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We consider classical Hamiltonian systems in which there exist collective modes where the
motion associated with each collective mode is describable by a collective coordinate. The formal-
ism we develop is applicable to both continuous and discrete systems where the aim is to investigate
the dynamics of kink or solitonlike solutions to nonlinear Klein-Gordon equations which arise in
field theory and condensed-matter theory. We present a new calculational procedure for obtaining
the equations of motion for the collective coordinates and coupled fields based on Dirac’s treatment
of constrained Hamiltonian systems. The virtue of this new (projection-operator) procedure is the
ease with which the equations of motion for the collective variables and coupled fields are derived
relative to the amount of work needed to calculate them from the Dirac brackets directly. Intro-
ducing collective coordinates as dynamical variables into a system enlarges the phase space accessi-
ble to the possible trajectories describing the system’s evolution. This introduces extra solutions to
the new equations of motion which do not satisfy the original equations of motion. It is therefore
necessary to introduce constraints in order to conserve the number of degrees of freedom of the
original system. We show that the constraints have the effect of projecting out the motion in the en-
larged phase space onto the appropriate submanifold corresponding to the available phase space of
the original system. We show that the Dirac bracket accomplishes this projection, and we give an
explicit formula for this projection operator. We use the Dirac brackets to construct a family of
canonical transformations to the system of new coordinates (which contains the collective variables)
and to construct a Hamiltonian in this new system of variables. We show the equations of motion
that are derived through the lengthy Dirac bracket prescription are obtainable through the simple
projection-operator procedure. We provide examples that illustrate the ease of this projection-
operator method for the single- and multiple-collective-variable cases. We also discuss advantages
of particular forms of the Ansatz used for introducing the collective variables into the original sys-
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tem.

I. INTRODUCTION

The purpose of this paper is to present a complete, ex-
act solution of the problem of the introduction of classi-
cal collective variables into nonlinear Klein-Gordon kink
equations' ~3 such as the sine-Gordon®~¢ (SG), double
sine-Gordon’~!” (DSG), and ¢* equations''~!* and ob-
tain a complete Hamiltonian theory for such systems. In

the collective-variable approach, one introduces particle-
like parameters such as the center of mass of the kink X,
or the separation R between the subkinks of a DSG kink,
and considers them as Hamiltonian dynamical variables:
X—X(t), R—R(t). The introduction of N additional
dynamical variables requires the addition of 2N
constraints—one for each added dynamical variable and
one for its canonically conjugate momentum—in order
that the number of degrees of freedom the original prob-
lem is conserved. The nature of the possible constraints
is quite general, but we will show that a particular form
of the constraints naturally suggests itself which has the
convenient (additional) feature of requiring much less cal-
culation to obtain the equations of motion than other
forms. We show that the theory of Dirac brackets'* for
constrained dynamical systems applies directly to our
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collective-variable treatment of nonlinear Klein-Gordon
kink equations. We use the Dirac bracket formalism to
derive the transformation from an unconstrained set of
Hamiltonian variables to set a constrained variables. For
the particular form of the constraints, the results of the
extremely lengthy calculation of the Dirac bracket equa-
tions of motion are equivalent to the equations of motion
obtained by simply applying projection operators to the
original nonlinear Klein-Gordon equations. The explicit
form of the projection operators are derived in the proof
of the equivalence. We stress that the amount of calcula-
tion required by our projection operator approach to ob-
tain the desired equations of motion for the collective
variables and accompanying radiation field is an extreme-
ly small fraction of the amount of calculation required
when using the Dirac brackets.

By introducing a collective variable, such as the center
of mass, X (¢), one attempts to separate out the localized
collective phenomena of “the system from the nonlocal-
ized (propagating) phenomena to which the collective
variable is coupled in an attempt to render the problem
easier to understand physically. Thus, in general, one
aims to arrive at an equation of motion that governs the
time evolution of the desired collective variable in the
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presence of the other collective variables and fields. The
resulting equations, one for each collective variable, and
one for each field, are a set of nonlinear, coupled,
differential equations which are usually not analytically
solvable because of their complexity. In many problems,
however, there is only one propagating field weakly cou-
pled to the collective variables and so it is possible to
linearize the field equations and obtain equations for the
propagating field whose source depends on the nonlinear
motion of the collective modes.

Quantization of such a system, where the collective
variables appear explicitly in the theory, is then possible
using the Dirac bracket formalism. This is illustrated by
Tomboulis! where he introduces the center-of-mass vari-
able into a general nonlinear wave equation that admits
soliton solutions and uses the Dirac bracket formalism to
transform the singular Lagrangian system into a Hamil-
tonian system in order to quantize the field. We will not
deal with quantization in this paper. Flesch et al.® have
used the center-of-mass variable, X (¢), in condensed-
matter physics for the case of translational invariance
that has been broken by the presence of an impurity.
Other authors?~% have used X (¢) as a collective variable
in the case where the translational invariance is replaced
by the discrete periodicity of a lattice. In addition to
X (t) there are other examples of collective variables such
as R (1), the separation between the subkinks in a DSG
kink; !0 the slope /(¢) in a ¢* kink;'!~!3 particles X ,(¢)
in the SG kink crystal’® and the separation
X,(1)=X,(1)—X (1) between two colliding DSG kinks, '®
to name a few. In all of the above cases the important
consequence of the collective variable approach is that
situations arise where highly nonlinear motion of the col-
lective “‘particlelike” variable persists with little or no ra-
diation from the propagating (phonon, for example) field.
In these situations, the radiation can be computed with
linear field equations, as stated earlier, whose sources are
determined by the nonlinear motion of the collective vari-
ables.

Another class of problems where the collective variable
approach has proved useful is the statistical mechanical
formulation of kinks interacting with heat baths.!”!® In
these problems the original nonlinear field interacting
with a bath is replaced by a “particle” variable which un-
dergoes Brownian motion with a relaxation time deter-
mined by the interaction of the kink with the phonon
bath. The collective variable approach for kinks in in-
teraction with a heat bath is also important for those
magnetic problems where kinks play an important role.

We divide Sec. II into two parts. In Sec. II A we derive
the transformation to the collective variable equations for
the case of a single collective variable and illustrate the
simplicity of the projection operator approach. In Sec.
IIB we consider the multiple-collective-variable case.
This entails focusing on the fundamental nature of the
Dirac bracket which we explicitly show to be a projection
in symplectic space. Following the procedure in Sec.
IIA, we derive differential equations that must be
satisfied by the original coordinates and momenta as
functions of the new coordinates (which are the collective
variables and the radiation field) and their conjugate mo-
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menta, given the constraints. We solve these equations to
arrive at the canonical transformation; then derive the
Hamiltonian and consequently, the equations of motion
for the collective variables and radiation field. The main
point of Sec. II B is then to show that these equations of
motion can be very simply obtained by operating on the
original equations of motion with projection operators
that emerge naturally from the structure of the Dirac
bracket and the form of the constraints. In an effort to
make things more clear, we point out now that there are
two projection operators that we will encounter both of
which are derived in this paper. The first is the projec-
tion operator in symplectic space which we will show de-
pends only on the structure of the Dirac bracket. The
second is the projection operator we use to operate on the
original nonlinear Klein-Gordon equation under con-
sideration in order to directly obtain the Dirac bracket
equations of motion.

We consider the DSG system in Sec. III where we in-
troduce two collective variables into the field, X (¢) and
R (t) discussed earlier, in order to illustrate the ease with
which the equations of motion for the collective variables
and radiation field may be derived using the projection
operator formalism when there is more than one collec-
tive variable present. We incorporate relativity into the
problem and discuss some of the problems that arise in
doing so. We also expand the potential (the term non-
linear in the radiation field) as a power series in the radia-
tion field and rewrite the resulting equations in a con-
venient form that explicitly shows their linear and non-
linear contributions from the radiation field. We further
discuss the connection between the equivalence of the
Dirac bracket equations of motion and those obtained by
the projection operator method.

Introducing collective variables to dynamically
parametrize a field requires one to formulate an Ansatz,
for example, ¢ =0 +X. Here ¢ is the original field which
has been broken up into two functions ¢ and X. o is a
function that best represents the shape of the kink and
depends on the collective variables. X may or may not
depend on the collective variables. Much of the litera-
ture! =3 postulates o as the continuum static solution to
the original nonlinear field equation. X then represents
the radiation coupled to the kink and any meson dressing
for the kink required by the particular conditions in the
problem. We show in Sec. IV that one can choose the
function o such that for small oscillation the function X
vanishes. In fact, in a future paper® we show that exact
agreement is obtained between molecular dynamics and
the theory of the present paper for the problem of the
small oscillation Peierls-Nabarro frequency of a trapped
SG kink. Previous Ansdtze have led to results for the
small oscillation frequency that were off by a factor of 2.
Section V contains a discussion and conclusion.

II. COLLECTIVE-VARIABLE FORMALISM

A. Single-collective variable

We are studying systems with kink or solitonlike solu-
tions with one collective mode describable by a single col-
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lective coordinate such as X, the center of mass for a SG
kink; or /, the length of a ¢* kink in the kink’s rest frame
(corresponding to the kink’s internal mode). The deriva-
tion done in this section is for a discrete system but gen-
eralizes straightforwardly to a continuum model.

We start with a system of unit masses harmonically
coupled to nearest neighbors and subjected to a substrate
described by a potential V(Q;). For simplicity the chain
is infinite. The Lagrangian and Hamiltonian functions
for this system are

L=1307-13(0,1—Q:))— 3 Vs(Q) 2.1

and
H=L{3P+13(Q 1 —0)+ 3 Vs(Q), 2

where P,=3L /3Q,;=Q; is the momentum conjugate to
Q;. Throughout the paper we use dimensionless units.
We are interested in systems which have an approxi-
mate static kink solution Q; ~ f;(X) where the parameter
X is the position of the center of the kink. In order to ob-
tain exact static solutions or complete dynamic solutions
for this system, we introduce new variables, g;, such that

Q:i=fi(X)+4q,(1) . (2.3)

Note here g;(¢) does not depend on the collective variable
X. (See discussion after Eq. (2.61) for the case when g;
depends on X.) We note that since the sum f;+g¢; is to
be an exact solution of the general dynamical problem, f;
need not be an exact static solution since the presence of
the g; will account for any dressing of the kink or any ra-
diation coupled to the kink’s motion. We will discuss
more about the choice of f; in Sec. IV.

We want to treat the position of the center of the kink,
X, as a dynamical variable, X —X (¢). This necessitates
performing a canonical transformation from what we will
call the “old” variables, Q;, P; to a “new” set of vari-
ables, g;, p;, X, P where p; and P are the momenta conju-
gate to g; and X, respectively. However, by introducing
the dynamical variables X and P into the system, we have
increased the original number of degrees of freedom by
two. Therefore, in order to conserve the original number
of degrees of freedom we introduce two constraints:

Ci=23 fi(X)g;=0, 2.4)

C,=3 filX)p;=0, 2.5

where a prime denotes differentiation with respect to the
argument. The “~” sign denotes “weak equality.” In
Dirac’s terminology, a quantity which is weakly equal to
zero cannot be set to zero until all variations of the quan-
tity with respect to the dynamical variables, to obtain the
equations of motion, have been performed. The motiva-
tion for the form of the constraints is to minimize the g;
in the vicinity of the kink.

At this point we do not know the form of P,, the old
momentum, in terms of the new variables. It is not arbi-
trary, as we require the transformation to be canonical.
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For the constrained system, the requirement of canonici-
ty can be expressed by requiring invariance of the
modified Poisson brackets (i.e., the Dirac brackets) under
the transformation which will determine the form of P; in
terms of the new variables. We now clarify precisely
what we mean by this.

