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The coefficients of the thermal conductivity (x) and first viscosity () in thin helium films are eval-
uated explicitly as a function of temperature via phonon-phonon, phonon-roton, and roton-roton
scattering. Above about 0.8 K, phonon-roton scattering and five-phonon processes are the main
contributors to both coefficients. Below about 0.8 K, both coefficients increase exponentially with
decreasing temperature. At temperatures below 0.3 K, &, has a T ~* dependence, while 7pn Shows
exponential and T~' dependencies. In the case of 7, the former is due to phonon-roton scattering
and the latter originates from three-phonon processes. The coefficient k, from roton-roton scatter-
ing varies as T~ ', and the roton part 7, of the first viscosity is independent of temperature.

I. INTRODUCTION

Since the works of Landau and Khalatnikov on kinetic
phenomena' in superfluid helium, there has been continu-
ous interest in thermal conductivity and viscosity for
bulk liquid *He and *He at low momenta and at low tem-
peratures.” Recently Kirkpatrick and Dorfman’® ob-
tained transport coefficients for very low temperatures
(naA*>>1) and for moderately low temperatures
(naA? << 1) on the basis of their kinetic equations for a
dilute superfluid, where n, @, and A represent the number
density, the s-wave scattering length, and the thermal
wave length, respectively.

In the case of thin helium films, the dissipation of
superfluid flow and thermal conductance have been inves-
tigated by many authors.* Ambegaokar et al.’ have pre-
dicted that the effective thermal conductance in thin heli-
um films has exponential dependence on temperature for
T < T, and diverges exponentially for T— T, +, where
T, is the thermodynamic Kosterlitz-Thouless tempera-
ture. More recently the depairing® and the depinning’
vortices which give the power law and the exponential
dependence of thermal conductance have been investigat-
ed experimentally by Gasparini et al.,® who confirmed
an exponential dependence rather than the power law for
T < T.. However, there is much less information about
thermal conductivity and viscosity in thin helium films at
low momenta and at very low and moderately low tem-
peratures. What is more important is that an incorrect
normal (downward) dispersion relation was used in Lan-
dau and Khalatnikov’s well-known results,! whereas the
correct dispersion is anomalous (upward) dispersion.’
For this reason and in view of recent experimental devel-
opments on helium films, we present in this paper new re-
sults on the thermal conductivity and viscosity of
superfluid helium films through the theory of kinetic phe-
nomena developed by Landau and Khalatnikov.""® We
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evaluate the thermal conductivity and viscosity within
three ranges of temperatures: 0.3 K<T7,03 K<ST7T<0.8
K, and T >0.8 K. In these temperature ranges, scatter-
ing depends on the nature of interactions between ele-
mentary excitations, i.e., phonon-phonon, phonon-roton,
and roton-roton interactions. The scatterings which
govern the transport processes and kinetic coefficients of
thermal conductivity and viscosity can be determined by
the characteristic time 7 of scattering.

In the present paper we shall treat a thin helium film as
two dimensional (2D)—Iless than three atomic layers,
namely one statistical layer of 3.6 A—and neglect sub-
strate effects. In the calculations we shall use the 2D ex-
citation dispersion relation obtained microscopically:'®

e(p)=cop(1+8,p2—=8p*+ ---), (1.1)

e(p)=A+i(P—P0)2 , (1.2)
2p
where ¢, is the sound velocity, and A, u, and P, are the
roton parameters. To evaluate the coefficients of thermal
conductivity and viscosity, we shall first calculate the
scattering cross section for the various interactions in
Sec. II. Then we shall evaluate the characteristic times
corresponding to the various scatterings by solving the
collision integral, and then obtain the thermal conduc-
tivity in Sec. III and the viscosity in Sec. IV. Finally, we
shall give results and a discussion in Sec. V in terms of
graphs and tables.

II. SCATTERING CROSS SECTIONS
AND DIFFERENTIAL DECAY RATES

In this section we consider the interactions of elemen-
tary excitations by the second quantization method.!! To
obtain characteristic times corresponding to the three in-
teractions, we first evaluate the scattering cross section or
the differential decay rate, which are directly related to
the collision integral. The collision process of phonon-
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phonon interactions includes a three-phonon process
(3PP, p,=2p,+p;), four-phonon process (4PP,
P;+pP,=p;+ps) and five-phonon process (SPP,
P1+P22P3+Pa+Ps)-

The differential cross section and differential decay rate
for 3PP in two dimensions are defined as

27
do= |-— ||(F | #4|I)|*(Ez—E;)———dp ,
hcol | H#51) | B S a4
2.1)
J
31 (27H)? Co P
(F|H5|1)= = S(py—p,—p3y) | |—
|73 2 asp2 TR TR s
172
X[npl(np2+l)(np3+l)] ,
3! (27hH)? Co P2
(F|H,|I)= = 8p,—p,—p3) | |—
| 3| 2 (25)3/2 P P2 P3 Po P1P3
><[(npl—+—1)np2np3]l/2 ,
where n is the distribution function of phonons with

momentum p. Then the total decay rate in both process-
es becomes

Wp= (w17 [ (. +1)
2= 0o U+ p1pypnp (ny +
X(np3+1)5(EF—E1)mdp2 ,
(2.5
7TCO 2
R =2 4D [ pipp(ny +10ny ny
1
XMEp—E;)———dp,, (2.6)
FTR aany TP
where u is the Griineisen constant given by
(PO/CO)(aCo/aPo)-
In 4PP the transition matrix elements'! are given by
(F|H|I)=(F |FH,|1)
(F | H5 | IIT | H | 1)
, (27D

