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We report the results of a comprehensive study of localization and electron-electron interaction
effects in thin Bi wires and films. Measurements of the resistance as a function of both temperature
and magnetic field over a wide range have allowed us to separate the contributions of localization
and interactions to the resistance, and to determine the electron inelastic-scattering time. The
overall behavior is in general accord with the theory. The contribution of interactions is character-
ized by a screening parameter, F, whose value is consistent with theoretical expectations. The in-

elastic scattering appears to be due to electron-electron scattering, and the absolute magnitude of
the scattering rate agrees reasonably well with the theory. However, several aspects of our results

0
are not understood. First, relatively thick ( 600 A) films exhibit an anomalously large resistance
change as a function of temperature, which cannot be simply ascribed to a transition to three-
dimensional behavior. Second, contrary to theoretical predictions, the dimensionality of the
electron-electron scattering does not appear to always be the same as that of the electron-electron
interaction effects. There is a range of wire diameter and of film thickness in which the scattering is

three dimensional, while the interaction effects are one or two dimensional, respectively. This sug-

gests that the important length scales for these processes are still not completely understood.

I. INTRODUCTION

The electrical properties of disordered systems in re-
duced dimensionalities have been the subject of much in-
terest in recent years. A fairly complete, quantitative pic-
ture of the behavior of these systems has emerged from
experimental and theoretical work in this area. ' Pre-
cisely because the current understanding is so good, it is
possible to consider the behavior of specific systems in
great detail, and thereby test this understanding very
thoroughly. In this paper we report a comprehensive
study of localization and electron-electron interaction
effects in Bi wires and films. We have used measurements
of the resistance as a function of temperature and mag-
netic field to quantitatively separate the contributions of
localization and electron-electron interaction effects to
the resistance, and to study the electron inelastic scatter-
ing time. We have studied samples with a wide range of
sizes, i.e., film thickness or wire diameter, and have ob-
served a correspondingly wide variety of behavior. The
majority of our results are in good agreement with previ-
ous experimental and theoretical work, but several of our
findings are unexpected, and suggest that all is not under-
stood in these systems.

This paper is organized as follows. Section II reviews
the theory relevant to our experiments, while Sec. III de-
scribes the sample fabrication and measurement tech-
niques. In Sec. IV we present our results for Bi films. We
find that the behavior of the films depends on their thick-
ness. The behavior of films less than about 500 A thick
without a magnetic field present is in good agreement
with that expected for two-dimensional localization and
electron-electron interaction effects. The overall temper-
ature dependence and magnitude of the zero-field resis-
tance increase at low temperatures of these films is also in
good agreement with previous experimental results for Bi

films. However, relatively thick ( ~ 500 A} films exhibit a
zero field resistance increase which is much larger than
expected. Moreover, it does not appear possible to attri-
bute this behavior to crossover from two to three-
dimensional behavior. The behavior of the thick films is
not at present understood, but is qualitatively similar to
results reported recently for single crystal Au films. Sec-
tion IV also contains results for the magnetoresistance of
gi films, which can be used to derive various electron
scattering times. The electron inelastic scattering ap-
pears to be due to electron-electron scattering in the pres-
ence of disorder. However, the temperature dependence
of the inelastic scattering time suggests that this scatter-
ing process is three dimensional, while we would have ex-
pected it to be two dimensional. Section V contains re-
sults for thin Bi wires. The behavior at relatively high
temperatures (~1 K} agrees well with previous results
for wires made from other materials, and with the theory.
The behavior at lower temperatures is complicated by
several effects. For wires with lengths less than about 50
pm, universal conductance fluctuations become impor-
tant, and also make it diScult to measure either the tem-
perature dependence of the resistance, or the magne-
toresistance. In addition, electron heating effects make it
diScult to obtain results below about 0.2 K. Neverthe-
less, it is possible to determine the inelastic scattering
time above about 0.3 K over about a decade of tempera-
ture. As in the films, this scattering appears to be due to
electron-electron scattering. However, while this scatter-
ing process seems to be one dimensional in the thinnest
wires, it appears to be three dimensional in the wires with
the largest diameters. This is a surprising result since all
of these wires behave one dimensionally as far as both lo-
calization and interaction effects are concerned. In Sec.
VI we present our conclusions. A preliminary account of
some of the results described here has been given else-
where.
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II.THEORY
A. Localization

In one and two dimensions, the presence of disorder re-
sults in what is now known as weak localization of the
electronic wave functions. ' This effect makes a contri-
bution to the conductance of the system which is a func-
tion of magnetic field and of various electron scattering
times. The functional form of this contribution depends
on the dimensionality of the system.