Since the system is constrained when expressed in
terms of the new variables, we cannot simply utilize the
Poisson brackets but must follow Dirac’s prescription
and invoke the modified brackets. In the new system of
variables the modified bracket of two functions 4 and B
of the variables g, p;, X, and P is

(4,B)*={4,B)~3,{4,C]C;'(C;B] ,

i,j

(2.6)

where the sum on i,j is over all the constraints; the ele-
ments C;; of the matrix C are defined to be the Poisson
brackets of the constraints C;;={C;,C;} and where we
define the notation C,-j‘1 =(Cc~! );j- The Poisson brackets

(without the asterisk) in Eq. (2.6) are defined by

dA doB dB 04
AB} =3 (2498 9894
(4.Blipxn=2 |3, 35, ~ 24, 3p,
9404 3B 34

dX 9P 09X aP

for the discrete system. Note that in the definition of the
Poisson bracket, { 4,B}, the summation is over all of the
dynamical variables, including the collective ones. For
the continuous system, we have the analogous quantities
with sums replaced by integrals. Invariance under the
transformation thus requires that any functions 4 and B
of the positions and momenta satisfy

{4,B}o p)={4,B}{, , xp -

In particular, if 4 and B are the Q,’s and P,’s, this re-
quires that

{Q1,P,}* =0y,
and 2.7)
{01,0,}*={P,P,}*=0.

We will make no assumptions about the form of the
dependence of P; on the original variables. We assume
only that P,=P,(p;,q;,X,P), and, as we shall show below,
the form of P, is determined by requiring that the canoni-
cal brackets, Egs. (2.7), be satisfied. We now proceed to
evaluate the canonical bracket {Q,,P,}* using Eq. (2.6).
We calculate the elements C;;' of the matrix C~', and

substitute into Eq. (2.6) to obtain
1
(9P} =101, Py} =7 - ({21, G} C1, Py}

—{Q0,,C,}{Cy,P,}), (2.8

where M ={C,,C,} =3, f{? plays the role of the kink
mass.

Evaluating the Poisson brackets in Eq. (2.8), and re-
quiring that {Q,,P,}* in the new variables be equal to the
Poisson bracket {Q;,P,} in the original variables (i.e.,
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{Q;,P,}=8,,), we find that Eq. (2.8) reduces to
flfs
23‘, [813 v a f, ap (L—n/M)=8,, 29

where we have defined n= 3, f/'(X)g;.
We solve Eq. (2.9) by first multiplying it by f, and
summing over / to obtain

opP, fa

P~ M(1—n/M) @19
Then, substituting Eq. (2.10) into (2.9) we obtain

aPVl —8 ’

P ntf1dn s 2.11)

where d, must obey certain conditions given in Appendix
A when we require that {P;,P,}* vanish. The general
formula for the momentum transformation is obtained by
integrating Eqs. (2.10) and (2.11). The desired general re-
sult is

Pf,
M(1—n/M)

The function h; must also obey certain conditions when
we require that {P;,P,}* vanish. We have not looked in
detail at the functions #; and d; but we show near the end
of Appendix A that the conditions on h; and d, are
satisfied if we set h;=d;=0. That Eq. (2.12) is indepen-
dent of d; is not a consequence of choosing d; =0 but is a
general result. We also find in Appendix A, that the
remaining bracket {Q,;,0,}*=0 is identically satisfied
and, since it is independent of P;, imposes no conditions
on P,.

We have proved, therefore, that by assuming the form
of the constraints, C;, and the coordinate transformation
for the positions of the particles, Q;, and requiring the
transformation to be canonical (thereby assuring that
Hamilton’s equations in the new system reduce to
Hamilton’s equation in the old system), the form of the
old momentum in terms of the new variables is complete-
ly determined up to the function h;. We show in Appen-
dix D that if the momentum is given by some form other
than Eq. (2.12), then one of the assumptions in the previ-
ous sentence has to be modified.

We now obtain the Hamiltonian by substituting the
new variables, Eq. (2.3) for Q; and Eq. (2.12) for P, (with
h, =0), into the old Hamiltonian Eq. (2.2):

H= P’ vV,
2M tr ;p i

P,=p,+ +h,(q;,X) (2.12)

(2.13a)

where the dressed mass is given by M =M (1—n/M)>.
See the discussion after Eq. (2.47) for the reason why the
cross terms in the new variable momenta do not appear
in the Hamiltonian. In Eq. (2.13a) the potential V in-
cludes the harmonic coupling term as well as the sub-
strate potential, i.e.,

V=3 Lf (2.13b)

i+l+qi+1—fi'—qi)2+ S Vsfi+a:).
i
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The equations of motion are derived by taking the
Dirac bracket of desired quantities with the Hamiltonian,
ie.,

d:{a,H}‘:{a,H}—Z{a,C,-}C,-j"[CJ-,H} . (2.14)
ij

The Dirac bracket equations of motion are derived for

the general N collective variable case in Appendix B. For

the single-collective-variable case they are

q =P1—‘}l—f1 , (2.15a)
oaH XfI _ .,
pr=- §(51,.—731n)@~72if,' Pi s (2.15b)
=L, (2.15¢)
M
. aH
P=-7% MZf, aq, ; (2.15d)

(2.16a)

Eliminating the momenta from these equations to get
second-order equations for the position variables is a fair-
ly tedious procedure. The results are

> (84, —Py) ii,.+f,’.'ff2+—§qy =0 (2.16b)
and
v, 1 ; v
X - o] e 20 — . .
Y, ?fn U+ XS 45— | =0 (2.16¢)

It should be emphasized here that one of the main
goals of our formalism, developed in detail below, is to
show that the second-order equations (2.16b) and (2.16c)
can be obtained without having to explicitly find the
canonical transformation from the old variables to the
new and therefore without having to construct a Hamil-
tonian in terms of the new variables. The first-order
equations of motion (2.15a)—-(2.15d) therefore never need
to be derived in order to find the equivalent second-order
equations of motion (2.16b) and (2.16¢c). We only need to
know the Ansatz function f; in Eq. (2.3), and the projec-
tion operator, 7,,, defined in Eq. (2.16a) in terms of the
Ansatz function f;. We also require the constraints to be
of the form of Eqgs. (2.4) and (2.5). Then Eqgs. (2.16b) and
(2.16c) may be obtained directly. To be explicit, note that
Eq. (2.16b) is obtained by substituting the Ansatz, Eq.
(2.3), into the original equations of motion,
Q,+a3vV(Q,)/3Q, =0, operating with ¥, (§,,—7,,) and
using ¥, (8;,—P;,)f»=0. Likewise, Eq. (2.16¢c) is ob-
tained by substituting the Ansatz Eq. (2.3) into the origi-
nal equations of motion, operating with 3, 7, and using
3. Pnfr=Sfi- This is truly a drastic reduction in the
amount of work needed to be done in order to obtain the
Dirac bracket equations of motion. The full derivation of
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the equivalence of this simple procedure to the Dirac
bracket method is given below.

B. Multiple-collective coordinates

In problems such as the double sine-Gordon kink or
the multikink solutions of the SG system, it is necessary
to define more than one collective variable. In the follow-
ing, we formulate the problem of multiple-collective vari-
ables along the lines of the preceding derivation.

The derivation below proceeds in several steps, some of
which parallel the single-collective-variable derivation.
First, the multivariable problem is cast into symplectic
notation.'® In this notation the Poisson bracket and
equations of motion take on a relatively simple form. We
then show that, in the symplectic notation, the modified
Poisson bracket, or the Dirac bracket, can be written us-
ing a projection operator defined in symplectic space
(which is different from the projection operator 7, we
have just encountered at the end of Sec. Il A). The pro-
jection operator in symplectic space then simplifies con-
siderably when the constraint equations are linear (but
the form of the constraints are chosen for reasons other
than just to simplify the projection operator in symplectic
space).

We then proceed to derive the canonical transforma-
tion to the new variables. First the form of the momen-
tum is calculated in much the same procedure as the cal-
culation of Eq. (2.12) of Sec. IIA. The Hamiltonian is
then expressed in terms of the new variables and the
equations of motion are calculated using the Dirac brack-
ets.

We conclude the section by providing the statement
made at the end of Sec. II A, that the equations of motion
for the new set of variables are, in general, easily obtained
by, first, substituting the new set of variables directly into
the original equations of motion rather than going
through the lengthy and tedious procedure of the canoni-
cal transformation. Then, the correct equations of
motion for the collective variables as well as the new
“phonon” variables g; are derived from this substitution
by appropriate application of the projection operator 7,
as described at the end of Sec. II A (but appropriately
generalized to the multiple-collective-variable case).

We start, as before, with an infinite chain of particles
on a substrate, but now we investigate solutions contain-
ing for example, multiple kinks, kinks with internal
modes, or both. We thus have a system with N collective
coordinates. We define the collective coordinates X; and
the new particle coordinates g; by the ansatz
J

34| |34 04 0A 04 0A
on | | 3q, "7 dqy dX,’ T’ AXy’odp,
and the 2(N +M) X 2(N + M) matrix:
0 1 2.24)
I=1_10}" @.

" Opy Y, Yy

6717

Q1=f](Xl(t),X2(t), . e ,XN(t))+q1(t) .

We designate P, to be the momentum conjugate to Q,
and call Q;, and P, the old variables. The equations of
motion for the old coordinates, derivable from the origi-
nal Lagrangian

L=10,0,-V(Q),

(2.17)

(2.18)

are

Q+V'(Q)=0,

where the summation over repeated indices is implied for
the rest of the paper. As in Sec. I A, V(Q,) includes the
harmonic coupling potential as well as the substrate po-
tential. There are no constraints associated with the La-
grangian in Eq. (2.18); consequently P,=9L /3Q,=Q,.
The first time derivative of Q, is

_9
I~ 3x,

(2.19)

Q Xi+q,=/f,X:+4q; - (2.20)
In our notation an index after a comma stands for partial
differentiation with respect to the collective coordinate
denoted by the index. Any sum on an index before a
comma is over all particles; any sum on an index after a
comma is over collective variables.

As before, introducing the collective variables leads to
a system with more variables than degrees of freedom.
We therefore introduce 2N constraints,

C;=~0, (2.21)
i=1,...,2N, where the C; are functions of the dynami-
cal variables.

For the case of many collective variables, we have
found that casting the problem into symplectic notation
makes the problem tractable. Noting that there are M
particles (with M — ) and N collective variables we
define the 2(M + N) components of a symplectic column
matrix n as

n"=[q,,... Yy,

(2.22)

N2 STRRERY. 6’5 TR 170 ST

where the T superscript denotes the transpose matrix.
The quantities p; and Y; are the momenta conjugate to
the phonon variables g; and the collective variables X;,
respectively. We also define the derivative of a function
with respect to n as

04 04 04

(2.23)

f

where each submatrix has dimension (N +M)X (N +M)
and I is the identity. J has the property

NT=337=1.

In this notation the Poisson bracket of any two functions
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A and B of the dynamical variables is

T o
J__

on

34

(2.25)
on

{A’B}=

The usual Hamilton’s equations therefore have the simple
form

_y3H
n=J on

(2.26)
if the coordinates in the simplectic column matrix n are
independent.