J E,—E,;
where the main contribution is due to the second term,
which becomes large as a result of vanishing denomina-
tor. This corresponds to the case where 8, is neglected
and the scattering between phonons is collinear. There-
fore, we should not discard the 8§, term in Eq. (1.1). Tak-
ing account of 8,p2, which is much smaller than unity,
and small-angle scattering, we can find the maximum
value for (F | # |I). In small-angle scattering all the
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dw= |27\ | (F |, 1) | *8(Ep—E;)———dp,dp, .
# ’ (2m#)?

(2.2)

The 3PP consists of two processes: the direct process of
emission of a phonon p; by p,=p,+p; and the reverse
process of absorption of a phonon p; by p;+p;=p,. The
transition amplitude between the initial state | I ) and the
final state | F) is given by

2 2 172
(oo LPB B [0 |[c0
Pi'P2 3c¢23p | p pOP|P2P3
(2.3)
172
1'P3 3 c(z) 3 | p P 1P2P3
(2.4)

phonons are moving in the same direction, and the con-
servation of momentum and energy flow hold. Thus the
phonons moving in a given direction attain equilibrium
with each other much faster than the phonons in other
directions. The differential cross section [Eq. (2.1)] for
4PP becomes

do(p,py,p’sp1)

2 ’ ' 1 '
=% |[{F|#|I)|*8(e+¢,—¢ —el>(—27rh—)2dp )
(2.8)
Under the condition p <<p, (Ref. 1) we obtain
(u+1)pp'p’ 8(e(p)+e(p,)—elp’)—elp}))
do= 32 22 dp’ .
8w picop (1—cos@—38,p7)
(2.9)

As for 4PP above, the direction of momenta of the col-
liding particles is not changed in the SPP case. The tran-
sition matrix elements in second-order perturbation are

(I | Hy | i) | 4 | IDCIL | H5 | F)
2 (E,—E;(E;—Ey)

where II means intermediate states, and some terms con-
tain the vanishing denominators under the conditions of
8,=0 and collinear scattering. The 5PP has the max-
imum probability in small-angle scattering and leads to
equilibrium for the phonons moving in a given direction.
Rather than calculating Eq. (2.10) tediously, we make use
of the kinetic coefficient given by Landau and Khalatni-
kov.! The rate of change per unit time in the phonon
numbers is

(2.10)

’
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=— ns+1)—(n,+1)n,+1)nynsJdw———dp,dp,dp; , (2.11)
Ny fff[”lnz"s ng+1)(ns+ 1+ 1)(ny+1)ngns) 2 #ﬁ)ﬁ P1dp,4p;
where dw is the differential decay rate defined by Eq. d 1 51
(2.2), which is proportional to p2. N ph can be expressed Hy=H o+ 3% A+—2——(P —Po) |p
; H
in terms of the kinetic coefficient I, as
V - 1 3 1
Noh = —Tpnbton » (2.12) AT A+5;(P—PO)2 P, (2.18)

where u,;, is the chemical potential of phonons. The pho-
non distribution function n has small deviation from the
equilibrium distribution function n,. The distribution
function n can be expanded as a function of chemical po-
tential as follows:

:u'ph

n—ny=ng(ny+1) (2.13)
To simplify Eq. (2.11), we replace n,, n,, n3, and n by the
equilibrium distribution ny,, n,, n3y, and nyy, and in-
stead of ns we substitute Eq. (2.13) into Eq. (2.11). Then
Eq. (2.11) becomes

I'Ph=;i?ffffn10n20n30(n40+1)(n50+1)

Xdw————dp,dp,dp; .

(2.14)
(2 1rﬁ

Since n4y and nsy are much smaller than unity, they may
be neglected without any disturbance in Eq. (2.14), and
the integration of dw is replaced by average . Then Eq.
(2.14) becomes

1 1
Cohv="7"7% nyohyon3o0———dp,dp,dp; -
ph kBTfff 1072073017 5 26 P14P2ap;

(2.15)

Since @ and #; are proportional to ~p? and ~p3/?, re-
spectively, the integral of Eq. (2.15) is proportional to p®.
Averaging over the phonon momentum gives
thzaT7 . (2.16)
Here a is constant, which can be determined experimen-
tally by the attenuation coefficient of ultrasonic waves.
Now we return to the scattering of phonons by rotons.
We consider a roton in the presence of the phonon field.
We can treat this roton as a particle in a moving liquid
“He. Therefore, there appears an additional term —P-v.
This can be written in symmetric form
—H(P-v4+v-P), (2.17)
where P and v are the momentum and velocity opera-
tors.!! The phonon field changes the density of the medi-

um, and thus we may expand the roton energy in terms of
the density p’ to second order (p’=p—p,) as

where #,, is given by Eq. (1.2). Since the value of most
rotons is close to P,, we may neglect P — P, and replace
P by P,. We may also drop the term (3A /3dp)p’, which is
much smaller than (2.17). Then the interaction energy
between phonons and rotons can be expressed as

2
’ l
‘lp '

(2.19)

V=—§(P-v+v-P)+%

FA 1

oP,
+ —0
p? u

dp

We note that the terms in the large square brackets of Eq.
(2.19) have magnitude on the order of 10~! to 1 in 3D
liquid helium.'?

