention the case of fcc iron. It
has been stated that films of fcc iron grown on copper
surfaces may be either ferromagnetic or antiferromagnet-
ic, depending on the crystallographic surface where the
growth occurs. More recently, it has been con-
clusively demonstrated that films of fcc iron are fer-
romagnetic if the lattice constant is large enough.
Due to such experimental results, the study of magnetic
properties of materials with respect to variation of the
lattice constant has become an exciting problem from the
theoretical point of view as well. ' In this paper we
have investigated the electronic structure of niobium at
expanded lattice constants, and have found transitions to
a low-spin, and then to a high-spin, ferromagnetic state.

Our computational procedures are briefly described in

Sec. II. The band structure and density of states under
normal conditions are presented in Sec. III. Our results
are compared with those of numerous previous calcula-
tions. The Fermi surface is described in Sec. IV, and the
areas of some cross sections are compared with experi-
ment. The optical conductivity is given in Sec. V, while
Sec. VI contains results for the x-ray form factors and
Compton profile. The calculations for expanded lattice
constants leading to possible ferromagnetic states are re-
ported in Sec. VII. Finally, our conclusions are summa-
rized in Sec. VIII.

II. COMPUTATIONAL METHOD

Our computational procedures are summarized very
briefly below.

We have used the linear combination of Gaussian or-
bitals (LCGO) method as contained in the BNDFKG pro-
grams. ' The calculations are made based on the local-
density approximation to the density-functional theory.
This method has been successfully applied to several met-
als. ' . lt does not require any shape approxima-
tions to charge densities or potentials. Details of the
method can be found in Ref. 71.

The Bloch wave functions needed in the self-consistent
calculations were expanded in a set of independent
Gaussian orbitals, including in this case sixteen of s
symmetry, twelve p, eight d, and one f. We employed the
basis set for Nb given by Poirier et al. , except that the
most diffuse s-orbital exponent was deleted and a single f
orbital of exponent 0.8 was added. The exchange-
correlation potential is treated in the manner described in
Ref. 75. Relativistic effects are not included. The Hamil-
tonian and overlap matrices considered in the computa-
tions are of dimension 99&(99. The lattice constant a of
niobium at 0 K was estimated to be 6.227 a.u. using the
measured thermal expansion. In the calculations the
iterations leading to self-consistency were continued until
the change in the leading Fourier coefficient of potential
became 10 Ry or less. After establishing the self-
consistency, energy levels and wave functions were evalu-
ated at 506 points in the irreducible wedge ( —,', ) of the
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TABLE I. Selected energy separation (in mRy) of Nb band structures.

Reference

present work
2
7

10
11
13

Method

LCGO'
APW
RAPW'
KKRd
MBP'
LMTO

I zs-I 1

404
428
471
410
433
480

Kzs -I

792
828
868

795

Hqs -H)q

687
755
704

613

EF-H„

282
314
279
302
243
304

EF-I l

387
387
442
387
425
452

577
553

570

'Linear combination of Gaussian orbitals.
bAPW calculations, exchange only (a = —', ).
'Relativistic APW calculations, exchange only (a = —', ).
Green's-function method.

'Mixed-basis pseudopotential.
'Linear mufBn-tin orbital.

Brillouin zone. The density of states was obtained by ern-

ploying the linear analytic tetrahedron method.
The procedures used in our calculations of the Compton
profile ' and the optical conductivity have been
described elsewhere.

III. BAND STRUCTURE AND DENSITY OF STATES

The calculated energy bands are displayed along cer-
tain syrnrnetry directions in Fig. 1. We also give the com-
parison of our results in Table I with those of other self-
consistent calculations for selected energy separations.

Generally, the calculated band structure is quite simi-
lar to that of vanadium except that the d band is slightly
broader here. The conduction electrons fill all of the first
bands, while second and third bands are partly filled.