We now use this result to put the modified, or Dirac
bracket, as defined in Eq. (2.6), into the symplectic form,

T
._ |84 ] 2B
(4.B}"= n dn
T T
34 | ;9G _,|3C | ;8B
on on Y on on
T T
aC; aC;
S T I B R P 12
on on Y on on
(2.27)

We define the operator P by rewriting Eq. (2.27) as

T
(4,8) = |24 | q—py2E (2.28)
n on
where
by %G o |36 ]
=I5% o (2.29)
Now using the definition
ac, |”. ac;
C,-jE{C,-,Cj} = -a:‘ JEI_ ,
we find that P has the following properties:
P’=P, (2.30a)
T T
aC, aC,
— | p=|== 30
n on , (2.30b)
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(2.30c)

We see that P is a projectionlike operator. That is,
when operating to the right P projects in the direction of
J(9C, /dn) and when operating to the left it projects in
the direction of (8C /3n)T. Therefore, we call P a sym-
plectic projection operator. We see that if P were not
present in Eq. (2.28), the expression on the right-hand
side would reduce to the usual Poisson bracket. The
presence of P explicitly projects out the extra degrees of
freedom that arise when the collective variables are intro-
duced. We may express this more concisely by using Eq.
(2.26) to write

ﬁD=(I—P)ﬁP Py (2.31)

where D and P refer to Dirac and Poisson. That is, cal-
culate the time dependence of the coordinates and mo-
menta according to the Poisson prescription and then
operate with (I—P) to obtain the physically meaningful
time dependence of the variables. This general result is a
property of the definition of the Dirac bracket and is in-
dependent of the form of the constraints.

Expressing Dirac’s formula for his modified Poisson
brackets in symplectic notation has naturally led to a
symplectic projection operator interpretation of the new
bracket. Ultimately, when we write the Dirac equations
of motion explicitly in terms of the coordinates and mo-
menta in the more familiar function space (that is not in
symplectic space), out of P will emerge, for a particular
set of constraints, an ordinary projection operator—
ordinary in the sense that it projects in the same direc-
tion whether operating to the left or to the right. This
more familiar projection operator is the multiple-
collective-coordinate generalization of 7;, encountered at
the end of Sec. II A, and we will show that 7,, leads to an
enormous simplification in the derivation of the Dirac
equations of motion. (We will use the same symbol,
namely ?,,, regardless of the number of collective vari-
ables.)

Our next step is to calculate the projection operator P
with a particular set of constraints. The form of the con-
straints is motivated by the same argument as for the case
of the single-collective variable: to minimize the g; in the
vicinity of the kink. We write the 2N constraints as

Ci=f,4=0, Ciin=FLip1=0, (2.32)

wherei=1,...,N.

Equation (2.32) is a convenient ordering of the con-
straints for the following reason. In order to calculate
the symplectic projection operator as defined in Eq. (2.29)
we must invert the following 2N X 2N matrix formed by
the Poisson brackets of the constraints:
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{C1,C} {C1,Cy} {C1,Cy 11}

[CN’CI} {CN7CN} {CNrCN+I}
= {CN+1’C1} iCN+1)CN} {CN+1’CN+1}

{CZN’CIE [CZN’CN; {CZN»CN+I]

Because of the ordering of the constraints in Eq. (2.32),
when one evaluates the Poisson brackets, the matrix C
takes the block form,

0 U 0 M My

0 0 My, Myy
—Mll _MIN 0 cet 0
—My, —Myy Y Y

0O M

where the components of the N XN matrix M, on the
right-hand side of Eq. (2.33b), are

Mp=f1af18> (2.34)
where a,f=1, ..., N. The inverse of this matrix is then
a0 MY (2.35)
C = M__l 0 .

The existence of C~!, made up of only second-class con-
straints, was proved by Dirac; consequently M ! exists.
We use roman boldface letters to denote matrices in both
the collective variable space (such as M) and in symplec-
tic space (such as J or n). No confusion will arise since
matrices in the collective variable space never appear in
the same equation with matrices in the symplectic space.

We now substitute this expression for C ~! into Eq.
(2.27). The block form of Eq. (2.35) now allows us to
separate the sum over the 2N constraints in Eq. (2.27)
into two sums, each over N constraints. To this end we
now label the constraints as

C1a=f1,aq1
and (2.36)
Cra=f1aP1 »
where a=1, ..., N and Eq. (2.27) becomes
T
dA aCy, 9Cyp
«+_ (94 -1
t4,8)"= dn 1+ on Mag on
T
_3 ac2a 1 aClB Ja—B—
on = “® | an on
(2.37)

Equation (2.37) is the form of the Dirac bracket we use to
generate the equations of motion for the new variables.
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{CI’CZN}
{CN’:CZN}
{Cy+1Can} (2.33a)
{CZN,:CZN}

r

Before we can derive the equations of motion however,
we must derive the canonical transformation to the new
variables. This is done by requiring invariance of the
Dirac brackets under the transformation.

First, we must introduce some notation that will make
the forthcoming formulas less cumbersome. The con-
straints in Eq. (2.36) can be written in column matrix
form:

C,=flq, C,=fp,, (2.36")

where the ath element in the column matrices, f;, C,,
and C, are f ,, Cy,, and C,,, respectively. As previously
noted, an index after a comma, such as in C, ,, symbol-
izes taking the derivative of each element with respect to
X, We will write the N XN matrix formed from the
columns C,; , as C. (Note that C| is symmetric if g, is
independent of the collective variables, as we have as-
sumed.) Y represents a column matrix whose elements
are the momenta, Y;. A derivative with respect to a
column matrix, such as d 4 /dY is again a column matrix
whose elements are d 4 /3Y;. The same applies to X and
dA /3X. The particle index [such as / in Eq. (2.36')] is
left explicit in order to avoid mixing notation.

For a transformation to be canonical we require the
Poisson brackets of the old variables to remain invariant
when the new variables are substituted in for the old.
The Poisson bracket is modified in the presence of the
constraints and we require

{Q1,0,}*=0, (2.38a)
{Q,P,}*=8,,, (2.38b)
{P[’Pn}‘zo ) (238C)

where Q, is given by Eq. (2.17). We solve for the conju-
gate momentum P, as a function of the new variables us-
ing Eq. (2.37). The derivation is done in detail in Appen-
dix A. The first condition, Eq. (2.38a), is identically
satisfied. The other two conditions lead to requirements
on the form of P;. The result is that Eq. (2.38b) leads to
an equation similar in form to the analogous equation for
the single-collective-variable case [cf. Eq. (2.9)]

oP, T opP,
(SIS—?,S)—B;)S—+f, (I—-b) 3y =0, , (2.39)
where b is given by
b=M"'f/q, . (2.40)

We see that b reduces to 77/M for the single-collective-
variable case. 7 is a projection operator defined, in gen-
eral, by
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Pu=f M7 f=f"™'f; (2.41)

and using Eq. (2.34) we obtain

7)rstpst =C[)rt ’ (2.42a)
P f=f, (2.42b)
P.g=Ff"M"fq=FfM"!C,=0. (2.42¢)

The expression for 7, in Eq. (2.41) reduces to that of Eq.
(2.16a) for the single-collective-variable case.

Equation (2.39) is a differential equation for the un-
known momenta P; in terms of the new variables. The
general solution, derived in Appendix A, is given by

P=p,+YT(1-b)"'M~!f; +h,

=p;+ M I—b))" 'Y +h, , (2.43)

where h;=h;(X,q;) and the second equality in Eq. (2.43)
is obtained by taking the transpose of the middle term.
In writing the last part of Eq. (2.43) we have used
(MT)"'=M~"! and have written the transpose of
(I—b)~'as (I-b")~ L.

Equation (2.38b) puts no conditions on h;. For Eq.
(2.43) to satisfy Eq. (2.38c), h; must obey certain condi-
tions as given at the end of Appendix A and one choice of
h; which satisfies these conditions is #;=0. The canoni-
cal transformation is therefore complete, with the mo-
menta given by Eq. (2.43) (with our choice of #; =0).

We write the Hamiltonian in terms of the new vari-
ables by substituting Eq. (2.43) into the original Hamil-
tonian given by

H=1PP+V(Q). (2.44)
We find
PP =YTI-b) "M YI-b")"'Y+p,p,
=Y™ ~'Y+pp,, (2.45)
where M is the “dressed” mass and is defined by
M=(1-b")M(I-b) . (2.46)

Compare this to the single-collective-variable case where
2
1— L

M=M(1-bP=M
( ) ”

Finally, we can write our Hamiltonian in the new vari-
ables:

H=YM'Y+ipp+V, (2.47)
where V is defined by Eq. (2.13b).

The cross terms generated by substituting P, into the
Hamiltonian are proportional to C, and are set to zero.
We noted earlier that one cannot set the constraints to
zero until all variations with respect to the dynamical
variables have been performed. But we have yet to per-
form that variation of the Hamiltonian to get the equa-
tions of motion. Herein lies the beauty of the Dirac for-
malism. The modified bracket guarantees that the con-
straint will be a constant of the motion, i.e., the Dirac
formalism guarantees that for a constraint, C;,
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{C;,H}*=0 as a consequence of the equations of motion.
Therefore, adding to the Hamiltonian any terms which
are proportional to a constraint, C;, will not affect the
equations of motion. In effect this means that the equa-
tions, C; =0, may now be considered strongly equal to
zero (they may be put to zero before varying the Hamil-
tonian), and further, they need no longer be treated as
constraints, but rather as initial conditions. The formal-
ism then guarantees that they will be satisfied for all
times.

It is now possible to generate all of the equations of
motion by using Eq. (2.37) with this Hamiltonian. We
write Eq. (2.37) in the column matrix form of Eq. (2.31):

T
. aCla 1 aC2B
fp= I+ on Map on
ac ac, "] 5
2a o, _ 18 H
-J ! I—, 2.48
on @ | 3n on ( ‘

where we have substituted the Hamiltonian H in for B.
In Appendix B, we show the details of the calculation of
the equations of motion for the new variables. The re-
sulting equations are

(81 —Pp) |4n — S‘Z =0, (2.49a)
(810 —Pry) PﬁgTIf =0, (2.49b)
X=%§, (2.49¢)
Y G =G | S
+C M) g11—4, (2.49d)
ap;

C,=C,=0 follows from Eqs. (2.49a)-(2.49d). Thus we
need only require C,(t =0)=C,(t =0)=0.

One can eliminate the momenta, p, and Y, from Egs.
(2.49a)-(2.49d) to obtain second-order equations for g,
and X. This is a fairly tedious procedure. We will now
show that the second-order equations can be arrived at by
first substituting the Ansatz, Eq. (2.17), into the original
equations of motion for old variables Q;, Eq. (2.19).
Then, the second-order equations of motion for the new
phonon variables, g,, are obtained by operating on the re-
sulting equations with the projection operator (§,,—?},).
The equations for the collective variables are obtained by
substituting the Ansatz Eq. (2.17) into the original equa-
tions of motion (2.19) and operating with 7,,. Then, from
this 7, equation, we will be able to generate an equation
of motion for each collective variable. (In the next sec-
tion we provide an example.)

We first consider Egs. (2.49a) and (2.49b), the equations
of motion for the new variables g,, and p, and start by us-
ing a result from Appendix C—that Egs. (2.49a) and
(2.490b) are equivalent to



. oH

(8;,—Pyy) [Qn_ ap, =0, (2.50a)
oH

(Sln-?ln) P, + 8Q,, =0 ’ (2.50b)

where we mean that the new variables are to be substituted
for the old. [This is the only way Egs. (2.50a) and (2.50b)
make sense since the projection operator 7, is defined
only in terms of the “new” coordinates.] We develop,
now, an intuitive understanding of the meaning of Egs.
(2.50a) and (2.50b) before proceeding.