When the roton changes momentum P to P’, it absorbs
a phonon with momentum p and emits a phonon with
momentum p’. In these processes we may consider two
intermediate processes, i.e., (I) P+p—P'=P+4p—p’ and
(I) P—p'—P'=P—p’'+p. Since the roton momentum
is much larger than that of the phonon, we may view this
interaction as similar to that between heavy and light
particles. The momentum and the energy conservation
law in collision processes can be written as

1 , 1 ,
@+, P —Po)=cp'+ 24 |P+P—P'] =P,
(2.20)

Under the conditions p,p’ << P, and e=cp << 3 uc?, Eq.
(2.20) becomes

p—p'=———5[Pota-(pii—pq")J
P§

2u
2
_ﬁ?[ffl B—h"P, (2.21)

where M, i, and i’ are unit vectors directed along Py, p,
and p’, respectively. Therefore, energy conservation im-
plies p=p’. This means that the light particles do not
change the magnitude of momentum but change its direc-
tion. Taking account of p,p’ << P, and P =P, the ma-
trix element [Eq. (2.1)] in second-order perturbation can
be obtained as
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_ P | @)+ (@a @A)
IF= 2p,
P A A A A
+—(@-f)A@an’)2+ 4|, (2.22)
uc
2
2 | g2 aP
_p |94 1% (2.23)
Poc | 3p?>  u | Op

Substituting Eqgs. (2.22) and (2.23) into Eq. (2.1) and per-

J

P’

do=———5—
8mh’pdc?

(1+cos¢)cosz¢+—l— Po
128 | uc

P, A
+30 costy siny+ %—&4 3 cos?y+sin?) + A2

where ¢ is the angle between the incident and scattered
phonons (see Fig. 1).

We shall now examine roton-roton scattering. Since
the character of interaction between rotons is not known,
we may assume the short-range potential given by Lan-
dau and Khalatnikov'? and take the roton interaction to
be a § function potential.

V=Vdr—r,), (2.26)

where V), is the interaction constant which can be deter- |

mined experimentally by viscosity measurements, and r
and r; are the radius vectors of rotons. We construct the
symmetrized pairwise plane waves over incoming and
outgoing rotons as

¢(P,P,)=VL§ exp é(P-r+P1-r1)
+exp é(P-r,—i—Pl-r)H ,
(2.27)
ma ")ZT/IT exp é(P’-H—P'l-rl)]
+exp é(P’-rl—f-P',-r) ]

The differential decay rate from before to after collision is

FIG. 1. Relation between incident and scattered phonons in
two dimensions.

forming the integration over p’, we obtain

P2 3
do——®

(-0)+(M-n)](nn’)
P [(m-n)+(m-n)}(n-n

PO A AN A A2 i
+;;(m-n) (m-n’')>°+A4|dé6. (2.24)
Averaging Eq. (2.24) over all directions of roton momen-
tum, we finally get

2
(35 cos*p+ 3 sin*y)

dy, (2.25)

{

1

27 ' '
dw=7 | VIF | 28(E +E1—E _El ) (2‘n-ﬁ)4

dP'dP|

(2.28)

where the matrix element Vi is

Vir=VoS ™12 [ ¢*(P,P)8(r—1)Y(P',P})drdr,

=2VOS‘”2fexp é(P’+P’,—~P—P,)-r dr .

(2.29)
Performing integration over P} in Eq. (2.28), we obtain
8 2 ’ 1
dw=—|V,|“0(E+E,—E'—E|)———dp’' . (2.30)
w=-" | Vol +E, P p

Dividing Eq. (2.30) by the relative velocity of the rotons
given as

BE _9E,
oP 0P,

V= , (2.3

we can obtain the differential scattering cross section.

As mentioned earlier in the discussion of the scattering
of phonons by rotons, most rotons have a momentum
close to Py. Thus the change of momentum after col-
lision is very small in comparison with P;. Let us take 0
as an angle between the incident rotons with momenta P
and P, before collision and introduce the variable f (Fig.
2). Then the roton momenta after collision can be ex-
pressed as

P'=P, +fxcosg +fysing- ,
(2.32)

/ 6 . 0
1=P0-fxcos? +fysm—2- .