The width of the occupied portion of the d band mea-
sured by EF E(N—, ) is 0.2675 Ry and the total d-band
with including unoccupied states (estimated as N3 N, )—
is 0.5512 Ry. The total occupied bandwidth, including s
states below the d band [Ez—E(1,)] is 0.387 Ry. This
occupied bandwidth seems to be in good agreement with
the experimental value 0.37 Ry. s

In order to have a meaningful comparison of calcula-
tions, we have listed in Table I only those which are said
to be self-consistent. However, there are a large number
of non-self-consistent calculations which give results at
least generally consistent with those shown (i.e., we did
not find any general pattern to the differences between
energy levels in self-consistent and non-self-consistent re-
sults). Among the self-consistent calculations, the
spreads in values of the energy differences are roughly
10% of the average values. While there are difFerences in
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FIG. l. Energy bands of niobium.
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EF can be seen from this table that h
s readint e

a t ere is a rather large
sprea in t e values that have been found f thun or t is quanti-
y. os of the results are in the ran e 19—22 Ry ', as

ours is, but there are a few well outside. No clear choice
is available. Using our value of N(E )

363 J
o z, we obtain a value

m mo K for t"e electronic specific-heat
coe cient . The 89

mJ mol K A
e experimental value is 7.8

tained from our
Ao enhancement factor of 2.15

'

our results, which is higher than McM'll
is ob-

f s several anomalies in phonon dis er-
sion curves have been re orted ' ' i
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interaction.
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FIG. 2.. Density of states of niobium.

the lattice constants used by different auth hors, t ese are
oo small to account for this spread. There appear

tions to variation in enerto be two major contribut'
i erences: (1) use of different exchange-correlation

an &,' inclusion of relativistic effects. Our
re a ion po-

present results appear to be closest to those of Ref. 10,
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'
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TABLE II. Densit of
(Ry atom ).

y o states at Fermi energyo
'

in

Reference

present work
1

2
5
6
8

10
13
17
22
23
46

20.868
19.774
28.200
22.400
29.930
21.280
19.050
21.880
19.860
19.910
24.800
18.496

FIG. 3. Cross sections of the niobiu
(100) plane.

e niobium Fermi surface in a
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FIG. 4. Cross sections of the niobium Fermi surface in a
(110) plane.
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Table III. Deviating from the usual practice, we have
followed the notations used in the experimental investiga-
tions. It can be inferred from Table III that, except for
v, z and b orbits in the (100) plane, ' the rest of our
values are in reasonably good agreement with the experi-
mental findings. The other features regarding the shape,
such as jungle gym, distorted ellipsoids centered at N, an
octahedron around I, etc., are quite similar to those re-
ported previously. '

V. OPTICAL CONDUCTIVITY

The interband optical conductivity in the present work
has been evaluated by performing the integration numeri-
cally in the —,', of the Brillouin zone. The standard formu-
la used for the computations is given in many texts.
As we could determine the momentum matrix elements
analytically by using a basis set of Gaussian orbitals, the
necessary k dependence is retained. The technique em-
ployed in the tetrahedral integration is basically that re-
ported earlier. '

There have been several attempts to measure the opti-
cal conductivity of niobium in different energy
ranges. To our knowledge, no theoretical results for
the optical conductivity of Nb in detail are available.
Therefore, initially the interband portion of the conduc-
tivity is calculated at energies between 0.01 and 10 eV.
The results are shown in Fig. 5 by curve A. To take into
account the intraband conductivity, the contribution due

FIG. 5. Optical conductivity of niobium. Curves: A, inter-
band conductivity; B, conductivity including lifetime broaden-
ing and a free-electron (Drude) contribution; C, experimental
curve.

to a Drude term is incorporated as described in Ref. 84.
The Drude parameters O.

o ——3.9 g 10' sec ' and
7 =5.51 &( 10 ' sec were selected from the work of Len-
ham and Treherne. As we have done previously, ' a
relaxation time fi/v=0. 5 eV was used to smooth the
sharp structure of curve A in Fig. 5. Curve B in the same
figures shows the optical conductivity after these correc-
tions. The experimental curve is displayed by a dashed
line (curve C) which has been copied from graphically
presented data. ' In the experimental reports two
principal maxima are observed in the (2—3) and (4—5)-eV
regions. Comparison of our results with the experimental
curve shows that the calculated peaks are in about the
correct positions. However, we could not reproduce an
observed minimum ground 9 eV in our theoretical plot.
We note here that the situation regarding magnitude of
the optical conductivity may be improved by including
the self-energy correction empirically through a pro-
cedure discussed by Janak et al. In fact, we found that
the choice of the empirical renormalization factor A,

(=0.07) can improve the match with the experimental
curve.