1. Two dimensions

In two dimensions it is convenient to consider the resis-
tance per square, R~ (i.e., the sheet resistance), which is
just the resistivity divided by the thickness t, Rz p/t-—.
Similarly, the conductance per square, G~, is given by
6~=o.t. Detailed calculations have shown that with a
magnetic field, H, perpendicular to the plane of the
film'-"'

e'
b, G~(T,H)=—

2

1 H2 1 1

2 K 2 2 H

Here P is the digamma function, and the "fields" H, , H2,
and H3 are defined by'

He e
b, G&( T) = — In = — ln

2~'S
(4)

H) ——H, +H, , +H, ,

H, =H, +2H, ,

(2)

or in terms of resistance

hR~(T) e2p T= —R~ ln
Ro 2«TO

where

H„=
4eL„

(3)

In (3) "n" takes on the various meanings: e represents
elastic scattering, i represents inelastic scattering, s.o.
represents spin-orbit scattering, and s represents spin-
spin scattering. The diffusion lengths L„are related to
the corresponding scattering times by L„=(Dr„)'~,
where D is the electron diffusion constant.

In the systems we consider the elastic scattering rate is
generally much larger than the other scattering rates, and
as a result the elastic field, H„ is much larger than any of
the other fields in the problem (including the applied
magnetic field, H). If, in addition, H„H, , &&H;, then in
the limit H ~0 (1) reduces to the now familiar form"

where in (5) we have also used the fact the inelastic
scattering time will in general vary as ~; —T ~. Hence,
in two dimensions the resistance varies logarithmically
with temperature in zero field. If, however, as is the case
with Bi, the spin-orbit scattering is very strong, then
H, , y&H, . In this case one can show from (1) that the
contribution from localization is not only reduced in
magnitude by half, but is opposite in sign. This result,

bRp(T) e p TRo, ln
Ro 4~ g To

means that in the case of strong spin-orbit scattering the
contribution from localization decreases as the tempera-
ture is reduced, an effect known as antilocalization. '

When measurements are made in a magnetic field, it is
usually at a fixed temperature. In this case, using (1) we
have

e 1 1bG~(K)=-
2m. A

3 1 H2
2~ 2+H

T

H3 3 H2

2
——ln +—ln

Here again, we have assumed that H, is much larger than
any of the other fields. Examination of (7) shows that
there are two types of scattering that can reduce the
effect of localization, i.e., destroy phase coherence; name-
ly, inelastic scattering and spin-spin scattering. It is con-
venient to define the phase breaking time, r&, by [see (2)]

1 1 2=—+-
+i +s

and also the phase breaking length

L~ (Dr~)'——

L& is simply the average distance which an electron
diffuses between phase breaking (i.e., inelastic or spin-
spin scattering) events. Also, since L& is the length scale
over which phase coherence is maintained, it is this
length which determines the effective dimensionality of a
system as far as localization is concerned. In order to be
two dimensional, one must have L& & t. We should note
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LH ——

In analogy with (9), LH must be greater than the film
thickness t if the system is to behave two dimensionally.

I

that it is possible to distinguish between the inelastic and
spin-spin scattering by virtue of the fact that the latter
should generally be temperature independent.

Returning to (7), it can be seen that the effects of locali-
zation are destroyed by the application of the magnetic
field. This magnetoresistance provides a very convenient

experimental means of determining L&. It is common to
define a magnetic length, given by

t 1/2

4eH

If LH & t, the system is effectively three dimensional, and
(1) is no longer applicable.

All of the above discussion applies to the case of a field
applied perpendicular to the plane of the system. There
is also a magnetoresistance for parallel fields, but we will
not be concerned quantitatively with that case here, other
than to note that it is generally much smaller than the
perpendicular magnetoresistance.

2. One dimension

The behavior in one dimension is qualitatively similar
to that found in two dimensions, although the detailed
functional forms are different. The theory predicts'

bR (T,H)
Ro

+
3 s.o. + H

' —1/2

+LH
. —1/2

2

LH
3A

(12)

where A is the cross sectional area of the wire, p, is the
impurity (elastic) resistivity, and'

' 1/2

I

to the resistance

b,R~(T)
(1——,'F)R&ln

2m-2R
(15)

Note also that the field is applied perpendicular to the
direction of the current. We also note that in order for
(11) to be applicable, both LH and L& must be greater
than the transverse dimensions of the wire.

In the limit H~0 and strong spin-orbit scattering (11)
reduces to

where F is a screening factor' whose value lies between
zero and (approximately) unity. It can be seen that (15) is
very similar in form to (6), although since Bi has strong
spin-orbit scattering, the contribution from localization is
negative (antilocalization) and hence is opposite in sign
relative to (14). In one dimension the contribution of in-
teractions is given by'

bR
Ro

e p
4m.A'A

(13) AR

Ro

2 1/2
Pe~

(4—F) Dfi—
2'/2m A

(16)

Here again, the spin-orbit scattering changes the sign of
the contribution of localization to the resistance, and pro-
duces antilocalization.