Here, we have made use of P=P,; =P, and | f| << P,
From conservation of energy we have
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P+P X

FIG. 2. Roton-roton scattering process in two dimensions.

ffcos2g +rsint 1P PRy ip,—P? . (233)

2

To obtain the total scattering cross section, we in-
tegrate Eq. (2.30) together with Egs. (2.31) and (2.32) over
the momentum of the scattered particles to get the total
scattering cross section

au| v, |?
o= s E|)EO| , (2.34)
9E U |
ap ap, #i°sinf@

and the average collision time between rotons becomes

n' 1 oT 13 . 1 |oT oT
T | | Top 3p |VUTPH T | 3P a5
vT ST ot de
T ppn— ap ——aPV(pV")}—J(Hl)’
where n'=—n(n +1).

When there exists a temperature gradient in superfluid
“He, there is not only transport of heat but also an ir-
reversible heat flow which can be expressed by the
coefficient of thermal conduction given as

q=—«kVT . (3.3)
Keeping only the temperature gradient in Eq. (3.2) gives
n' oT ST Oe
ﬁa(cosm p—n-——ea =J(n,), (3.4)

where 0 is the angle between p and V7. The phenomena
associated with thermal conduction in bulk liquid “He
have aspects in common with thermal transport proper-
ties of ordinary classical liquids. However, there are
specific features of thermal transport which are connect-
ed with the unusual elementary excitations of liquid “He.

UM, JUN, KAHNG, AND GEORGE
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OE 4u |V, |?
1_ 88 9B Vel v i)
t, dP 3P, #’sin@
where N, is number of rotons per unit area given by
172
kgT P, _
R Ll L P (2.36)
27 #?

III. COEFFICIENT OF
THERMAL CONDUCTIVITY

The equilibrium distribution function n, of excitation
satisfies the kinetic equation

O on K _on I _
3t or dp 9dp Or

with vanishing collision integral. When equilibrium is
disturbed, we assume that the nonequilibrium distribu-
tion function n deviates slightly from equilibrium. The
small deviation can be determined by the first derivatives
of the velocities v,,v, and the thermodynamic variables,
since function can be written as n =ny+n,, where
n, <<ng. Putting n into the left-hand side in Eq. (3.1), it
is sufficient to keep only the differentiation of n, since the
derivative of n; makes higher derivatives which can be
neglected. For the collision integral on the right-hand
side we only keep the terms linear in n;. With the help of
the continuity equation, entropy equation, and superfluid
equation of motion, we can write the kinetic equation
[Eq. (3.1)] as

J(n), 3.1

dJc
e &

3 Vv,

The left-hand side of Eq. (3.4) is always zero for a pure
phonon gas, and thus the corresponding thermal conduc-
tivity vanishes.
The thermal conductivity « consists of two parts, i.e.,
the phonon &, and the roton «,:
K=Kpp+K, . (3.5)
Let us first consider the roton part. This is determined
by the roton-roton scattering process. As mentioned in
Sec. II, the roton-roton interaction is not well known,
and we thus obtained the average collision time ¢, under
the assumption of a & function potential. Since we need
only the temperature dependence of «,, we replace the
collision integral by

n—n
t

J(n)— — (3.6)

r
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Substitution of Eq. (3.6) in Eq. (3.4) yields

p3T _ 0¢
pn oP

n—nyg=— vT- t, . (3.7

k,,T2

Substituting Eq. (3.7) into the expression for the energy
flow

q= Et:(P)(n —no)—-l—dP ,

(3.8)
oP (2m#)?
and comparing this result with Eq. (3.3), we get
1 ST o 1
K,=t,—— |n'e = |P-———= | ———d
2k T? J Pn (27#)?
(3.9

With the help of n’=—n and Eq. (1.2), we finally obtain
the roton part of thermal conductivity as
2

- t,A’N, 3kgT 15 | kgT
=TT A T4 |Ta
2
pnkB A 2 A

(3.10)
According to the scattering processes in Sec. II, the
collision integral J (n) becomes

J(n)=J3Pp(n)+J4Pp(n)+J5Pp(n)+Jph_,(n) . (3.11)

The 4PP do not change the total number of phonons but
have a characteristic temperature 7" in a given direction,
which is different from the temperature T in the equilibri-
um state. The law of energy conservation yields

[ Japp(n)pdp=0.

The total number of phonons traveling in a given direc-
tion is changed by small-angle 3PP and SPP. Therefore,
the distribution function, which not only depends on tem-
perature T’ but also the chemical potential a’, can be
written as

(3.12)

n =exp[(a’+pc/kgT')=1]1"". (3.13)

Expanding Eq. (3.13) as a function of T'— T, we can ex-
press Eq. (3.13) in terms of equilibrium distribution func-
tion

, PC T'—
kT T

on=n —noz—no(n0+1) a (3.14)

Since the left-hand side of Eq. (3.4) is involved in 6, a’
and T'—T depend naturally on 8. To solve Eq. (3.4) we
should take the forms

a'=acosh, (T'—T)/T =Bcosb , (3.15)

where a and B are constants to be determined by the ki-
netic equation. Considering the conservation of phonon
numbers in a given direction and conservation of energy,
the integrations

8843

fJ3pP(n)ep dp, fJ4Pp(n)ep dp, fJSPP(n)Ep dp

vanish and Eq. (3.4) becomes

oT | ST 3
ka cose) ¥4 —sap pdp
=f[J3PP(n)+J5pp(n)+Jph_,(n)]p dp ,
(3.16)
n' oT | ST de
0 _ —_— e —
kaT(cos )ax p Eap ep dp
= [J(nepdp . (3.17)