On the basis of the band structure of Nb (Fig. 1), we

0 —2
TABLE III. Areas (in A ) of some cross sections of the Fermi surface of niobium.

Plane Orbit
Present
work

Expt.
(Ref. 32) Ref. 1 Ref. 2 Ref. 7 Ref. 8 Ref. 20

(100)

(110)

V12

V3 —6

Vl

V2

0.728
0.847
0.114
0.101
1.575

0.738
0.924

0.6392
0.8145
0.1380
0.0818
1.448

0.7610
0.8603

0.642
0.855
0.117

1.494

0.762
0.940

0.640
0.820
0.130

0.730
0.960

0.678
0.884
0.118

1.501

0.824
0.920

0.640
0.820
0.160

1.430

0.750
0.860

0.660

0.120

0.730
0.880
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find that major contributions to the interband optical
conductivity result from transitions along the X axis and
near the X points. Moreover, it can be seen from Fig. 5

that in the case of Nb the onset of the transition starts
very near 0 eV, which does not occur in some other met-
als. ' ' ' ' Unfortunately, due to the Drude conduc-
tivity this feature is unlikely to be observable experimen-
tally.

VI. X-RAY FORM FACTORS
AND COMPTON PROFILE

vector. The normalization condition
given by

JJ(q)dq =n, ,

on the profile is

(6.2)

in which n, is the number of electrons per atom.

TABLE V. Calculated Compton profile (only the band elec-
trons are included) for niobium in the symmetry directions
along with the directional average.

J(q)= Jd p p(p)5(q —p k),
(2m )

(6.1)

where p(p) is the electronic momentum density and q is
the magnitude of the momentum along the scattering

TABLE IV. X-ray form factors of niobium.

Wave vector
a K./2~

(1,1,0)
(2,0,0)
(2, 1,1)
(2,2,0)
(3,1,0)
(2,2,2)
(3,2, 1)
(4,0,0)
(3,3,0)
(4, 1,1)

(3,3,0)/(4, 1,1)

(4,2,0)
(3,3,2)
(4,2,2)
(4,3,1)
(5,1,0)

Present
calc.

31.285
27.443
25.005
23.185
21.741
20.682
19.717
18.853
18.176
18.152
1.0013

17.507
16.925
16.355
15.829
15.809

Expt.
(Ref. 97)

31.35+0.05
27.47+0.11

Atomic
scat.

factors
(Ref. 98)

31.94
27.85

The x-ray-scattering from factors emerging from our
calculations are given in Table IV. The (1,1,0) and (2,0,0)
form factors have been determined experimentally by
Terasaki et a/. We also give in the same table the cal-
culated values of atomic-scattering factors due to Hanson
et al. It is quite clear from the Table IV that our calcu-
lated values agree with the experimental ones, while the
scattering factors computed from atomic Hartree-Fock-
Slater wave functions are slightly higher. This implies
that the electronic charge distribution in bulk niobium is
slightly more diffuse than that resulting from a superposi-
tion of free-atom densities. Elyashar and Koelling have
also obtained the x-ray form factors of Nb in their rela-
tivistic APW calculations, but they have not compared
their results with experimental values. As they have only
given a plot of the form factors, we could not compare
explicitly our values with their graphical representation.