3. Three dimensions

While our work has not involved any three-
dimensional systems as such, we will need to compare our
observations with the behavior predicted for three dimen-
sions. Briefly, in three dimensions localization makes a
contribution to the zero-field conductivity of the form'

(14)

Hence, in contrast to the behavior in one or two dimen-
sions, this contribution does not diverge as T~O. Equa-
tion (14) applies for the case of very weak spin-orbit
scattering; for the opposite limit, we would expect a con-
tribution of opposite sign, with a magnitude reduced by a
factor of 2, in analogy with (6) and (13).

B.Electron-electron interactions

The theory of electron-electron interactions has been
considered by a number of workers. ' ' It has been shown
that in two dimensions interactions make a contribution

where kz is the Boltzmann's constant, and F is again a
screening factor (note that the screening factor depends
only very weakly on dimensionality, ' so that it should be
approximately the same in different dimensions). The
quantity Lr= (DAlk~T)' —is sometimes referred to as
the cutoff" or thermal length. This length scale deter-
mines the system dimensionality for interaction effects in
precisely the same way that L& determines the effective
dimensionality for localization. The effect of interactions
in three dimensions is given by'

3 e2 I

4m. 2A

While the effects of localization are quite sensitive to a
magnetic field, this is not the case for interactions. The
theory does predict a positive, isotropic magnetoresis-
tance. ' ' However, since this arises from the splitting of
the electronic spin-up and spin-down energy bands, it is
very small compared to the low field magnetoresistance
due to localization.

We have discussed the contributions from localization
and interactions separately, but in a real system, both
effects will of course be present. To lowest order, the two
effects are believed to be simply additive, ' so that, for ex-
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ample, in two dimensions the behavior should be de-
scribed by just the sum of (6) and (15).

C. Inelastic scattering

e R&
k~T ln

7 f 2R
For one dimension, e.g., a thin wire,

' 1/3
vo A'W4

2eTk

(19)

(20)

where A is again the cross sectional area of the wire, and
v is the electronic density of states which can be estimat-
ed through the conductivity 0.=e Dv.

While inelastic electron-electron scattering and
electron-electron interaction effects are often considered
as separate phenomena, it is clear on physical grounds
that they must be very closely related. An important re-
sult of this relationship is that these two processes are
governed by the same length scale (Dfilk~T)'~ . Thus,
we would expect that in a given system these two process-
es should have the same effective dimensionalities. We
will return to this point in Secs. IV and V.

III. SAMPLE FABRICATION
AND MEASUREMENT

In order to make thin films which are continuous and
uniform, it is important that the grain size of the films be
as small as possible. We therefore investigated several
different methods of depositing Bi films, and studied the
grain sizes obtained. The grain size was determined from
transmission electron microscopy of films which were lift-
ed off from their substrates. We found that thermally

It is clear from the above discussion that inelastic
scattering plays a key role in localization. Indeed, all of
the temperature dependence of this effect is due to the
temperature dependence of the inelastic scattering time,
~;. In general, ~; can be written as

~;=CT

where C and p are constants. Many experiments ' have
shown that electron-electron scattering is the dominant
inelastic mechanism at temperatures below about 5 K,
while at higher temperatures electron-phonon scattering
has sometimes been observed as the dominant process.

It is well known that for inelastic electron-electron
scattering in a perfect, periodic potential the scattering
rate is proportional to T (i.e., p=2), regardless of the
dimensionality. ' The effect of disorder on this scattering
process was first considered by Schmid. ' He studied the
problem in three dimensions and found that the
electron-electron scattering rate is enhanced when the
electronic motion is diffusive. Schmid showed that for
this case p = —,

' with the constant C being a function of
the amount of disorder.

The problem of electron-electron scattering in one and
two dimensions in the presence of disorder has been stud-
ied more recently. In two dimensions it is found that

evaporated films had larger grain sizes than sputtered
films. In both cases, cooling the substrates to 77 K dur-
ing the deposition significantly reduced the grain size.
The smallest grain sizes, 100—200 A, were obtained with
films prepared by dc sputtering onto cooled substrates,
and the vast majority of the measurements reported
below were obtained with samples derived from Bi films
which were produced in this way. In all cases, 99.999%
pure Bi was used as the starting material. ' The low tem-
perature (4 K) resistivity of these films was =2400
pQ cm, and was independent of the thickness for film
thicknesses greater than about 100 A, suggesting that the
films were continuous and uniform. Hall effect measure-
ments2~ were also made, and the result was
-0.025 cm /C for a 200 A thick film at 4.2 K, which is,
to within a factor of 3 or better, the same as that found
by previous workers. If the Hall constant is inter-
preted in terms of simple free electron theory assuming
only a single type of carrier with only one band, a carrier
density of 6&10 cm is found, although the actual
carrier density is likely to be somewhat lower. Previous
workers have assumed a density of -6X10'7 cm (for
holes) and -2 X 10' cm (for electrons), but these
values are based on the assumption that the densities are
the same as in pure, bulk Bi. This assumption is certainly
not justified, but unfortunately it is very difBcult to
directly determine these parameters in highly disordered
films such as the ones studied here. In any case, all of the
properties of our films are very similar to those studied
by previous workers. In the following section, we
also report a few measurements on films which were pro-
duced by thermal evaporation onto substrates held at
77 K. These films had the same low temperature resis-
tivity as the sputtered films, but with an average grain
size about twice as large. Unless noted specifically oth-
erwise, the samples discussed in this paper were derived
from sputtered films prepared as described above.