From Egs. (2.5) and (2.6) the collision integral for the
3PP becomes

Jipp(n)= (u+1? [ pipopdnin, —n, )

mCo
- 2ip,

X8(ep—€;)——=dp,, (3.18)

1
(271)

where 8n is equal to n, — Ny and n, represents the equi-

Po
librium distribution functions for the phonons with
momentum p. Making use of Egs. (2.12) and (2.13), the
collision integral for the SPP can be written as

[ Jspp(nip dp =2m#2k s Ta'T,, (3.19)

We now evaluate the collision integral in the scattering
of phonons by rotons. When a phonon with momentum
p changes to momentum p’ directed at angle 8’ after col-
lision by a roton, the probability per unit length that a
particle undergoes collision is N,do, where N, is the ro-
ton distribution given by Eq. (2.36) and do is given by
Eq. (2.25). Then the collision integral J ; ,(n) can be
written as

Jonrm)=—N,Cqo [[n(p,0,T)—n(p',0',T)do .

ph-r

(3.20)

Here, 6 is the angle of the incident phonon with momen-
tum p with respect to the x axis. Using Egs. (3.14) and
(3.15) for the difference between distributions, we obtain

Pip3
Jp(n)=(cos®nylng+1) |a—B-LE
ph cosO)ng(ng+1) |a BkBT " $Hpies
P P,
x|ty 2|22 +—A+2A2 (3.21)
32 | pc uc

Substituting Eqgs. (3.18) and (3.21) together with Eq.

(3.19) and n'=—ny(ny+1) in Egs. (3.16) and (3.17), and
performing the momentum integral, we obtain
19T 218(2)615(6)
T ox 316(3)415(4)
1 516(5) a a
=—— |a—B ,  (3.22)
Tph-r ’ 415(4) Tipp  Tspp

and
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18T ST | 61¢(6) 1 61£(6) Compa'rison of Eq. (3.30) with Eq. (3.3) gives the
T 3x - 5.C | 5E(5) = Tonr a—pB SIEGS) | coefficient of thermal conduction:
1.803k3 T2 ST
- "TBT 2
3.23) KM= ——373 r
Here 73pp, 7spp, and 7, , are the characteristic times (see 2.310
the Appendix), which characterize each collision process- X\ Tohr ¥ 036 1 1 (3.31)
es, given by + +
Tph-r Tspp  T3pp

1 6ig(6) PolksT)

Tonr  36(3) 8#p*C*

2
1 9 | Py Py 2
XN, Y uc + ;LcA+2A ’
(3.24)
1 6l£(6)  2mH*C’a
= T®, 3.25
and
(u +1)%kj
1 _ 21£(2)615(6) \u +3 43 T (3.26)
T3pp( T) 4!;(4) 817‘ﬁ pPC

Solving Egs. (3.22) and (3.23) for a and B3, we obtain

= 8.071 19T _ ST
0.186+ 1 " 1 T ox p.C
Tph-r Tspp  T3pp
1 T ST
=4A—— |C—— |, 3.27
T ax p.C 3.2
1.372 1 T ST
B= | —Tpn,+ Ta €S- ¢
0.186 + 1 + 1 T ox p.C
Tph-r Tspp  T3PP
1 oT ST
=B—— _—— .
T ax 0.C |’ (3.28)

where we introduced A4 and B for simplification. Substi-
tution of Egs. (3.27) and (3.28) in Eq. (3.14) yields

n—ng=— nyglnyg+1)cosb) | A —B k}:;"
1 9T ST
T ox - o C | (3.29)

and the energy flux [Eq. (3.8)] for the phonon-roton pro-
cess can be evaluated as

Jde 1
q—f o e(n —ny)(cosh) 2 dp
kzT? ST 3T
= T aniC — C [3.2904 ——7.2123]5 .

(3.30)

We note that the coefficient of the thermal conduction in
bulk liquid helium is given by

K(T)=2X103‘l+ 732487 |1 _ STz
T p.C
140.757, , /7
phr” PP 7509 K
X 14874, /Tspp
7.8, T<0.9K.
(3.32)

IV. VISCOSITY

In this section we investigate the first viscosity through
calculations similar to those used above for the thermal
conductivity. Equation (3.4) vanishes for the case of a
pure phonon gas, and thus the corresponding coefficient
k(T) becomes zero. However, the kinetic equation

%% +v-Vn =J(n)
does not vanish for the pure phonon gas near zero tem-
perature. Therefore, we should consider the contribution
of the pure phonon gas to viscosity.