We have also computed the Compton profile of niobi-
um by employing the wave functions generated in the
band calculation on a mesh 506 points in the irreducible
wedge of the Brillouin zone. The basic definition of
Compton profile is given as

Q (a.u. )

0.0
0.1

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0
2. 1

2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
3.0
3.1

3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
4.0
4. 1

4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9
5.0

Jtloo)

1.921
2.084
2.237
2.226
2.079
1.931
1.903
1.851
1.716
1.348
0.989
0.899
0.880
0.722
0.498
0.341
0.268
0.225
0.195
0.160
0.135
0.142
0.148
0.123
0.086
0.060
0.049
0.043
0.038
0.031
0.025
0.024
0.024
0.022
0.019
0.016
0.015
0.014
0.013
0.011
0.009
0.009
0.011
0.012
0.011
0.010
0.010
0.009
0.009
0.007
0.007

J[»o]

2.421
2.381
2.304
2.163
2.008
1.869
1.727
1.610
1.535
1.382
1.193
1.016
0.809
0.585
0.458
0.378
0.267
0.233
0.208
0.185
0.156
0.140
0.128
0.104
0.088
0.074
0.061
0.048
0.040
0.035
0.029
0.025
0.023
0.020
0.017
0.016
0.015
0.014
0.013
0.012
0.011
0.011
0.010
0.010
0.010
0.009
0.009
0.009
0.009
0.009
0.009

J[»i]
2.452
2.472
2.375
2.226
1.965
1.826
1.710
1.626
1.562
1.455
1.058
0.774
0.681
0.668
0.580
0.406
0.289
0.241
0.210
0.182
0.155
0.125
0.111
0.101
0.098
0.090
0.067
0.043
0.034
0.030
0.027
0.025
0.024
0.021
0.019
0.016
0.015
0.015
0.014
0.012
0.011
0.010
0.011
0.011
0.010
0.008
0.007
0.007
0.009
0.010
0.009

2.286
2.320
2.303
2.197
2.017
1.876
1.773
1.683
1.594
1.391
1.100
0.920
0.796
0.645
0.501
0.374
0.273
0.233
0.205
0.177
0.150
0.137
0.129
0.108
0.090
0.074
0.059
0.045
0.038
0.032
0.027
0.025
0.024
0.021
0.018
0.016
0.015
0.014
0.013
0.012
0.011
0.010
0.011
0.011
0.010
0.009
0.009
0.008
0.009
0.009
0.008
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FIG. 6. Theoretical anisotropy curves of the Compton profile
in niobium.

The procedures used in the calculations are as de-
scribed earlier. Our calculations included only band
electrons (4d, 5s). The numerical values of the Compton
profile in the three principle symmetry directions along
with the angular average are listed in Table U. The direc-
tional anisotropy in the calculated Compton profiles of
niobium is shown in Fig. 6. Other calculations of the
Cornpton profile for this metal are reported by Wakoh
et al. and Papanicolau et al. ' The former work is for
the [100]and [110]directions, while the latter have given
the results for the principal symmetry directions. We
could judge that our results for the anisotropy are in

good agreement with those of Wakoh et al. We cannot
compare individual values explicitly because no appropri-
ate table of data is given in that paper. In comparing our
results of Table V with Papanicolau et al. ,

' we saw that
for small q our values are smaller than theirs and that for
large q they are slightly higher. Probably this discrepan-
cy is due to the different approaches for the generation of
wave functions and we have more reciprocal-lattice vec-
tors in the calculation, but the overall general features,
like the positions of the wiggles in the anisotropic curves,
are almost identical.

There have been several observations pertaining
to both the isotropic and the directional Compton
profiles of niobium, but, among these, the measurements
of Tomak et al. are the most recent on polycrystalline
niobium using 60-keU y rays. We compare their results
with our calculated values of the Compton profile in Fig.
7. We obtained our theoretical curve by adding, to the
calculated average of the Compton profile, the necessary
core contribution from Biggs et al. In the same Fig. 7,
we also give similar results due to other calculations
based on a renormalized-free-atom (RFA) model. It is
evident from Fig. 7 that our theoretical results compare
well with the experimental findings. Alexandropoulos
and Reed have reported the measured anisotropy of
niobium for the [100] and [110] directions only. They