Films were patterned for measurement by scribing with
a tungsten needle attached to a micromanipulator. Sam-
ple dimensions were typically «10 pm wide with a uni-
formity of order 1 pm, with lengths ranging from tens of
pm to several mm. Small diameter wires were made from
the same Bi films, using substrate step techniques which
have been described in detail elsewhere. Substrate step
methods generally produce wires with right triangular
cross sections, but it is also possible to make wires which
are closer to "I." shaped, with widths several times their
height. Most of our wire samples had triangular cross
sections, but some (which will be noted specifically) had
shapes which were more nearly "I." shaped. For these
latter samples the effective width was generally no larger
than 3—5 times the effective thickness.

The Bi samples were relatively easy to produce, but
were found to degrade with time due to oxidation and/or
coalescing of the grains into larger islands. The rate of
degradation could be slowed down somewhat by over-
coating with a layer of photoresist. However, it appeared
that grain growth occurred at a significant rate at room
temperature so that even though the photoresist layer
essentially stopped the oxidation, the samples still de-
graded, from having a fairly uniform thickness, to a state
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consisting of (eventually) discontinuous islands. While
we found that this degradation could be arrested by stor-
ing the samples at 77 K, this was not always convenient.
As a result, samples were seldom measured in more than
two separate runs (which involved cycling the tempera-
ture from room temperature to low temperature and
back), although the behavior of samples which were
maintained at temperatures at or below 77 K between
measurements was very reproducible.

Two different cryostats were used for the measure-
ments. Initially a standard He cryostat was employed
for measurements in the range 1-10 K. Later, a dilution
refrigerator system was used to obtain results over a
much wider range. While the refrigerator could attain
temperatures below 50 mK, electron heating limited most
of our measurements to ~0. 1 K. The refrigerator also
contained an 8 T magnet, allowing magnetoresistance
measurements as well. The measurements in both cryo-
stats utilized standard low frequency ac bridge tech-
niques. Details of the refrigerator system, and the com-
puter system used to control its functions, are described
in detail elsewhere.

IV. Bi FILMS

A. Zero-field results

In our initial studies of Bi films we concentrated on the
behavior in zero field. According to the theory we expect
the behavior to be described by a sum of (6) and (15).
Hence, the resistance should vary logarithmically with
temperature, with a positive contribution from interac-
tions and a negative one from antilocalization. Some typ-
ical results for the resistance as a function of temperature
are shown in Fig. 1. It is seen that the logarithmic behav-
ior begins below about 3 K. The behavior at higher tem-
peratures is consistent with that seen by previous work-
ers, ' who have attributed it to a small residual varia-

3I6

0.020
480

t(A)
240 I60

IQ
I20

tion of carrier concentration with temperature. Howev-
er, this variation appears to be negligible below about
3 K, and does not seem to interfere with the study of lo-
calization and interactions in that range. We have ob-
tained results like those in Fig. 1 for a large number of
films, both sputtered and evaporated, with various
thicknesses. In Fig. 2 we plot the fractional resistance
change per decade of temperature, as a function of R~,
or equivalently, film thickness, t. For films with t less
than about 500 A, the fractional rise is proportional to
Rz, as predicted by the theory (6) and (15). Note also
that an extrapolation of the linear variation seen for large
Rz to Rz ——0 yields a vanishing fractional rise in this
limit. This implies that "bulk" contributions to the resis-
tance increase, such as the Kondo effect, are negligible.
The linear variation of the resistance rise with R~ can be
used to estimate the quantity P—:—p/2+ 1 3F/—4 which
characterizes the strength of localization and interac-
tions, (6) and (15), and we find P-0.45. This value is
very much in line with what we would expect; namely F
small, and close to zero (F-0.1 —0.3 has been found by
previous workers ' ), and p —1, corresponding to two-
dimensional electron-electron scattering. Note, however,
that our magnetoresistance results (discussed below) indi-
cate a somewhat different value of p (- l. 5). In any case,
the zero-field behavior of the thinnest films considered in
Fig. 2 is quite reasonable.