Let us consider the macroscopic motion of liquid heli-
um (which does not depend explicitly on time) with veloc-
ity U and the gradient of U directed along the x axis.
Then Eq. (4.1) becomes

(4.1)

on
v-Vn =vx~a;=J(n) .
The equilibrium distribution function of rotons in liquid
helium with velocity U can be expressed as

A (P—Py)?* puyu

- kBT— z‘l,kBT + kBT ’ (4.3)

(4.2)

ng=exp

where we used Eq. (1.2). Substituting n =n, and the ro-
ton velocity v =(P —Py)/u in Eq. (4.2), we get
Py(P—Py) 3U

ng————— = (cos8)(sin@)=J;(n) ,

T o (4.4)

where 6 is the angle between the roton momentum P and
the x axis. The collision integral can be replaced by Eq.
(3.6) to give

(P —P,)P,

"k, T (4.5)

. . dU
n—ng=—t no(cose)(sme)gy—c— .
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Substituting Eq. (4.5) into the following stress tensor of
2D liquid helium

axyszyvx(n —no);dl’ ,

5 (4.6)
(2m#)

and performing the integral over the momentum space,
we arrive at the expression

au
rax

(4.7) with the general expression of

Oy=—1t 8 (4.7)

Comparing Eq.

viscosity
aU
ny——nr-é; ’ (4.8)
we obtain the coefficient of viscosity for the roton part as
P2
n,=—1,N, 4.9
8u ’

The equilibrium distribution function of the phonon
gas is
cp—U-p -

= -1 4.10
no= |exp KT (4.10)

Let us assume the distribution function to deviate slightly

from n, i.e., n =ny+8n, which satisfies Eq. (4.1). Sub-
stituting Eq. (4.10) into Eq. (4.2) we get
notno+ 1= 3Y (cos)(sing)=J (n) . 4.11)

kT 3x

Solving Eq. (4.11) we can obtain the phonon part of the
viscosity. It is necessary to consider J(n) in the various
collision processes. Then the collision integral J(n) in
Eq. (4.11) can be replaced by Eq. (3.10). Through the
same processes that we argued in Sec. III, we obtain the
following two equations:

fno(n0+l)7c—£~—a—(cos9)(sin0)p dp
= [ [spp(m) +Tspp(n)+ 0y (W) dp ,  (4.12)
cp dU .
fno(n0+1) Ky T ox (cosO)(sinf)e(p)p dp
= [T meplpdp . (4.13)

We can express the distribution function by Eq. (3.14),
except that now the dependence of a’ and (T'—T)/T on
the angle 0 is given by
a’'=alcosf)(sinf), (T'—T)/T =P(cosO)(sind) (4.14)
instead of Eq. (3.15).

In Eq. (4.12) the collision integrals J3pp(n) and Jspp(n)
are given by Egs. (3.18) and (3.19), respectively. Using
Eqgs. (3.15)-(3.20), we obtain the collision integral J;,h(n):

8845
T i ()= (cosB)(sin@)N, Conylng+1) a-BfLT
_P¥’ 1,5 | P
8{13 ¢z |2 32 |uC
3 PO 2
— — 2A4 4.15
+a4 e |t 4.15)

Here, we note that Eq. (4.15) is slightly different from Eq.
(3.21), because Eq. (4.14) contains an extra (sinf) term.
With the use of similar calculations for Eqgs. (3.16)-(3.26),
we obtain a, 8, and Tph as

8.071 U U
= =g 4.1
@ 0.18 1 1 | P 4.16)
Tph-r Tspp  T3pp
, 1.372 U _ ,,3U
B=1—"mrt 0056 1 1 |ox © ox ’
RS +
Toh-r Tspp  T3pp
4.17)
and
2
1 66) PoksT? 11 5 | Po
PR 31E(3) 843p2CH 232 | uC
3 PO 2
= | == [4242], (4.18
+3 C + (4.18)

where Eq. (4.18) is not equal to Eq. (3.24). Substitution of
Egs. (4.16) and (4.17) in Eq. (3.14) yields

8n = —nglng+1) | 4’ —B'-E %%. (4.19)

Combining Eq. (4.19) with Eq. (4.16) and integrating over
momentum space gives
3

¢ [3.290A’—7.212B']%q

T =T ot

(4.20)

Comparing Eq. (4.20) with Eq. (4.8), we get the phonon
part of the coefficient of the first viscosity:

7.212(kg T)

(1)=
Ioh 167#2C?
2.310

0.186 1 1
+ -

’
Toh-r Tspp

X Tphr+ (421)

T3pp

From the theory and experiments on attenuation of ul-
trasonic sound waves,'* we can confirm that at near-zero
temperature the contribution of 3PP to the viscosity
plays a main role, and 4PP establish only the equilibrium
of energy. Therefore, we consider the 3PP contribution
separately from other contributions. The kinetic equa-
tion for 3PP in Eq. (4.11) becomes
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oU :
k;PTg(cose)(sm(?):hpp(”) :

ny(nyg+1) (4.22)
Since the distribution function of phonons depends on
the chemical potential a, Egs. (3.14) and (3.15) become

6n=n—nyg=—ny(ny+1)a’,
oo (4.23)
a'=al(cosf)(sinb) .

With a similar calculation for Egs. (3.16)-(3.26), we ob-
tain the stress tensor

r 140.7570, /Top

3.75x 10-37 172,/ :
148754, /Tph

nph( =

’

3.5% 10772 8T (1 42,15 10-5792.*** ) -1 T 09K .