We first consider Eq. (2.50a) without the operator
(Sln_?ln) i.e.

Q. —

aP P,= (2.51a)

When we substitute the new variables [Egs. (2.20) and
(2.43)] for the old in Eq. (2.51a) we obtain

77X +¢,—[YHI-bD)"'M~'f)+p,]=0. (2.51b)
The solution set of this equation is larger than the solu-
tion set of the original system. This is because Eq. (2.51b)
is a function of N more dynamical variables than our
original system. The solution set we are looking for is
that which satisfies the constraints. Now, by operating
with the operator (8,,—?,,) we effectively impose the
constraints by picking out only those solutions of Eq.
(2.51b) which also satisfy the constraints. The same argu-
ment applies to Eq. (2.50b).

Next, we proceed by directly eliminating the momenta
from Eqgs. (2.50a) and (2.50b). We substitute P, for
0H /3P, in Eq. (2.50a) and take the time derivative of the
result, which yields

(81n 7)In)( Qn ?ln Qn

The last term is independently equal to zero from Egq.
(2.51a) and so Eq. (2.52) reduces to

—P,)=0 (2.52)

(81— PN Q, —P,)=0. (2.53)
Eliminating P, by using Eq. (2.50b) finally gives
(8—P,) |0+ OH | . (2.54)

90,

J

oH
9Q,

OH

(81— P) 20,

Qn + +?ln Qn

We conclude, therefore, that

P, A, +(8,,—P;,)B, = (2.57)
Therefore, Egs. (2.49¢c) and (2.49d) must be equivalent to
Eq. (2.56), which in light of Eq. (2.57), reduces to

oH

?In nt aQn

0 =0. (2.58)
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+ Py A, +(8,,—Pp)B, =0+~
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Equation (2.54) is the second-order differential equation
that is equivalent to the first-order differential equations
(2.49a) and (2.49b). Recall that Eq. (2.54) is only mean-
ingful when the new variables are substituted in for the
old.

We now turn our attention to Egs. (2.49¢c) and (2.49d)
and present an argument that will lead us to a second or-
der differential equation equivalent to Egs. (2.49¢) and
(2.49d). We note that the set of four equations
(2.49a)-(2.49d) must be equivalent to the set of equations:

.. oV
( ,X)+ ( , (g1, X;)+ —(q;,X;)
Q1 q 3g, q,X;)=0,(q; 3g, q
=0, (2.55a)
C,=0 and C,=0. (2.55b)

Equation (2.55a) are the original equations of motion in
terms of the new coordinates, i.e., with the Ansatz substi-
tuted in. We have explicitly indicated this dependence on
the new variables in Eq. (2.55a). Here, the constraints do
not follow from the equations of motion but are specified
as independent, auxiliary conditions. We will discuss at
greater length in the next section the auxiliary nature of
the constraints associated with Eq. (2.55a). The point we
wish to make now is that from the Dirac equations of
motion, Egs. (2.49a)-(2.49d), we must be able to recover
the form of the original equations of motion as a function
of the new variables, namely Eq. (2.55a). This is reason-
able since the original equations of motion were our start-
ing point. This observation allows us to find a more in-
tuitive form for Eq. (2.49d) which we write in the form
[assuming we have eliminated the momenta using Eq.
(2.490)]:

P |0+ +P, A, +(8,,—P,)B, =0, (2.56)

3Qn

where A, and B, are such that Eq. (2.56) is the second-
order differential equation that is equivalent to the two
first-order differential equations [(2.49¢) and (2.49d)]. By
adding the 7, and (§,,—?,,) contributions of the Dirac
equations of motion [(2.49a)-(2.49d)] we must recover
Eq. (2.55a). Since the 7;, and (§,,—?,,) contributions of
the Dirac equations of motion are contained in Egs.
(2.54) and (2.56) it must follow that

JoH
00,

Equations (2.54) and (2.58) are crucial to our paper and
they state the following. To obtain the Dirac bracket
equations of motion for the new variables g; and X; in the
presence of the given constraints, first substitute the An-
satz, Eq. (2.17), into Eq. (2.55a). Then operate with 2, to
project Eq. (2.55a) onto the “f; manifold,” thus giving
the equation of motion, namely Eq. (2.58), from which
will be generated a separate equation of motion for each
collective variable X;. To generate a separate equation
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for each collective variable X; from Eq. (2.58), operate
again on Eq. (2.58) with the “shape mode,” f;; associated
with the ith collective variable X; whose equation of
motion is sought. This double operation—first operating
with 7, and then with the appropriate shape mode—is
easily condensed into one operation since, by Eq. (2.42b),

£12,=f, . (2.59)

Therefore, we need only operate on Eq. (2.55a) (after sub-
stituting in the Ansatz) with the shape mode f,; to obtain
the equation of motion for X;. Next, to obtain the equa-
tions of motion for g;, operate on Eq. (2.55a) (after substi-
tution of the Ansatz) with (§,,—?,,), which projects Eq.
(2.55a) onto a manifold orthogonal to the f; manifold.

The effect of invoking the constraints by operating
with 2, and (8,,—?,,) is also apparent from a conserva-
tion of energy point of view. In fact, the new variables
are shown (at the end of Appendix B) to satisfy the fol-
lowing:

JdH oH
a5, — i (8, — P, )p, =0, 2.60
aql (Sln 7Jln )qn + aP[ (Sln In )pn ( a)
T
oH | oH | {, OH oH
— e — P4, +=—P,.p,=0 .
X X+ dY Y+ 8111 ?)Inqn + aP[ inPn
(2.60b)
Adding these two equations gives
T
0H | oH | , 0OH oH dH
| X+ |=|Y+—¢+—p=—=0.
ax | T oy | "8, " ap, 7T
(2.60c)

Equation (2.60c) is the statement of conservation of ener-
gy. Its solution set, however, is too large because of the
N extra variables. Only those solutions of the variables
q;, X;, p;, and Y; that also satisfy Eq. (2.60a) or (2.60b) as
well as (2.60c) are actual solutions to the original system.

In concluding this section, we make a few remarks
about the functional dependence of our Ansatz. All of
our analysis so far has been explicitly for a discrete lat-
tice. All formulas carry over to a continuum description
by letting the sum on the discrete index / be replaced by
an integral over the independent parameter x with / —x.
Also, we have chosen g; to be independent of the collec-
tive variables. There are, however, other Ansdtze in the
literature®? [with Q, —¢(x,?)] of the form

d(x,)=0(x =X, X5, ..., Xy)+X(x —X,,0),  (2.6])

where o and X play the (continuum) role of our f; and g,
respectively. Here, X, =X_ . is the center-of-mass coor-
dinate of the kink. Note that X now also depends on X,.
(We will always associate X; with the center-of-mass
coordinate of the kink.) Parenthetically, we have not yet
been able to carry out the derivation for the discrete ana-
log of Eq. (2.61), namely

O =fil =X, X, ..

Although certain derivations in this section and in the
appendices have to be modified because of the presence of
X, in X, all the results of this section are still valid for the
Ansatz Eq. (2.61) for the continuum. That is, the second

SXN g =X, . (2.62)
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order in time differential equations of motion for the N
collective variables X; and X are generated by substitut-
ing the Ansatz Eq. (2.61) into the original equation of
motion ¢+3V (¢)/d¢=0 and operating with the con-
tinuous analog of 7, and (8,,—?,,) [for example, see Eq.
(3.23)] in exactly the same manner as for the Ansatz in
Eq. (2.17). (Note that for the ansatz in Eq. (2.61) we have
the correspondence ¢, —dX /3t and p,— 09w /dt.) We will
use the Ansatz in Eq. (2.61) for the DSG kink as an exam-
ple in the next section. We have not investigated contin-
uum Ansdatze of a more general form than Eq. (2.61),
where X is a function of more than one collective vari-
able.

For completeness we give the canonical transformation
together with the Hamiltonian induced by it and the con-
straints [where all integrals are from — o to o with
respect to y =(x —X,)] for the Ansatz in Eq. (2.61). The
constraints are

Ci=[0,0,Xy ..., XyX(y,1)dy =0,
(2.63a)

Cy=[0,0.Xy, ..., Xy)m(y,0Ndy =0 ,
where i =1,...,N. w(x —X,,t) and Il(x,?) are the mo-

menta conjugate to X(x —X,,t) and ¢(x,t), respectively.
I1(x,¢) and the Hamiltonian are given by

T
Nx,=d=r+ Y- [7 g—i dx’ (I—b)“M"g%
+h(6,X,X), (2.63b)
H=1YM'Y+1[ay,ndy +V, (2.630)
Y,=Y,— [#(y,0X (p,0)dy , (2.63d)

where Y, is the momentum conjugate to X; and V'is given

by
2
3o +X)
v=1[ Ty dy+ [Vs(o+X)dy . (2.63)
Also
M= [o(p)o ;(ydy (2.630
by=Mi' [ o ;X (y,0)dy (2.63g)

and M is defined as in Eq. (2.46). Note X ;(x —X,,t)=0
for i >2. At the end of Appendix A we give the condi-
tions that A (x,X,X) must satisfy in order that the trans-
formation defined by Egs. (2.61) and (2.63b) be canonical.
As in the discrete case, & (x,X, X )=0 satisfies these condi-
tions.

We have proved in this section that a powerful method
exists for calculating the Dirac equations of motion when
the constraints are of the form given in Eq. (2.32) [or Eq.
(2.63a)]. The method consists of substituting the Ansatz,
Eq. (2.17) [or Eq. (2.61)], into the original equations of
motion and projecting the equation onto orthogonal man-
ifolds in phase space using 7, to obtain the equations of
motion of the collective variables X; and using (§,,—?},)
to obtain the equations of motion for the g;. That this is
at all possible is a consequence of the general structure of
the Dirac bracket which is itself the definition of a projec-
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tion in symplectic space. We have shown that this pro-
cedure can be carried out for the Ansatz in Eq. (2.17) and
state that similar calculations show that the projection
operator procedure works also with the Ansatz in Eq.
(2.61). We use the Ansatz in Eq. (2.61) for illustration in
the next section.

III. EXAMPLE:
THE DOUBLE SINE-GORDON KINK

In this section we work out the equations of motion for
the DSG system where we consider the collective vari-
ables X (¢) and R (t) to be the center of mass of the kink
and the separation between the two subkinks, respective-
ly. We will take R =7 at equilibrium. Note also that R
is the time independent parameter in the DSG substrate
potential:”~1°

0

Vald)=—4 sech’(R) |sinh2(7f )cosp—1)

L]

1
+cos )

:

(3.1a)

We take as our Ansatz
d=0(y(x —X),R)+X(y(x —X)),

where

o(y(x —X),R)=04g -Zl—ﬂy(x —X)+R
0

—0sG

R —21—”y(x —X) ] (3.1b)
0

and

ogg(x)=4tan""[exp(x)] . (3.1¢)

We have included the center-of-mass variable in the radi-
ation field X. The constraints are

Cyx= [ o'y, RX(y,ndy =0 , (3.22)

Cr= [ o, RX(y,ndy =0, (3.2b)

where the prime in this section denotes the derivative
with respect to y =y(x —X) and oy =030 /3R. The in-
tegrals are taken from — o to .