The behavior for small R~ (thick films) is, however,
not in accord with the theory. We see from Fig. 2 that
the fractional increase in resistance for films thicker than
about 500 A is much larger than expected from the re-
sults for large Rz, or from the theory. We can neverthe-
less estimate the parameter P for the thick films, and in
Fig. 3 we plot P as a function of R z for all of the samples.
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FIG. 1. Resistance as a function of temperature for a 270 A

thick sputtered Bi film.
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FIG. 2. Fractional resistance rise per decade of temperature
as a function of R& for sputtered (closed symbols) and evaporat-
ed (open symbols) films.
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thin single crystal Au films. They found that p became
anomalously large when the film was made relatively
thick, and attributed this to the effect of specular scatter-
ing at the very perfect surfaces of their single crystal
films. A theory which predicts just such behavior has
also been developed, although other explanations, such
as the Kondo effect, have been also proposed. ' In any
event, while the behavior we have observed for small R~
is similar to that seen in Au, our samples are quite
different. They are, as discussed in Sec. III, polycrystal-
line, and we would not expect the surface scattering in
our films to be specular. Hence, even though the behav-
ior we observe is qualitatively similar to that seen in sin-

gle crystal Au films, it is not at all clear that the origin is
the same.

a ~
B.Magnetoresistance

I'0 IOOO

Ro(Q }

FIG. 3. P as a function of Ro for sputtered (closed symbols)

and evaporated (open symbols) films.

I

l500 2000

For large Rz, i.e., small film thickness, p is seen to be a
constant, with a value of -0.45, as noted above. Howev-
er, the fractional rise seen for small Rz is again seen to be
anomalously large. In fact, p increases very rapidly as
R~~O. It is not possible to account for the large values
of p found for the thick films simply in terms of magnetic
impurities, etc., since we would expect such bulk (i.e.,
dimensionality-independent) impurity effects to be
present in the thinner films as well, and Fig. 2 shows that
this is certainly not the case. In addition, such a bulk
effect would give rise to a fractional resistance change,
hR /R, which approaches a constant as R~ ~0, while we
see from Fig. 2 that this quantity increases substantially
in this limit. One might be tempted to attribute this be-
havior to a crossover to three-dimensional behavior.
Such a dimensional crossover would be expected when
the film thickness becomes comparable to the phase
breaking length. However, the behavior seen in the thick
films is not consistent with three-dimensional behavior.
First, the variation of R with temperature for the thick
films remains approximately logarithmic, while the
theory (see Sec. II) predicts a power law form, T, with
5&0.75. Second, the magnitude of the resistance rise
seen in the thick films is much larger than predicted by
the three-dimensional theory. For three-dimensional lo-
calization (14) the theory predicts ER1'R —1&(10 3 in
Fig. 2 (here we use the value L& —1000 A at 1 K as es-
tirnated from magnetoresistance measurements presented
below). Three-dimensional interaction theory (17) pre-
dicts hR/R -5&10 . Both of these predictions are
significantly lower than the value bR/R ~0.01 seen in
the thickest films, so our results do not seem to be con-
sistent with three-dimensional behavior.

Behavior which is somewhat similar to that seen in our
thick films has been observed by Chaudhari et al. in

We have measured the magnetoresistance of our Bi
films over a wide range of field and temperature. Some
typical results for Rz as a function of T and 8 are given
in Figs. 4 and 5, which show results for perpendicular
and parallel fields, respectively. For this sample the two-
dimensional regime is limited to fields less than 1 kOe,
and from Fig. 5 we see that the parallel magnetoresis-
tance is essentially zero in this region. This is in good
agreement with the theory, and confirms the two-
dimensional nature of these films. From Fig. 4 we again
see that the variation in zero field is logarithmic with
temperature. In addition, the magnetoresistance is posi-
tive and hence from (6) and (7) we can conclude that, as
expected, the spin-orbit scattering must be strong, yield-
ing antilocalization. A logarithmic variation with tem-
perature is also seen in relatively large fields (& 1 kOe).
Since a field of this magnitude largely quenches the
effects of localization, the resistance variation seen in this
case is due predominantly to interactions. The fact that
the high field behavior is logarithmic implies from (15)
that the interaction effects are two dimensional. This is

325

320
Oe)
0
5

Cy~ 3I5

3I 0

305
O. I

I

0.2
I

0.5
I

T(K)
IO

FIG. 4. Resistance as a function of temperature for several
values of the magnetic field, for a 270 A thick film. The field is

applied perpendicular to the plane of the film. The lines are
guides to the eye, which illustrate a logarithmic temperature
dependence.
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296
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FIG. 5. Resistance as a function of temperature for several
values of the magnetic field, for a 240 A film. The field is ap-
plied parallel to the plane of the film.

not surprising, since using our best estimates for quanti-
ties such as the diffusion constant, etc. (see Sec. III), we
find Lz-=1000 A at 1 K, which is much larger than the
film thickness.