V. RESULTS AND DISCUSSION

In the previous sections we have evaluated the scatter-
ing cross sections and characteristic times for various in-
teractions of the elementary excitations. Using these re-
sults we have obtained the coefficients of thermal conduc-
tion and first viscosity. To investigate the temperature
variation of the coefficients x(T) and n(T), we adopt the
parameters which are determined from the specific-heat
data of Bretz et al.!® The parameters are listed in Table
I. With this choice we obtained ¢ =84.06 m/s, which is
smaller than the value 157 m/s of Hipdlito and Lobo,!®
but is very close to the experimental value of 76+2 m/s
of Washburn et al.!” The parameters u, A4, and a in Egs.
(2.9), (2.23), and (2.16) for two dimensions are assumed to
be 1.8,' 0.425,° and 1.0 10** (Ref. 13) used by previous
workers for the bulk case.

—66
i (T)= 2 POIXI0 7 L 0017 40,728 +4.743

Vo l? r

Figure 3 illustrates x as a function of temperature. The
coefficient increases slowly as temperature decreases and
is proportional to T~ 1.

The characteristic times which determine the
coefficient «,,(T) are given by Egs. (3.24)-(3.26). 7

ZazkyT PO
has the temperature dependence of T7/% 2" which

is one power lower than 7% ***” in bulk liquid heli-
um. This is due to dimensionality, where T5ph has the
temperature variation of T®, which is a lower power than
that of three dimensions. The inverse of 7;pp is propor-
tional to T*, which originates from the anomalous excita-

— +0.362
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__[20)Pege) kT au
T 3MIE3)H4)  16m#c? TP ax
From comparison of Eq. (4.24) with Eq. (4.8), we obtain

the phonon part of the coefficient 7, near zero tempera-
ture as

(4.24)

2,645
THC?

We note that the coefficient of the first viscosity in bulk
liquid helium is given by

Npn( T) k3T 373pp . (4.25)

T>09K

(4.26)

The coefficient of the thermal conduction is given by
Eqgs. (3.10) and (3.31). We can confirm easily that Eq.
(3.4) vanishes by considering only a pure phonon gas be-
cause of the peculiar excitation of liquid helium. There-
fore, the thermal conduction depends on the interactions
between excitations, and it is necessary to take into ac-
count the phonon-roton and roton-roton interactions.

The roton part «,(T) of the thermal conductivity is
proportional to the average collision time t,. When 6=0,
t, is zero, and for small-angle scattering ¢, becomes very
small. Since Eq. (5.10) is involved in the unknown in-
teraction potential constant ¥, and we have only to know
the magnitude of the temperature dependence for «,, we
may take the maximum ¢,. Taking 6=m/2 and the nu-
merical parameters in Table I, «,(T) can be expressed as

4.12 _ -
T—3/2,—(412)/T)

1+428.02

3
2+

14-4632.897 ~7/2¢ —(412/D
(5.1)

tion spectrum. Figure 4 is the temperature variation of
the characteristic times. 75pp is comparable with Tp'h'
near about 0.8 K, and thus we can conclude that above
0.8 K the 5PP and the scattering of phonons by rotons
will mainly contribute to the thermal conduction. Since
SPP appear in the inelastic collision process in the tem-

TABLE I. Theoretical parameters.
p (A7) A/ky (K) g0 (ATH p
2,79 1072 4.12 1.02 0.75my.

C (m/s) .
164.4
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FIG. 3. Temperature variation of the roton part of «(T).

perature range of roton-roton collisions, we should not
take into account this contribution to k;(7) below 0.8 K,
and should consider only the phonon-roton collision pro-
cess. Therefore, in accordance with the regions of tem-
perature, we can express Eq. (3.31) as

32
_ LBO3RT [ . s
Kph( he? -
c P
13.419+45.3767,,,, /Tspp
><7-ph-r s
1 + 5. 376Tph-r /TSPP
T>0.8K (5.2)
log, %
.
15f e
spp
L
T]PP
104
5}
0 -
00 02 04 06 08 10 12 TW

FIG. 4. Temperature variation of the various characteristic
times.

and
1.803k; T? ST
B M
=2.36x10""! 1__57:_ T—3/2412/T
PnC? ’
T<0.8K. (5.3)
Since the temperature-dependent term within the

parenthesis of Eq. (5.3) is much smaller than unity for
temperatures below about 0.3 K, it can be neglected.
Then we have

k. (T)=1.093%10"'T-35, T<0.3K. (5.4)

ph

In Fig. 5 the coefficient «(T) is plotted as a function of
temperature based on Egs. (5.2)-(5.4). As the tempera-
ture decreases ( 0.8 K), Egs. (5.3) plays a dominant role
and gives the exponential increase. As yet lower temper-
atures (below about 0.3 K), Eq. (5.4) takes part in the
thermal conductivity, and K, increases rapidly and
diverges as temperature tends to zero.

Comparison of Eq. (5.3) with Eq. (3.32) reveals that the
second term in Eq. (3.32) has the same factor
T-32%"*3"  This is due to the fact that 'rp_hl and the
thermodynamic functions are one power lower in temper-
ature than those of three dimensions, and thus their ra-
tios have the same temperature-dependent factor.