In order to obtain equations of motion correct to terms
of order X 2, it is necessary to introduce y into the An-
satz where

y=1/(1-X )12,

We will show in a forthcoming paper,?® which investi-
gates the radiation mechanism of an oscillating, discrete
SG kink trapped in the Peierls-Nabarro well, that agree-
ment with simulation is much better when y is included
in the Ansatz. The presence of y, however, causes the La-
grangian obtained by substituting the Ansatz into

L =%f¢'2(x,t)dx —%f [%ﬁ—(x,t)

— [ v(gtx,0)adx (3.3)

to be a (nonlinear) function of the acceleration X. As a
result, varying the action S = f L dt with respect to X
and requiring 85S=0, leads to equations of motion that
contain d*X /dt*. Hence, the complexity of the resulting
equations of motion is greatly increased and further, we
have not determined whether or not the projection opera-
tor method of the last section is valid for a Lagrangian
that is a function of acceleration. Therefore, in the
present section we treat ¥ as a parameter, taking y =0.
This is an excellent approximation for studying problems
such as, for example, the process by which untrapped
(nonrelativistic) kinks become trapped,?! the coupling of
the radiation field to oscillating trapped kinks,?° the
study of (nonrelativistic) kink-kink or kink-antikink col-
lisions'*!6 or any other process in which y may be re-
garded as small. (Note that the Ansatz frees X from hav-
ing to dress the kink to account for the kink’s Lorentz
contraction.)

In the following derivation of the equations of motion
for the collective variables and coupled field of the DSG
system using the projection-operator method presented in
the last section, we will also perform manipulations that
yield more convenient or practical expressions for the
equations of motion. We will explicitly show what steps
are carried out throughout this section.

We begin by substituting the Ansatz, Eq. (3.1a), into
the original field equation

2
dx

.. 2
¢—§x_‘¢?+Vﬁ’¢(¢)=0 > (3.4)

where Vg ,=0V3/9¢. When we bring all terms con-
taining X on the right-hand side we obtain

e 3 . . X . 2 s . - '
yXo'+y%c" —y*X 20" +2yXRox —Rox —R ZURR=%t—)§—y2X"+ Vﬁ,a(a+X)—7/XX’+7/2X2X”—27/X%)§— , (3.5)
where 0 ggr =30 g /OR. Now we combine the 2 terms:

o, S - % " g . . 39X’
YXo'+2yXRogr —Rog—R URR:EE—_X +[Vg o (oc+X)—a"]—vXX —2yX¥ . (3.6)

Before operating on Eq. (3.6) with the projection operator, we express Eq. (3.6) in a more convenient form. We note

that o satisfies

o"(x,X,R)=Vg ,(0(x,X,R)),

(3.7
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where the same R that appears in o appears in the potential. We can then rewrite the expression in brackets in Eq. (3.6)
in the following manner:

Vaglo+X)—a"=Vy (0+X)—Vg (o) (3.8)
and expanding in a power series in X we obtain

Vaolo)+ Vg o (0 X+ Mo, X)— Vg J(0)=—8S +Vg ,,(0)X+Na,X), (3.9)
where

Mo, X)=Vg J0+X)=Vy (0)=Vgz ,o(0)X (3.10a)

represents the nonlinear dependence on X and
S=Ve (0(x,X,R))—Vg ,(0(x,X,R)) . (3.10b)

When we substitute Eqs. (3.8) through (3.10b) into Eq. (3.6) we obtain

2 .o
yXo'+2yXRoy —Rop —R *ozp =§%—X”—S + Vg oo (X +Nao,X)—yXX'

ot
- X’
~ 27X+ VRool O = Vi ool X 3.11)
where we have added and subtracted the last two terms on the right-hand side. Then defining the linear operator .L:
aZ
L=———F+Vroolo(x,X,R)),
ox ’
Eq. (3.11) becomes
XY oo % o, c, -
372—+’£X_S,0X+N"7XX —2yX—aT=yX0 +2YXRogr—Rog—R*ogg+S, (3.12)
where

S o =Vroolo(X,X,R))—Vgz ,,(0(x,X,R)) .

Equation (3.12) was obtained by substituting the Ansatz Eq. (3.1) into the original equation of motion Eq. (3.3) and
neglecting 7 terms.

According to the general argument immediately preceding Eq. (2.59), to obtain the equation of motion for the collec-
tive variables we must multiply Eq. (3.12) by the shape mode associated with the desired collective variable and in-
tegrate. To this end, we define the bracket

(4|BY=[" A(R)B(y,R)dy .
When we multiply Eq. (3.12) by o'(y(x —X),R ), and integrate with respect to y =y (x —X) we obtain the equation of

motion for X:

iy (R) 4y xR R

%X ,
—at_z +.£X> — <0

S,OX—N+7/)'('X'+27/X%)€—> , (3.13)

where
My(R)=(o'(y,R)| o' (y,R))

and
(o'|og)=(0"|ogg)=(0"|S)=0

because of parity. Equation (3.13), the equation of motion for X, is the same equation that the Dirac bracket theory
yields for X and we have obtained it with one integration. We now perform some further manipulations on Eq. (3.13) to
put it in a more convenient form.

We note that when the linear operator .L operates to the left it gives O since ¢’ is an eigenfunction of .£ with eigenval-
ue 0. Also, (0’| S ,X)=(S"|X)=—(S | X'). Therefore, Eq. (3.13) becomes



38 HAMILTONIAN EQUATIONS FOR MULTIPLE-COLLECTIVE- ... 6725

. . . dMy(R) .| 9% , ,
}’XMx(R)+YXRT=<U '—5[7>+<X lS>—<U

yXX'+27X%— —.N> (3.14)

or

y . dMy(R) . e
yXMy(R)+yXR +yX(o'|X >+yX<a

dR
= <0"

The term yXR (o'% | X') has been added to both sides of Eq. (3.15). The left-hand side of Eq. (3.15) can be written as a
total time derivative:

%)4—7/)?1@(0} | X"

’

—%’j—)+yxx<a;|x'>+<a'|w>. (3.15)

X , ./
?>+<X |S)—yX<a

g;[yMX(R)X'+Y<U’ 1X)X]. (3.16)
Integrating the last term in Eq. (3.16) by parts and using

b _ <a_u X)

X~ My(R)
gives finally

%[yMX(R)(1~bX)X]=(X’|S)——7/X'<cr' %>+VXR<U’R |x'>—1é<o; %)—%[R(a}g 1X) 1+ (o’ | N)

(3.17)

for the equation of motion for X in a more convenient form where we have eliminated (o’ | 3*X /3t%) by using the fact
that second time derivative of the constraint Cy ={o’ | X ) vanishes, namely:

AL ANy
o)+ ) =H (e

a?
A similar calculation yields the equation of motion for R. Multiplying Eq. (3.12) by o'; and integrating gives

a

('fxzif(a}z|X)+R2<0}¢R|X>+2R<a}¢ u

>+:1d7[R<U}Q |X)]+<a' %g—>=0 .

dMg(R)
dR

QZ+LX>_5%<X|3)+<0R

—RMg(R)— 4R S

+(0R|S)=<0R

.N—yXX’—ZyX%i—) RENERT)

where Mg(R)=(0g |og) and (o | 0k ) =0 because of parity. We have used (o |S ,X)=(3/3R){X|S) to arrive
at Eq. (3.18) which is the equation of motion for R. We perform some further manipulations on Eq. (3.18) to put it in a
more convenient form. We write Eq. (3.18) as

i[MR(R)(l—bR )R]+1Ve,f(R)=y)?<oR |X')+2yX<aR §X—>+<oR |Lx)+R<oRR a_x>_<UR |NV), (3.19)
dt oR at ot
where
Eaﬁ—Veﬁ(R)z—QrR IS)~5%—[§MR(R)R 2(x|SH] (3.20)
and
_ (URR IX)
R™ Mg(R)

We have eliminated {0 | 32X /9t?) in deriving Eq. (3.19) from Eq. (3.18) by using the fact that second time derivative
of the constraint Cx ={o g | X) vanishes, namely

.o . . 2
Cr=R(ogg |X)+R *(ogpp |X)+2R<0RR %>+<UR %tlz)
; X\, d. . %X
=R{owe |5 )+ G R rn 101 (on | T ) =0 G20
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Equation (3.19) is the equation of motion for R in a more
convenient form.

Before deriving the equation of motion for the radia-
tion field X, we give an argument that shows it is actually
not necessary to do so and that the Dirac equations of
motion are indeed equivalent to the three equations of
motion (3.12), (3.17), and (3.19).

Consider the symbolic set of equations:

E =0, (3.22a)
PE =0, (3.22b)
(1-P)E =0, (3.22¢)

where Eq. (3.22a) represents the original equations of
motion with the Ansatz substituted in; Eq. (3.22b), the
equation from which the equations of motion for the col-
lective variables may be derived by operating with the N
shape modes; and Eq. (3.22c¢), the equation of motion for
the field X. In general, these three equations correspond,
respectively, to Egs. (2.55a), (2.58), and (2.54). Equations
(3.22b) and (3.22c) are the Dirac equations of motion,
that is Egs. (3.22b) and (3.22c) are those equations of
motion that the Dirac bracket method yields. [For the
DSG case, Eq. (3.22a) corresponds to Eq. (3.12) with all
terms brought over to one side.]

Now substituting, say, Eq. (3.22b) into Eq. (3.22¢) leads
to Eq. (3.22a). Therefore, Eq. (3.22a) may appear to be a
consequence of the Dirac equations of motion; but it is
not because it does not contain all the information that
the Dirac equations of motion contain since it lacks any
information about the constraints. It is only the form of
Eq. (3.22a) that may be obtained by substituting one of
the Dirac equations of motion into the other, but Eq.
(3.22a) must be accompanied by the constraints (as auxili-
ary conditions, say) which must be satisfied for all time so
that the solution set of Eq. (3.22a) plus constraints is com-
pletely equivalent to the solution set of the Dirac equa-
tions of motion, namely Egs. (3.22b) and (3.22¢). In fact,
this is the content of Egs. (2.55a) and (2.55b) where we re-
quired that the form of Eq. (2.55a), the original equations
of motion with the Ansatz substituted in (i.e., our starting
point), be recovered from the Dirac equations of motion
and where the constraints were applied as auxiliary con-
ditions.

In short, any pair of the three equations in
(3.22a)-(3.22¢) is a necessary and sufficient system of
equations whose solution set is to be rigorously
equivalent to the solution set of the Dirac equations,
since the equation not included in the pair is always
derivable from the two that are, and therefore, the
effective application of the constraints via operating with
P is insured. [We point out that Eq. (3.22b) is actually
equivalent to the N distinct second-order equations of
motion for the collective variables that are derivable from
it.]

We apply this general argument to the DSG case. The
equations of motion for X [Eq. (3.17)] and R [Eq. (3.19)]
are, in general, derivable from operating on Eq. (3.12)
with P followed by the corresponding shape modes.
Therefore, Eqgs. (3.17) and (3.19) are equivalent to Eq.
(3.22b) and so the set of equations, (3.12), (3.17), and

R. BOESCH, P. STANCIOFF, AND C. R. WILLIS 38

(3.19) completely determine the solution of the DSG sys-
tem in terms of the new variables. Therefore, we do not
need to calculate an equation of motion for the field X by
operating on Eq. (3.12) with (1 —7) according to the gen-
eral statement immediately following Eq. (2.59).