We have used (7) to analyze the magnetoresistance in

perpendicular fields. A typical least squares fit is shown
in Fig. 6; here we plot the conductance, since the theory
(7) is more naturally expressed in terms of this quantity.
The solid line in Fig. 6 is a least squares fit to the theory
(7); in order to ensure that LH is less than the film thick-
ness [see the discussion of (10)], the fit was restricted to
fields ~ 1 kOe. From least squares fits like those shown

in Fig. 6, we found that the spin-orbit scattering rate is
sumciently large that the magnetoresistance is essentially
independent of its precise value, and we are only able to
set an upper limit on the spin-orbit length, which we esti-
rnate (conservatively ) to be —300 A. As a result, the
fits of the theory to the experimental magnetoresistance
essentially involved only two parameters at each tempera-
ture, the zero-field conductance, and the phase breaking
length, L&. Typical results for L& for a film are shown in
Fig. 7, where it is seen that this quantity varies as a
power of temperature. As discussed in Sec. II,
L& (D——r&)' and the phase breaking time varies as
~&~ 1 ~. Hence, we expect that L& ~ T ~ . A fit of the
data in Fig. 7 to this form yields34 p=1.45+0. 10 over
nearly two decades of temperature. This fit was restrict-
ed to the data shown in Fig. 7, even though data at
higher temperatures were obtained, so as to ensure that
the values of L& were always greater than the film thick-
ness. This result for p is surprising, since it is very close
to the value expected for three-dimensional electron-
electron scattering (p = —,'), in contrast to the value p =1
predicted for two dimensions. As discussed above, the
behavior of the resistance in large fields seems to show
conclusively that the interaction effects are two-
dimensional. Since the length scale LT should determine
the dimensionality of both the inelastic scattering and the
interactions, these results appear to be at odds with the
theory.

Other workers ' have reported results for somewhat
thinner ( & 150 A) Bi films, for which it is reported that

p =1, as expected for two dimensional electron-electron
scattering. Thus, for films which are sumciently thin, the
behavior does become "fully" two dimensional. Howev-
er, this does not explain how it is possible for the inelastic
scattering and the interactions to have different effective
dimensionalities in the same sample, as we have observed.
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FIG. 6. Conductance per square as a function of magnetic
field for a 314 A thick film. The line is a least squares fit to the

theory (7).
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FIG. 7. Phase breaking length, L&, as a function of tempera-

ture, for the film considered in Fig. 4.
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V. Bi WIRES

Some typical results for the resistance of a thin Bi wire
as a function of temperature, at relatively high tempera-
tures, are shown in Fig. 8. Note that the temperature
scale in Fig. 8 is logarithmic, so it is clear that the varia-
tion of R with temperature is faster than logarithmic; i.e.,
R = T ~, with y &0, in qualitative agreement with the
theory (15). The precise form of this variation, and the
value of y, will be discussed below. In Fig. 9 we show the
fractional resistance increase as a function of the cross
sectional area of the wire. Figure 9(a) shows results for
high temperatures (1.4-3.2 K), while Fig. 9(b) shows re-
sults for a wider temperature range (0.3—3.2 K). It can
be seen that at high temperatures [Fig. 9(a}] where the
most data are available, the fractional resistance rise
varies as A ', in good agreement with the theory for ei-
ther localization or interactions, (13) and (15). The re-
sults at lower temperatures are also consistent with this
functional form, although there are certainly not enough
data available to really test the theory in this case.

In order to separate the effects of localization and in-
teractions we have performed magnetoresistance mea-
surements. Figure 10 shows results for R as a function of
T and H for three different wires. The resistance of the
smallest wire [365 A, Fig. 10(a)] increases monotonically
as the temperature is decreased, although dR /dT is seen
to decrease at the lowest temperatures. This "flattening"
out of R versus T is due in part to simple electron (Joule)
heating from both the measuring current and external
noise. This is also evident from the magnitude of the
magnetoresistance, which can be seen to approach a con-
stant at the lowest temperatures. Hence, data below
about 0.3 K must be treated with caution, as the electron
temperature is probably somewhat higher than the lattice
(i.e., refrigerator} temperature. Data for successively
larger wires are shown in Figs. 10(b) (465 A) and
10(c) (525 A}. We see that as the wire is made larger, the
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variation of R changes qualitatively. For the larger wires
R actually decreases at the lowest temperatures. Note
that this decrease is not due to electron heating. Simple
heating would cause the resistance to approach a con-
stant value at low temperatures, not decrease. In addi. -

tion, it can be seen from Fig. 10(c), for example, that the
magnitude of the magnetoresistance continues to increase
at temperatures we11 below the temperature at which R
exhibits a maximum in zero field. This indicates [from
(11)] that the phase breaking time is still increasing,
which in turn implies that the electron temperature is
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FIG. 8. Resistance as a function of temperature for a 315 A
wire. The line is a guide to the eye.

FIG. 9. Fractional resistance change as a function of wire di-
ameter for (a) 1.4 to 3.2 K; and (b) 0.3 to 3.2 K. The lines are
guides to the eye drawn proportional to A
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still decreasing as the lattice temperature is reduced
below 0.2 K.