8.0-

(

7.0

6.0

5.0

O 40

3.0

2.0

1.0

0.0
I

1.0
I I

2.0 3g
Q (a.u. )

I

4.0
I

5.0

FIG. 7. Total Cornpton profile of niobium. 0 represents ex-
perimental points and &( represents the results due to the RFA
model. The solid curve is from the present calculations.

have not corrected their data for the spectrometer-
resolution function. Therefore, while making a broad
comparison between our curve for [100]and [110]in Fig.
6, we found that the amplitude of our results is greater
than that predicted by the experiment. 39 However, the
maxima and minima in our curve occur almost near the
same positions as shown in the experimental work. 3

Shiotani et al. have also determined the anisotropy
curves by measuring the angular distribution of
positron-annihilation radiation in niobium. It is difBcult,
however, to make a quantitative comparison with their
results. Therefore, we only claim that our anisotropic
curves are qualitatively similar to those obtained by
Shiotani et al.

VII. MAGNETIC MOMENT

As mentioned previously, we employed the BNDFKG
programs to search for a possible ferromagnetic state of
bcc niobium and to determine the magnetic moment at
large values of the lattice constant. A self-consistency
convergence criterion of 10 pz for the magnetic mo-
ment was employed in the calculations. Table UI gives
the magnetic moment of Nb for several values of the lat-
tice parameter. These results are also displayed in Fig. 8.
The magnetic moment is zero for lattice constants up to
7.84 a.u. The self-consistent calculations converged to a
state of nonzero magneton number at a=7.85 a.u. The
transition to a magnetic state occurs after a 26% increase
in the lattice constant beyond the equilibrium value.
Moroever, Fig. 8 shows that as the lattice constant con-
tinues to increase, the magnetic moment also increases,
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4.0— TABLE VI. Lattice constant a and magnetic moment m for
bcc Nb.

5.0—

I-
X
LLJ

~ 2.0-
O

LLI
X
C9

I.O-

a (a.u. )

6.23-7.84
7.85
7.88
8.00
8.50
8.75
8.78
8.79
8.80
8.81
8.82
8.88
9.00
9.50

m (pz)

0.0
0.372
0.414
0.493
0.765
0.969
1.019
1.041
3.251
3.284
3.304
3.376
3.514
3.938

0.0
7.0

I I

8.0 9.0
LATTICE CONSTANT (a.u. )

I

I 0.0

FIG. 8. Magnetic moment of bcc niobium vs lattice constant.

but with a discontinuous jump at about a=8.80 a.u. (a
low-spin to high-spin transition}.

Recently, Moruzzi et al. have calculated a similar
magnetic transitions in bcc vanadium by utilizing a fast
augmented-spherical-wave, fixed-spin-moment procedure.
They describe the transition as "type III." Our calcula-
tions show that the magnetic transition in Nb is also of
type III. It must be pointed out, however, that we have
not considered here the possibility of any other kind of
magnetic order other than uniform ferromagnetism.
Consequently, a final determination of the form of mag-
netic order expected in bcc Nb at large lattice constants
will require further investigation.

VIII. CONCLUSION

The electronic band structure and density of states of
Nb have been calculated in the present work using the
LCGO method. A large enhancement of the density of

states at the Fermi energy, presumably due to electron-
phonon interactions, is indicated. The calculated Fermi
surface shows a reasonable quantitative agreement with
the de Haas —van Alphen data. The major structural
features observed in the optical conductivity and
Compton-profile observations are reproduced in the
present investigation. The x-ray form factor compares
well with the experimental findings. The total Compton
profile is found to be in excellent agreement with the ex-
perimental measurements, while the calculation has not
yielded a satisfactory amplitude in anisotropies. Body-
centered-cubic niobium undergoes a type-III magnetic
transition as the lattice constant is expanded. Transitions
from a nonmagnetic to a low-spin state and from a low-
spin state to a high-spin state are predicted. Finally, and
in general, we believe that present study has produced sa-
tisfactory results for the electronic structure of niobium,
indicating the utility of the LCGO method and density-
functional theory.
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