It is instructive, however, to calculate the form of the
projection operator, 7, although we did not have to uti-
lize it explicitly. First, we recall the definition of the pro-
jection operator and adapt the notation for a continuum
description. Recalling Eq. (2.41) we let

7)15 _’?(y’yl) ’

where y =y(x —X). Suppressing the integration vari-
ables for brevity we find

1

My(R) (o'
Mp(R)
_loNo| | lor){on] (3.23)
My(R) Mg (R) )
and identify the projection operators Py and P, with
_ o' X' _ log){og]|
Pr= My(R) Pr= Mg(R) G249

Thus we see that, because of the diagonal form of the ma-
trix M~ !, the projection operator ? splits up into the two
projection operators in Eq. (3.24) and so P=?y + Py.

In this section, we have used the general theory
developed in Sec. III to obtain the equations of motion
for X [Eq. (3.17)], for R [Eq. (3.19)], and for X [Eq. (3.12)
in the sense described above] by projections of Eq. (3.12)
[or equivalently for Eq. (3.5)]. Equation (3.5) was ob-
tained by substituting the Ansatz, Eq. (3.1a) into Eq. (3.4).
Without the projection operator equivalence to the Dirac
bracket method, it would be necessary to carry out an ex-
tremely lengthy calculation of all the Dirac brackets
(each made up of many Poisson brackets) in order to ar-
rive at the Dirac bracket equations of motion. We note
that the system of equations for X, X, and R [namely,
Eqgs. (3.14), (3.15), and (3.16)] in Ref. 7 are generalized
and corrected by the system of equations comprised of
Egs. (3.12), (3.17), and (3.19) in the present paper.

IV. CHOICE OF ANSATZ FOR o

The constrained Hamiltonian Dirac bracket formula-
tion of this paper allows one to choose any Ansatz for o
in

o(x,)=0(x —X,X,, ..., Xy)+X(x —X,,1), (4.1)

where only the center-of-mass collective variable appears
in X. We drop the y for brevity. (Usually, o will be a
stationary solution of the original problem.) However, for
each collective variable, the constraints must take the
form
do
<8X,- X>—O , (4.2a)




(—Qg— (4.2b)

3x, ">‘O ’
i.e., the constraint must be a function of the derivative of
o with respect to the collective variable. If this is not
true, the projection operator method is not equivalent to
the Dirac bracket formalism-—the projection-operator
method breaks down. There is no requirement that the
shape mode 9o /3X; be a bound eigenstate of the linear-
ized equation for ¢. We show, however, that it is advan-
tageous to have the shape mode do /dX; equivalent to a
bound state of the linearized equation for ¢. Then we
show that when there is a bound state, ¢;, of the linear-
ized equation for ¢, we can find a o such that

90 _

- 4.3
ox —¥ 4.3)

We illustrate the general argument by considering the
particular example of a kink that is invariant under spa-
tial translations, e.g., the continuum SG soliton. Then
our Ansatz, Eq. (4.1), takes the form:

d(x,t)=0(x —X(2))+X(x —X(2),1) . (4.4)

Consider an infinitesimal displacement X (¢#)—X (¢)+8X.
Then we can construct an exact solution with X =0 for
small 8X:

do(x —X (1))
). ¢

because the shape mode do /3X is an exact solution of the
linearized SG equation with eigenvalue zero, i.e.,

do
aX =y ~sech[x —X(1)] .

d(x,t)=0a(x —X(1))+86X 4.5)

The eigenfunction ¢ is often referred to as the Goldstone
mode.
Next consider the case of the DSG kink where we have

¢(x,t,X,R)=0'DSG(x —X(l),R (t))
+X(x —X(1),t) . (4.6)

The translation of the center of mass X (#)—X(¢)+6X
leads, in the same manner as above, to a solution for ¢
with X =0. If instead we consider a small deviation of the
collective variable, R (¢1)—R (2)+ R, then ¢ becomes

¢(X,I,X,R)=UD5C'(X —‘X(t),%.))

80 psG
dR

+X(x —X(1),1) .

+6R (x =X (1),R)

4.7)

When the parameter R is sufficiently large (where, for
practical purposes, sufficiently larger means R >2), the
function 9o pgg/0R approaches v, where ¥, is the
second of the two exact bound eigenstates’ > of the
linearized DSG kink equation for ¢. Consequently, for
large 72, we have a solution for ¢ for small SR even when
X =0 in complete analogy with the Goldstone mode case.
However, when 7 is small (/& <2), 80 pgg/0R begins to
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differ appreciably from , and so dopg;/0R is not an ex-
act eigenstate. If the constrained Hamiltonian Dirac
bracket theory of this paper is to be valid in the limit
S8R —0 for small /7, we must have a nonvanishing X in
order that ¢ is a solution.

The nonvanishing X(x,?) is a nonpropagating phonon
dressing of opgg. By inspection of Eq. (4.7) the resulting
solution for X has to be

30 psG

Sl AT

OR (4.8)

in order that ¢ is the correct solution of the DSG kink
equation in the limit 8R —0, where the 8R term is the
nonpropagating part of X. We expect X to be nonzero for
large nonlinear deviations of the collective variables.
However, it is a disadvantage to have to dress even small
deviations. (Parenthetically, often o gives a good repre-
sentation of many features of a problem!? for appreciable
nonlinear deviations of the collective variables even when
X=0.)

We now show that we can find a new Ansatz for o in
those problems where exact bound states exist such that
we have a solution for ¢ with X=0 in the limit of small
deviations of the collective variables. As an example we
consider the DSG kink with a new Ansatz 6.

&(x,t)=8pgg(x —X,R)+X(x —X,1), (4.9)
where
B psa(x —X,R)=0psg(x —X, R )+ f;d}z(R’)dR’ :
4.10)

which has the consequence that the shape mode is the ex-
act eigenstate of the linear problem, i.e.,

93 psc
oR

Consequently, in the limit 8R —0 we have a solution

&(x,t1)=0pgg(x —X,R)+O6RY,(x —X,R) (4.12)

with X=0. Generally,

d(x,t)=6+X=0(x —X%,X9,...,X%)

N x'
+ 3 fxotb,-(X.-’)dX,-’+X, (4.13a)
i=1 1

where X may or may not be a function of X,. In the
discrete case

Q=fi+a=fU-x9,X9,..

N X,
+ 3 [ X)X +q; ,

i=1

LXY)
(4.13b)

where q;=gq,(t) and the ¢; are the eigenfunctions of the
linearized discrete equations of motion.

The eigenfunctions, ¥;, are solutions of the linearized,
homogeneous equation for ¢, and therefore their normali-
zation is not determined. The normalization of the ; is
determined by the physics of each case. For example, in
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the DSG system, for large /2 we know that for small os-
cillations

=0 pea((x —X, ), 7)+ SRZDSS
oR

with X=0. Consequently, we have the requirement that
30 psg/9R =1, must approach 3o pgg(R)/0R as R be-
comes large. Therefore, we first define ¥,=N; !y,
(where N5 '/? is a normalization factor) and require ¢, to
satisfy (¢2 | ¥,)=1. The normalization factor is then
given by N3/2=(4,| ¢,). We must now normalize 1, so
that ¢2—>80DSG(R )/3R as & becomes large. One way to
accomplish this is by requiring

((x —X,),R)

3 (R)
(| ¢,) —<¢2 jg%) (4.14a)
which leads to
(| 9) = | (| ¥,) |2
2
p aUDsg(R)
= |<¢2 T> I (4.14b)

As another example, suppose we wish to normalize the
eigenfunction for the linearized equation for ¢ for the
discrete SG system. Then the normalization is deter-
mined by the requirement that the lowest frequency
bound state in the discrete problem, ¥, approach

g1=1/lysech[7/l,(1 —X)]

which is the discretization of the continuum bound state
eigenfunction, which agrees well with v, when [ is large.
The normalization of ¢, for the discrete SG kink can
then be invoked by using (¢, | ¥;) ={(¥, | g, ).

In Ref. 6 we will show using the appropriate & for the
discrete SG lattice that we get exact agreement with
molecular dynamics simulations for the small oscillations
Peierls-Nabarro frequency of a trapped kink. We observe
the & Ansatz is more complicated than the o Ansatz and
consequently have to do more work in evaluating quanti-
ties that depend on &. However, in practice, the goal is
to choose an Ansatz o that embodies as much physics as
possible (including nonlinear variations of the collective
variables) so that the more complicated equations for X,
such as Eq. (3.12), can hopefully be treated perturbative-
ly. For example, we have found many situations'®2°
where the radiation which is described by X and 7 is very
small even though the collective variables in ¢ undergo
very large nonlinear oscillations. In conclusion, all of the
derivations in the preceding sections of this paper remain
valid when o is replaced by &.

V. DISCUSSION AND CONCLUSION

In this paper we have developed a projection operator
approach for treating nonlinear field theories in which
there exist collective modes. We introduced N coordi-
nates to characterize the N collective modes, thereby in-
troducing 2N extra degrees of freedom into the system.
2N second-class constraints were applied to conserve the
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number of degrees of freedom of the original system. The
system in terms of the new variables together with the
constraints was then able to be treated within the frame-
work of the Dirac bracket formalism in which a family
(with respect to the function 4;) of canonical transforma-
tions to the new coordinates and momenta was derived.

We showed that the lengthy procedure of deriving the
2(N +M) coupled equations of motion for the new coor-
dinates and momenta can be circumvented by substitut-
ing the Ansatz [Eq. (2.17) or (2.61)] into the original equa-
tions of motion and operating appropriately with the pro-
jection operator P, defined by Eq. (2.41). Thus, the
second-order equations of motion for the collective vari-
ables X; and the field ¢, may be derived without having to
explicitly work through a variational procedure in terms
of the new variables. The variation of the Lagrangian
with respect to the old variables is all that is required
which simply gives Q;+ V'(Q,)=0 which are the equa-
tions of motion into which the Ansatz must be substitut-
ed. Such a powerful simplification originates from the
general structure of the Dirac bracket which, as was stat-
ed earlier, defines a projection in symplectic space.

We must reemphasize the difference between the pro-
jection operators P and 7,,. P is the projection operator
in symplectic space defined by Eq. (2.29) in terms of
which the Dirac bracket may always be written. When
the equations in symplectic space are decomposed and
written in the more usual function space [see, for exam-
ple, Egs. (2.49a)-(2.49d)], P generaly splits up into a sum
of terms, one of which will lead directly to the projection
operator 7, [such as the first term in parentheses on the
right-hand side of Eq. (A7)], only if the constraints are of
the form we have assumed them to be. Therefore, the ex-
istence of P (which does not depend on the form of the
constraints) does not imply the existence of 7, (which
does depend on the form of the constraints).

We showed in detail the derivation of the coupled
equations of motion for a DSG system where the useful-
ness of the projection operator formalism was made ap-
parent. In that example we included ¥ in our Ansatz and
derived the equations of motion in the approximation
¥ =0. For many problems, this approximation will give
satisfactory results. However, in a highly relativistic
kink-kink or kink-antikink collision, the y terms become
important and cannot be neglected. One must then sub-
stitute the full Ansatz (with y) into the Lagrangian of Eq.
(3.3). The Lagrangian will be a function of X, and the
equation of motion for the coordinate X is given by the
Euler-Lagrange equation:

d’> |8L | d |38L
dr? | aX, dt | X,

1
X, (5.1

which leads to a fourth-order equation for X, i.e.,
d*X /dt*. In this case, there appears a new constraint in
addition to the ones already given for say, the SG case:
the inner product of do /3y with X which leads to

C,= [~ yoyiyndy =0,

i.e., the first moment of the product ¢'X, which measures



the kink’s distortion as it interacts with an impurity or
another kink, for example. We are currently investigat-
ing further the consequences of the more exact equation
of motion for X, Eq. (5.1).