Fits of the magnetoresistance data to the theory (11)
indicated that, as was the case for the films, the spin-orbit
length is very short, and only an upper limit on this quan-
tity (which was similar to that found for the films) could
be estimated. These fits also yielded the phase breaking
length, L&, as a function of temperature. Results for the
wires considered in Figs. 10(a) and 10(c) are shown in Fig.
11. For the smaller wire (the filled circles in Fig. 11)
problems with Joule heating below about 0.3 K restrict
the usable temperature range to a little less than one de-
cade. Nevertheless, if we fit the data for T &0.3 K in
Fig. 11 to a power law, (18), we can obtain a rough esti-
mate for p. The results of such a fit are shown as the
solid lines in Fig. 11. Note also that we have not includ-
ed data above about 1.5 K (which are not shown in Fig.
11) in this analysis because in this range the values of L&
derived from the magnetoresistance fits were comparable
to or less than the diameter of the wire. Thus, the one-
dimensional theory for the magnetoresistance which was
used in these fits should not be applicable here. From
the fit for the 365 A wire shown in Fig. 11 we find
p=0. 8, which is consistent to the value p= —', expected
for one dimensional electron-electron scattering. The ab-
solute magnitude of the inelastic scattering length at 1 K
[i.e., the constant C in (18)] derived from the fit is 620 A.
If we hold p fixed at the value —', expected theoretically,
we find a similar value, 700 A. These both agree fairly
well with the theory (20), which predicts 900 A for
this sample. Note that this comparison involves no ad-
justable parameters. We therefore conclude that the in-
elastic scattering in this case is due to one-dimensional
electron-electron scattering.

For the 525 A wire considered in Fig. 10(c) the behav-
ior of L& is somewhat different. A least squares fit to the
data for that sample (the open circles in Fig. 11) yields

p =1.4+0. 1. This wire is larger than the one considered
in Fig. 10(a), and this makes electron heating somewhat
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FIG. 10. Resistance as a function of temperature at several
values of magnetic field for (a) a 365 A wire, (b) a 465 A wire,
and (c) a 525 A wire. The lines are guides to the eye.

500—

I

0.5
I

0.2
I I

O. l I 2 5
T(K)

FIG. 11. Phase breaking length as a function of temperature
for a 365 A wire (filled circles), and a 525 A wire (open circles).
These are the same samples as considered in Fig. 10. The solid
lines are least squares fits to the theory (18) as described in the
text.
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less of a problem at the lowest temperatures as can be
seen from Fig. 11. Hence, this least squares fit, and the
value of p for this sample are more precise than for the
smaller wire. The value found for p is quite close to that
expected for three-dimensional electron-electron scatter-
ing, in contrast to the one-dimensional value found for
the smaller wire. At first sight this result seems plausible,
since if the wire diameter is larger than LT, we would ex-
pect it to behave three dimensionally as far as electron-
electron scattering is concerned. However, our best esti-
mate of LT is =1000 A at 1 K, so we would not have
expected to observe three-dimensional behavior for a
sample with this diameter (525 A). Nevertheless, it is
difficult to reliably estimate the quantities which enter
LT, so it is conceivable that our estimate of LT is in error.
In any case, as we saw in our analysis of our two-
dimensional data, there is another way to obtain a limit
on the value of LT. As noted in Sec. II C, LT is the fun-
damental length scale for both electron-electron scatter-
ing and electron-electron interaction effects. Since L& is
now known from the magnetoresistance, we can use the
theory (13) to subtract the contribution of localization to
the zero-field resistance, and obtain the contribution of
interactions. The results for both the 365 A wire and the
525 A wire are shown in Fig. 12. The solid lines are least
squares fits to the function C&+C2T ~, which yielded
y=0.48+0.05 for the small sample and y=0.45+0.05
for the large sample. These values of y are thus both in
very good agreement with that expected for one-
dimensional electron-electron interactions (y = —,').

The results for the 525 A wire thus indicate that the in-
elastic scattering is three dimensional, while at the same
time the effects of interactions are one dimensional. This
appears to be at odds with the theory, which predicts that
these phenomena are controlled by the same length scale,
LT. As noted above, our best independent estimate of LT

0
is 1000 A at 1 K so one-dimensional behavior is con-
sistent with the estimated material parameters for these
samples. The three-dimensional behavior found for the
inelastic scattering is thus hard to understand. It should
be noted that some of the largest wires were made using
large substrate steps, and this meant that they had "L"
shaped cross sections as compared with the triangular
cross sections of the smallest wires. It is conceivable that
this change in shape may have played a role in the
change of dimensionality we have observed. However,
the transverse dimensions of the samples were always less
than our best estimate of LT, so we still would have ex-
pected one-dimensional behavior. In addition, the behav-
ior varied smoothly and systematically as the wire diame-
ter was reduced. Finally, the fact remains that for a
given sample the dimensionalities of the interactions and
the electron-electron scattering were not always the same.
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in close agreement with those of other studies of similar
Bi films, in cases where comparisons can be made. The
two-dimensional behavior seen in films less than about

0
500 A thick is well described by a combination of in-
teractions with E-0.1 and localization. However, the
variation of the resistance with temperature seen in the
thick films is much larger than that found in the thin
films. Moreover, the resistance change becomes larger as
the film thickness is increased. This behavior is seen in
films which, based on our measured values of L&, would
be expected to behave three-dimensionally as far as loca-
tion is concerned. However, the magnitude and tempera-
ture dependence of the observed effect cannot be ex-
plained even qualitatively in terms three-dimensional lo-
calization or interactions.