For viscosity we may give similar arguments as those
for thermal conductivity. However, the main difference

-4

-5t

n

0.0 0.2 04 Q6 T(K)

FIG. 5. The coefficient k(T) of thermal conduction as a func-

tion of temperatures.
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FIG. 6. The coefficient 7(T) of first viscosity vs temperature.

from thermal conduction is that the kinetic equation [Eq.
(4.1)] does not vanish for a pure phonon gas near zero
temperature. Therefore, we have treated separately the
contribution from the pure phonon gas to viscosity [Eq.
(4.25)].

Substitution of Eq. (2.35) in Eq. (4.9) and the choice of
6=1/2 gives the roton part of the first viscosity as

#'P}

=TT 7 (5.5)
32u* | Vo |?

7,(T)

which is independent of temperature. Since Eq. (4.3) de-
creases exponentially with temperature and the mean free
path of roton increases at about same rate, the viscosity
becomes independent of temperature.

At temperatures above about 0.8 K, the main contribu-
tion is due to SPP and the phonon-roton collision pro-
cess, and thus Eq. (4.21) becomes

7.212 i

Npn(T) = m(ka )Y Toh.r

13.4l9+5 3767;},_, /TSPP
1+45. 3767';}1,, /Tspp

, '>0.8K.

(5.6

At temperatures below 0.8 K, we consider only the
phonon-roton collision process and thus have

2.645
T C§

Tlph( = (kp T)ST;)h-r

=2.17Xx 107207 ~1/2412/T (5.7)

For temperatures below about 0.3 K, we have another
temperature dependence given by Eq. (4.25):

Npn(T)=5.92x10~ 14T ~" | (5.8)
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Figure 6 illustrates the coefficient 7,,(T) of the first
viscosity as a function of temperature based on Eq. (5.8).
At temperatures below about 0.8 K, 7, increases ex-
ponentially as temperature decreases. However, as tem-
perature approaches absolute zero, the roton density be-
comes zero, and thus the contribution from the roton-
phonon scattering to viscosity vanishes so that the main
contribution comes from the 3PP. Therefore, the tem-
perature dependence is changed from T~ !/%e ks T
T~ !. The coefficient increases slowly, and near zero tem-
perature it increases very rapidly and finally diverges.

In conclusion, we remark that the behavior of the
coefficients of the thermal conductivity and first viscosity
are very much like that of the bulk case. At below 0.3 K,
the contribution to the coefficient of first viscosity is due
to the 3PP, which is shown to have a T ! dependence.
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APPENDIX

Since the calculations for Egs. (3.24)-(3.26) are very
similar, we shall derive only Eq. (3.24). The collision in-

tegral [Eq. (3.20)] can be expressed as
Jonr (M) =N,C [[(n'—ng)—(n—ny)ldo . (A1)

Making use of Eq. (3.14), Eq. (A1) becomes
Jph_,(n):N,Cfno(n0+1)Bi%:(cos@’—cos@)da .

(A2)
In Fig. 1 the relation between angles is given by
(cosf')—(cosB)=(cosO)[(cosy) — 1+ (tanf)(sing)] .

(A3)

Substituting Egs. (2.25) and (A3) in (A2) and performing
the integration over ¥, we get

pe Pip’
J =N,C — )—5—
ph-r(7) ,C(cos0) [ BkBT ny(ng+ )8ﬁ3p2C2
1 9 | Po Py 4 2
- = |— A% . A4
X 4 + 32 | uC e +2 (A4)
The collision integral may be written as
J ()= — 20 (A5)
ph-r == Tph(p)

To obtain the temperature dependence of 7 ,(T), we
calculate the following integral:
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ong
= [, (mep dp / [ 2ewdp . (A6)

Performing the integrations over momentum space, we
have

J 7oh.,(m)ep dp = (cosO)N,C? _3_](29_
P glk | 6), (A7)
X 8ﬁ3p2c2 C g ’
3
f—spdp~—3'§ 3)C , (A8)

where G represents the term on square brackets on the
right-hand side in Eq. (A4), and then Eq. (A6) becomes

£—(co 6l(6) PokzT?
31(3) 8#p2C?

Substitution of Egs. (A5) and Eq. (3.14) in Eq. (A6) and
integration over momentum space gives Eq. (A6) as

s6)N,B (A9)

8849

§=PB(cos0) /Ty (T) . (A10)

Comparing Eqgs. (A10) and (A9), we obtain the charac-
teristic time 7, ,(7T):

\¢(6) N,P2Kk3T? P, |
phr(T)_ 615(6) 30234 i+_9_ Lo
3E(3) 8#piCt | 4 ' 32 |uC
0
All
o (A11)

In the case of the first phonon viscosity, we should re-
place Eq. (A4) by Eq. (4.15). Through the same calcula-
tion we get

6lc(6) N, Poks T’

Tomr (1) =

Tpher 315(3)  s#*p*Ct
1 5 | Po 3 Po4 2
4= |— | += 24
12t |ac | Ta e

(A12)
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