We have motivated a particular choice for the Ansatz
o =0 that has the property of Eq. (4.3) which we have
shown to be advantageous since 0 =& is a solution for
the linearized equation of motion for =8 +X in Eq.
(4.1) in the limit 8X; —0 and therefore X =0 in the same
limit. Also, since the constraints must be defined with
respect to the Ansatz according to Egs. (4.2a) and (4.2b)
in order that the projection operator method be
equivalent to the Dirac bracket formalism, then setting
o =0 amounts to requiring that the shape mode, even for
6X;—0, is orthogonal to the radiation eigenfunctions.
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J

P, . aP,

(815—?,S)a—l’s—+f, (I—-b) 3Y =6, ,

op, op, [ap, |"ep, [op, . [op |" .
2q, 3, Tlax | ay T |, T oy | ©

where (/<>n) symbolizes the entire preceding expression
with the indices / and n interchanged.

Before deriving Egs. (Ala) and (Alb), it is helpful to
explicitly show what the matrix quantities in Eq. (2.37)
are:

fl_,a 0
fM,a 0
Cl.a,l 0
acla Cl. N acla 0
- _ S I | = , (A2)
dn 0 dn —f1a
8 _jM,a
_(’?la,l
0 :
‘ClaN
O fl,a
0 f:
M, a
CZ‘a 1 0
3Cs  |Coun | +8Ca 0
am | fia | % = 0 ’ (A3
fra 0
0 _C:Za,l
0 —Coan
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APPENDIX A

In this appendix we first find the differential equations
that must be satisfied by the old momenta in terms of the
new variables by requiring the Dirac brackets to be in-
variant under the canonical transformation of the old
variables to the new. Then we solve the resulting
differential equations to obtain the form of the canonical
transformation. We show that the functional dependence
of the old momenta on the new coordinates and momenta
is defined to within a function #; which must obey certain
conditions which we calculate explicitly.

We use Eq. (2.37)

T T
94 aCy, 9Cyp
A *__ 242 -1
{4,B] on I+J on M on
T
9Cy, aCp oB
— M7} — .
an e J an (2.37)

to derive the differential equations which must be
satisfied by the old momenta as functions of the new
coordinates and momenta. These differential equations
are

(Ala)
£ oP, _c;aP" —(len)=0, (A1b)
" 9q, )¢

[
L] T—(é SunpsS110-2S 150 0,0 0)
e | =G Bunfip s fin:0 - +,0,0,...,0)
(A4)

For the transformation to be canonical, we require that
Eqgs. (2.38a)—(2.38c) be satisfied. We see that

T T
90, |80, _[ag, |' ac,,
on on | on on
T
aCy a0,
= | —— —= AS
on J on 0 (A3)

by using Egs. (A2) and (A4). Substituting the expressions
in Eq. (A5) into Eq. (2.37) we obtain {Q;,Q,}*=0. Next,
we require {Q,;,P,}*=3§,,, We substitute Q;, for 4 and
P, for B in Eq. (2.37). When we then evaluate the second
term in parentheses in Eq. (2.37), we obtain zero by virtue
of Eq. (AS5). Evaluating the third term in parentheses of
Eq. (2.37) we find

T
an acla
= - A6
on dn SIst,a’ (A6a)
T
€ | ;9P OF, c " (A6b)
an on ~Jepg, tCBiGy

Substituting these results back into Eq. (2.37) we obtain
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oP, oP,
{Qn Py} =8~ . +fi 5y 37,
aP, dP,
8lsfsa}\l frB a Clﬁ,i'a—ﬁ
(A7)
Using Eq. (2.41) and baizM;BICm’,- in Eq. (A7) we ob-
tain
aP, i
{QhP } 8Is Pls +f1a ai T i) ’ (A8)
3y,
In matrix notation, the right-hand side of Eq. (A8) be-

comes the left-hand side of Eq. (2.39) [or Eq. (A1a)].

Calculation of the bracket {P;,P, }* is made simpler by
noticing that the third term in Eq. (2.37) is equal to the
second term but with A4 and B interchanged. To show
this, take the third term

T T
a_A J a_C_Za __aclﬁ J_QE
on on af on on
|
— 3P, 3P, 3P, 3P, (3P dP, Ll
Py = 5y T ax, oy, T |ap, Te Ty, Cre

In matrix notation, the right-hand side of Eq. (A10) be-
comes the left-hand side of Eq. (A1b).
We now find the general solution of Egs. (Ala) and

(A1b). Operating on Eq. (Ala) with f; from the left
yields
M(I—b)aP" =f, (A1D)
aY "
since
(8, —P;)=0 (A12)
Solving for P, gives
o, =(I-b)"'M~'f (A13a)
Y "
P,=YT(1—-b)"'M~!f, +g,(q,,p,,X) , (A13b)

where g, is a completely arbitrary function of the indicat-
ed variables. Next operate again on Eq. (Ala) from the
left with (8,;, —?,;) to obtain

(8, — P ) — (5, —Py)
rs— fors aps Y T 5 n
or
apP,
(8, —P,,) —8,, |=0. (A14)
p;
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and interchange the expressions in parentheses (which are
“inner products”) while at the same time taking their
transpose (which changes nothing) to give

aCy
an

aC,,
on

8

Ta

A
Ji—
on

T
T
J an

—1
MaB

Using J'=—J and M ;BI =Mg Ba , we obtain the desired re-
sult. Since A =P, and B =P, this amounts to inter-
changing / and n. Calculating anew the components of
the second term in Eq. (2.37) we find

ap, |" ac,,  ap, P,
on | P on ~ ap,/eaT 3y, Clwir  (A%9)
T
aCyp oP, c P, oP, (A9b)
on on  BJ 9Y; "B 3g,
and finally
v oP, oP,
M 5 fr’Ba—q,_ zﬁj—a?j— (le>n) (A10)
I
This allows us to write
oP, T
o =§,,+f,'d,(q,,p,,X,Y,t), (A15a)
where d, is an arbitrary column matrix. We note that

f:Td, =dTf.. [The last term in Eq. (A15a) is zero when
operated on with (8,,—%,).] When we integrate Eq.
(A15a) with respect to p,, the second term on the right-
hand side will be proportional to C, which we strongly
set to zero in the presence of the Dirac bracket. Thus d,
does not enter into the momentum transformation. We
may then write

P,=p,+k,(q,,X,Y) (A15b)
for some function k,. Consistency between Egs. (A13b)
and (A15b) requires

P,=p,+YT(I-b)"'M~!f, +h,(q,,X) . (2.43")

So far there are no conditions on h; or d; but requiring
{P;,P,}*=0, however, puts conditions on 4; and d,.

Before using Eq. (A1b) to find the conditions on &; and
d;, we simplify Eq. (A1b). Consider the terms in the first
set of parentheses of Eq. (A1b) and use Eq. (A15a) to ob-
tain
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3P,
9p,

P,

T
fi Y

TIM =™ '4+d]+

il
aY

="M I-bD) " 1I-b")+

BP, r
a (I-b")+
Substituting Eq. (A16) back into Eq. (A1b) gives
ap, ap, [ap, |"ap, o7, |" | 2B
3, a, T |ax | a8y ay | T9 || 5,

We note that the term

ap, | o,
Y

23Y

in Eq. (A17) is symmetric in the indices / and » and there-
fore vanishes by virtue of (/<»n). Using Eq. (A15a) to
substitute for dff’ in Eq. (A17), we find that Eq. (A17)
simplifies to

oP,
9,

dP, 3P
-~ ax, ay,

3P, .
9q, '

aP,
3y

{P1,P,}* =

T ’ aP]

+d,C; 3y —(ln)=0 (A18)
where we have written the second term in Eq. (A18) in
component form. The reason is that taking derivatives as
indicated by Eq. (A18) would lead to three-dimensional
matrices whose manipulation would be cumbersome in
the matrix notation we have been using. Also we have in-
terchanged the indices / and n in the second term and
have written the inner product in the third term in re-
verse order. This will make certain forthcoming cancel-
lations easier to identify.

We now calculate the quantities on the right-hand side
of Eq. (A18). Until stated otherwise we take d,=0. We
use

19A(R)

d -
BR[A(R)] oR

'= —[A(R)]™ [AR)]!

(A19)
to calculate the derivative of the inverse of a matrix A.

J
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T
CIITM—I
T
T
BY b +d1
T T
op, | . . [ap .
—a? b +d; = —a—YT d; . (A16)
e | (resm=0 (A17)
Ty |TTME
[
We rewrite Eq. (2.43) as
P=P+h;, (A20a)
PP=p,+YTI—b)"'M~'f}, (A20b)

and show that P} satisfies { P?, P?}* =0 when d, =0. The
quantities in Eq. (A18) are calculated as follows:

| _, db
5 =Y I-b) 3

=YTI-b)"'M~f/(I-b)"'M~!f

(I—b)~'M~'f;

dP,
=YTI-b)" M —

"3y (A21)
Inserting the identity
I=f.fT™M~! (A22)
gives
o} =YT1-b)~'M~!f; f’TM“f”aP
9q, " oY
9P,
=(P0—p ) f M~ f)] — Y
oP,
Q¢! T, lgrm A23
=P M 'f, — 3y (A23)

where the second equality follows from Eqgs. (A20b) and
the third from C,=0.
We now calculate

0 af’
I _Tiy_4)—1.9b IM-1¢ VTt =M1 M A ter T by —1 2
aX, =YT(1-b) aXa(I —b) "M, —YTI-b)"'M aXaM fi+Y(I-b)"'M ax.
M aC; | P M ,,_ Cing_1 9F
=Y 1-b)~! [-M~'==M~IC+M ™! —YTI—b)""M ' =M+ YT(I-b) " M~ ——
Y7(1—b) M aXaM Ci+M ax, |y (I-b) oX, 1+YT(I-b) aX,
_ 0pr T 1 M P 0¢T; 1acl aPI 0pTag—1 OM Lo 1o 0 ,TM—I_& A24
=P Moy ax, Pay tRLM ax, ay DM gy Mo P M ey (Aa29)

where the last equality follows from insertion of Eq. (A22) in the same manner as for Eq. (A23).

The third term in Eq. (A24) may be written
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oM oM oM
—PM ' M f;= P TM ! I-b)I-b)"'M~'fj=—P2f,"M~! I-
s £ ax, s £ s axa( b)( )" I s £ aXa( b)a (A25)
The term proportional to b in Eq. (A25) cancels the first term in Eq. (A24) and so we have

aP? ac, 3P, aM 9P, af;
=P0flT —1 b Of'T 1 PO ITM 1__ ¢t
ax, DM ooy ThEMT g oy TRT X,

We now have expressions for 3P} /dq, [Eq. (A23)] and dP)/3X, [Eq. (A26)]. Substituting both of these into Eq.
(A18) (with d,, =0) yields

(A26)

a

oP, oC; oP oM 0P of, | oP,
PP, PO =Pof' TM~!f POFTM—! ! " pofTM-! "o pop T -1 —"
LPrPu oy — |BM 5 oy BEM 5oy TELMT 5 15y

oP, oP
PO + T 1gr T 4 !
ML Sy T oy

We see that the first term of Eq. (A27) cancels the last term in large parentheses. The first term in large parentheses is
symmetric in the indices / and n and so it cancels itself by virtue of (/<»n). That leaves us with

| M oP, aP, apP oP,

—(len) . (A27)

{PP,PO}*=POf' ™M~ oX, 3Y 3Y, +P M) — 3y f;TaY —(ln)
of! of;T | ap, oP oP, . 0P
_ pOg'ThA— IT ’ n ! Op'Taag—1gr fT 1_
=PTM laX £, f'aX ay oy, THEM oy oy —Uen),

where we have expanded OM /3X,, in the first term. The second term in parentheses is symmetric in / and »n as is the
sum of the remaining two terms and so the right-hand side is zero. Therefore { PP, P?}* =0 when d, =0. If we relax the
condition d,, =0 we merely retain the last term in Eq. (A18) and so { P{, P?}* becomes
0 po ’ PIO
{P,,P,,}‘:d,,Cz—a—Y——(h—»n) . (A28)

To obtain the general condition which h;(g,,X) and d, must obey we substitute Eq. (A20) into Eq. (A18). Since we
have just proved that P satisfies Eq. (A28) we are left with

on, [on, |"aP? oh, 8Py T opPy Usm)=0 (A29)
8g, |oX | Y Tag, " oY Ty UMY

Equation (A29) is satisfied if we take #;=0 and d,, =0.