A second unexplained result concerns the dimensional-
ities of the electron inelastic scattering and the electron-

VI. SUMMARY AND CONCLUSIONS

We have studied the effects of localization and
electron-electron interactions in thin Bi wires and films at
low temperatures. The overall behavior we have ob-
served is in good agreement with the theory, and with
previous results for other materials. Our results are also

1.04
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FIG. 12. Contribution of electron-electron interactions to the
resistance of (a) the 365 A wire, and (b) the 525 A wire, con-
sidered in Figs. 10 and 11. The solid lines are least squares fits
as described in the text.
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electron interaction effects. From the temperature
dependence of L&, its variation with sample dimensions
(i.e., wire diameter, or in going from wires to films, etc.),
and the results of many previous experiments in this area,
we believe that the inelastic scattering in our samples is
due to electron-electron scattering in the presence of im-
purities. This allows us to use the temperature depen-
dence of ~& to directly determine the effective dimen-

sionality of the scattering process. In this way we find

that in some cases the dimensionality of the scattering
process is not the same as the dimensionality of the con-
tribution of electron-electron interactions to the resis-
tance. This is surprising, since according to the theory
these two processes should be controlled by the same
length scale, Lz-. The proper explanation of these two
puzzles is not clear at this time. It is possible that this
behavior is peculiar to Bi because of its low carrier con-
centration. However, such a dependence on carrier con-
centration is not predicted by the theory.

We should also note that, as discussed earlier, parame-
ters such as D and the elastic mean free path, L„are
difficult to estimate for our Bi films. For bulk Bi with the
same resistivity as we have for our films, L, would be
-900 A. This is comparable to the values of L& we find

from our analysis of the magnetoresistance. If this value
of L, is correct, then our assumption that the electron
motion is diffusive, which underlies the entire theoretical
picture we have used to interpret our results, would not
be appropriate. It has been shown theoretically that the
behavior of the magnetoresistance is altered when L, be-

comes larger than the film thickness or wire diameter.
The predictions of that theory in the low field limit (ap-
propriate for our experiments) are quantitatively very
similar to the theory for small L, which we have used in

our analysis, suggesting that an analysis with that theory
would yield similar results for L&, etc. , and hence not
resolve our discrepancy. Moreover, there are very good
reasons to believe that L, is not extremely long in our
films. First, our Hall measurements show that, as found

by previous experiments and calculations, 2 ' the carrier
density in films this thin is much larger than in the bulk.
The carrier density in Bi films is typically a factor of 10
or more larger than in the bulk, resulting in a corre-
sponding reduction in the estimate for L, . This then

0
gives L, 50 A, in accord with our previous estimates.
Second, it is very diScult to see how polycrystalline films
with grain sizes of —150 A and rough surfaces could

have elastic mean free paths longer than —100 A. Third,
the behavior of our thinnest films and wires (as well as
the films studied by previous workers '

) are very well
described by the predictions of the theories of localiza-
tion and interactions; theories which assume diffusive
motion. In particular, we find that there is no dimen-
sionality problem in the thinnest films and wires. Any
breakdown of, or deviations from, the theoretical predic-
tions because of a large value of L, should be largest in
the thinnest wires and films, but this is definitely not the
case here. This is indirect but strong evidence that L,
must be smaller than L& and the film thicknesses and
wire diameters for the samples studied. Finally, our
"mixed" dimensionality problem can be inferred quite
simply and unambiguously from the temperature depen-
dence of the resistance of our wires in different magnetic
fields. While our detailed analysis of the rnagnetoresis-
tance has allowed us to draw quantitative conclusions, it
seems likely that the conclusion that the dimensionalities
of the inelastic scattering and interactions are different is
in a sense "model" independent, and would not be altered
if a different theory of the magnetoresistance were in fact
appropriate.

Thus, we have no convincing explanation for the puz-
zling behavior we have observed. One- and two-
dimensional electron-electron scattering has, of course,
been observed previously in other materials, but most of
these experiments have been performed with samples
which were clearly in one dimensional regime or the oth-
er. That is, they involved films which were much thinner
than Lz, etc. for wires, in contrast to our samples in
which I.z. was only a factor of typically 3 —10 (depending
on temperature, etc.) larger than the film thickness or
wire diameter. It will be very interesting to see if the
effects we have observed are present in other materials.
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