For the transformation defined by Egs. (2.61) and (2.63a) and (2.63b) where the center of mass appears in the X field,
we find that through an analogous calculation we can derive conditions that must be satisfied by 4 (x,X,X) and
d(x,t,X,P,X,7). We will abbreviate h(x,X,X), d(x,t,X,P,X,7), X(x —X,t), and o(x —X|,X,,...,Xy) by h(x,?),
d (x,t), X(x,t), and o(x), respectively. If we define I1%x,?) by

M(x,t)=0%x,¢)+h(x,1) , (A30a)
where
ax ! do
MO, =+ |Y'— [ |5 | dx'|(I=b)" M~ ! oo (A30b)
then we are able to show
0
{Ho(x,t),ﬂo(y,t)}*=dT(y,t)C'2§£a—($’—t—)—(x++y) . (A31)

We find, as above, that requiring {II(x,?),II(y,#)}* =0, leads to

T
dn(x) | dh(y) | AM%x,t) fah(y,t) da(z) sz AM(x, )
ax 0X Y X(z,1) | aX Y
T
Oh(y,1) | IX(z,1) A%x,1) | .r , AI%(x, 1)
L5 (xop)= 3
+ fa)((z,t) x| | Tyt NG T — (o) =0 (A32)
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which can be satisfied by the choices # =0 and d=0. We
notice the presence of the fourth term in Eq. (A32) due to
the dependence of X on X,;. This term is not present in
Eq. (A29).

APPENDIX B

We use Eq. (2.48) to derive the Dirac equations of
motion Egs. (2.49a)-(2.49d). We recall Eq. (2.48):

T
ac,, 3Cys
I+ M |2
ac ac, '] a
2a 1B H
—J oz, .
on @ | 9n Jan (2.48)
J
a0 3H /3p
5 ) 0
dm 3H /3py, H
X, 0H /3Y, 0
Xy OH /3Yy 0 » 3H
pi |~ | —0H/g |V —fia (Mae |Coigy, ~usgg,
; —8H /3q —f
pM M M,a
¥, —3H /3X, ~Ciay
}}N —0H /3Xy —Clan

The equations of motion can now be read off of the above
matrix equation and written concisely as

. _OH . rae_1|e OH |~ OH
=22 _¢Tm (B4a)
qI apl 1 s ap
. 39H ..r o0H _, oH
=_od B4b
pl aql f[ M C2 aY fs aqs ] ( )
gg , (B4c)
o dH _.r oH _, oH
Y=—3x —C'M" lc2 ay & S dg,
+C M | ! g + ’,—g% (B4d)

We now manipulate Egs. (B4a)—-(B4d) into the form of
Eqgs. (2.49a)-(2.49d). Operating on Egs. (B4a) and (B4b)
with f; gives, respectively,

7. aH <
fi9=—-Cioy Iy = -CX, (B5a)
oH
D (B5b
flpl Cz aY sz )

Bringing everything onto the left-hand side of these two
equations gives

oH
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Using Egs. (A2) and (A3) from Appendix A we find
3Cs | 3 9 9
28 OH _ OH . OH
3n on — gy, /ag, (B
dCyg aH oH oH
on Bn fsBa +Cg ay; - B2

Substituting Eqs. (B1) and (B2) into Eq. (2.48) and using
Eqgs. (A2) and (A3) and the definition of n;, whose tran-
spose is given by Eq. (2.22), Eq. (2.48) may be put in the
following form:

oH oH

'[51 vaBEIZ+C]B’i—aY,~ (B3)

fig;+CX=C,=0

(B6a)
(B6b)

Equations (B6a) and (B6b) verify that the constraints are
indeed constants of the motion.

Using Egs. (B5a) and (B5b) to eliminate the explicit
constraint terms in Egs. (B4a) and (B4b) leads to
g=E g1 O | pry-1prg (B7a)
ap, 8
pr=— gH+f;TM 'ip+ "M, gH ,  (B7b)
9

and these equations may be written in the following form:

oH

(85 —Py) |g,——=— | =0, (B8a)
I i) |9 ap,
oH

(8, —Py) |ps+—=—— |=0, (B8b)
1 ) |P 3q,

where we see P, is the projection operator defined in Eq.
(2.41). Equations (B8a) and (B8b) are Egs. (2.49a) and
(2.49b).

Equation (B4c) is a comparatively simple equation.
This is because the constraints are independent of Y and
so the terms containing the constraints in Eq. (B3) (for
the X; rows) have zero as their coefficients.

When we use Egs. (B5a) and (B5b) to eliminate the
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terms Cj0H /dY and C50H /9Y,
(B4d) we obtain

respectively, in Eq.

oH ip [2H
Y+ ax —C f] aq[ +P1
oH
+CMIf} 7 (B9)
2 apl ql

which is identical to Eq. (2.49d).

So far we have derived the Dirac equations of motion
for the canonical variables. We end this appendix with a
derivation of Egs. (2.60a)-(2.60c) which project out the N
unmeaningful degrees of freedom from the equation for
the conservation of energy. First, multiply Eq. (B8a) by
p; and Eq. (B8b) by ¢; and subtract. This lead directly to

oH oH
—(8;,— P4y + —(8;,— Py, )0, =0 (2.60a)
3q, I in'q 3, i in'P
Writing this as
0oH | BH oH , . oH P,p, (B10)

=% o
341 Wt op, aP 9q, indn + 9p;
and substituting into

oH
X

OH
Y

OH, O3H . _dH _

X+ q
dq,

Y+

which must always be true (even on the manifold in phase
space that subsumes the trajectories of the N unmeaning-
ful degrees of freedom) we obtain

OoH OH JoH 0H , .
ax x+ aY Y+ aql Plnqn+ aP1 ?lnpn-o .
(2.60b)
APPENDIX C

We show in this appendix that the Dirac equations of
motion
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may be written as

(81y—Py) lQn— Z?II’i =0, (Cla)
(8,—P,) | P, + E?g,. -0, (Clb)
First, we write the fundamental Ansatz Eq. (2.17) as
=0, —/fa (C2)
and take its time derivative:
=0,—f,’X. (C3)

Second, we write

d0H O0H 9P, J3H dH

ap, 0P, dp, oP, " 0P,

and substitute Eqs. (C3) and (C4) into Eq. (2.49a) which
gives Eq. (Cla).

Dealing with Eq. (2.49b) is slightly more complicated.
We recall the momentum transformation with 4, =0:

+£ M (1-bT)" 1Y .

(C4)

P,=p, (C5)

Solving this for p, and taking the time derivative yields

pp=P, —XTf/ ™M 1(1-b")"'Y

'Td M- (1-b) Y] (C6)

From Eq. (2.49¢) and the Hamiltonian in Eq. (2.47) we
calculate

XT=Y™ ! (C7)

and substituting Eq. (C7) into Eq. (C6) gives

oH po=P,—Y™ '/ "M~ {(1-b")"!
(aln_?ln) qn a_ =0, d
Pn f'T [M (I-bD)~1Y]. (C8)
)
®n—Pm) "+aq,, ]_ ’ We also need the following expression for dH /9g,:
J
3H |, 7oM ! oV , M=, 3V 90 LT — - 1 vV
2 Y = WYTM 'MWVt —=—1YM - (I—b)M(I—b)IM ~'Y + ———
3, ' oq, g, ° T e el . 30,
ab” 3b | 1y, OH
=iy'M-! —b)+(I-b"M—— M 'Y+
YM S b)+(I-b"M - 20,
1 g -1 " -1 T 11 —1 aH
=1Y™ ~'[f'M~'M(I—b)+(I—b")MM~'f; 1M Y+30°
n
—YM ' I—b)M 'Y+ Ly ™M - M 1—bT) -y 4 2 (C9)

9Q,

30,
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Substituting Eqgs. (C8) and (C9) into Eq. (2.49b) gives Eq.
(C1b).

APPENDIX D

In this appendix we investigate modifications that need
to be made of the statements in Sec. II A if the momen-
tum is given by some form other than Eq. (2.12). We do
not want to change the coordinate transformation, the
constraint C;, or the canonicity requirement. We may
however wish to change C, in order to allow us to put
the momentum into some desired form. There is no ap-
parent a priori reason why we should not do this. For in-
stance, we are free to choose the momentum to be

Pf]
Py =p, M
(where M = 3, f/?) as was incorrectly derived and used
in Eq. (2.7) of Ref. 4. The requirement of canonicity
determines the form of the second constraint. For this
particular choice of P, it turns out that requiring
{Q,P,}*=38,, leads to the result that C, must satisfy the
following Poisson bracket equation:

filCr,Cl==—M0—n/M){q,+[,C,} -

Explicitly writing out the derivatives and simplifying, we
obtain

R M1 /M)ac2— f’Macz
flgfi apl + —17 apl — —J1 aP

Then multiplying by f;, summing over /, and solving for
3, f{9C, /3p;, we obtain

,0C M aC,
Ei fi t=—
ap; (2—nm/M) 9P

This equation is satisfied if we let the second constraint
be

6735

C,=3 fi(X)p,—P|2—-L } .

M

The bracket of the constraints {C,,C,} is now what we
define to be the dressed mass, M, instead of the bare mass,
M:{C,,C}=M(1—n/MP?=M.

In our paper, Ref. 4, we asserted [see Eq. (2.10) of Ref.
4] that in the new variables the canonical brackets are
{g1,Pn)* =8,,—f1f1 /M, {X,P}*=1 and that all other
brackets vanish, i.e., brackets between X and gq;, p; and
Dn» P and p;, etc. This is not the case. We actually must
explicitly calculate them all according to the Dirac
prescription. We have worked them out and find the fol-
lowing results for the brackets.

(X,P}*=1/(1—n/M)
Sifn _s  Jifa
M(l—g/M? " M’

where M appears instead of M. Some of the other brack-
ets do not vanish.

{9Pn}*=81—

fim
P = ——
{q;,P} WM
{p,,P}*=f_l aCZ I_Pﬂ_’
M X M M

P
»Pn *2—_( " ':_ ’ ':')’
{P1,Pn} M fi'fn=1if

and
'

{p,,X}*=———fA_;—(2—17/M) .

The remaining brackets do vanish.

We could carry out the derivation of a rigorous Hamil-
tonian theory using Eq. (D1). However, we prefer to use
the simpler constraint Eq. (2.5) instead of Eq. (D1); con-
sequently using Eq. (2.12) for the momentum transforma-
tion instead of P;=p, —Pf; /M.
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