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Selection of lamellar thickness in polymer crystal growth: A rate-theory model
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We discuss a rate-theory model of polymer crystallization that exhibits many of the morphologi-
cal and kinetic features observed in the laboratory. The interplay between the growth of the lamel-
lar crystals in directions along the molecular direction and at right angles to it is discussed, together
with some of the implications for the temperature dependence of the thickness of the crystals. We
examine in some detail the hypothesis that the growth process selects the thickness that maximizes
the rate of advance of the lamellar edge.

INTRODUCTION

A new theory of chain folding during polymer crystall-
ization is being developed which applies to systems with a
range of step(niche)-free energies. Previous theories'
require step-free energies, cr„,which are of the order of
10kT, whereas the morphologies observed for many crys-
tals show that steps are much more numerous than this
value of cr „would imply. ' Computer simulation stud-
ies of systems with rough growth surfaces led to a model
that included a mechanism for pinning a crystallized seg-
ment of a polymer molecule at a fixed length. " A very
simple two-dimensional (2D) rate-theory model based on
a single row of stems demonstrates the principal effects. "
A stem is a section of chain in the crystal that traverses
the lamella.

The main purpose of this paper is to understand pre-
cisely what determines the value of the lamellar thickness
l. In order to do this, the equation for the growth of the
row model is rewritten in terms of two factors which can
be identified with physical processes. One is the probabil-
ity of surmounting a barrier, and the other represents the
growth rate once such a barrier has been reached. We
then test the results of the analysis against a criterion for
a kinetic model: that the thickness which results corre-
sponds to the fastest mode of growth. In doing so the im-
portant distinction is made between ensembles of crystals
of uniform thickness, and those where fluctuations in I
values are allowed within individual crystals.

REVIEW OF THE MODELS

First, we discuss various models of polymer crystalliza-
tion and their implications for the lamellar thickness.
The rate-theory row model and previous "nucleation"
theories explain the almost universal chain-folded (lamel-
lar) habit' ' by supposing that the growth kinetics are
faster for thin crystals, and therefore that thin crystals
dominate in the ensemble. The average crystal thickness
I is therefore only slightly larger than the thickness I
corresponding to thermodynamic stability; i.e.,

1 =1 +51, where 51 is a small fraction of 1 . The value
of I is calculated by equating the surface excess free en-
ergy with the bulk free energy of crystallization, -which
gives I ~ AT ', where AT is the undercooling relative
to the bulk melting point TM. (Ttt is the limit of the
lamellar melting temperatures as 1 approaches infinity. )

Since the bT dependence of 1 is dominated by 1

I ~ hT ', which is one of the principal observations for
most polymer crystallization systems.

The rate-theory model discussed here differs from the
nucleation theories as to the identity of the high free-
energy step that must be surmounted for growth to
proceed. Nucleation theories identify a barrier corre-
sponding to the creation of a step on the growth face with
free energy 0.„,an essential feature being that its magni-
tude increases linearly with l. One of us has argued
that the morphology is not consistent with this assump-
tion, since the large step densities implied by curved
lamellar edges do not enhance the growth rate by the re-
quired amount. Even in the case of relatively straight
edges, it has been shown that a plentiful supply of reen-
trant corners has a small effect on the growth rate.

The new models exhibit a different barrier to the
growth process, a state with low entropy, and the free en-
ergy of this state also increases in magnitude with I. The
presence of this low-entropy barrier is a consequence of
two factors: (a) the tendency of the growth faces of the
lamellae to assume a rounded shape, in vertical cross sec-
tion, with relatively short crystalline polymer segments
(stems) at the outermost positions, and (b) the pinning of
a stem at a fixed length because other segments of the
stem molecule have been incorporated into the crystal
elsewhere. We discuss these effects in more detail below.

The geometry of the lamella is shown schematically in
Fig. 1. For simplicity, the stems are shown as being vert-
ical and parallel, and most fold segments connecting vari-
ous stems are omitted. ' Any crystal will have a finite de-
gree of surface roughness at finite temperatures, and in
our models this is allowed by employing growth units
which are not much larger than the molecular repeat unit
(e.g. , about six CHz groups for polyethylene as in previ-
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FIG. 1. (a) Representation of a lamellar crystallite, showing
stems (chain direction vertical) and a step on the growth face.
The inset provides a description of the step in terms of units
that are shorter in length than the stem. The dotted lines indi-
cate where the row of stems in (b) is imagined to occur. (b) The
basic row of stems model, showing units along the chain as
cubes [chain direction vertical as in ia)j.

ous theories ). Such segments of the chain may attach
and detach at various points along the growth surface.

Any crystal will have rounded or beveled regions along
the edge where two surface planes intersect. ' In the case
of lamellar crystals there may be no significant planar re-
gion on the growth faces, since the beveled regions from
the top and bottom edges wi11 often merge. Hence, the
stem length is expected to decrease on going from the in-
terior of the lamellae toward the growth face. This taper-
ing in the growth region can have a crucial effect on the
growth mechanism, as indicated by the following argu-
ment.

Constraints are expected to restrict the addition and
removal of growth units from the crystal in certain cases.
Certainly, once a lamella is formed, it may be difficult to
thicken the crystal simply by adding units to the fold sur-

where K& is a constant and T, the temperature during
crystallization. Since l ~ hT

6 =Goexp( —Kg/T, hT), (2)

where I( is a constant. In both models G varies strongly
with hT mainly because of the l variation.

Two classes of kinetic model have been outlined: nu-
cleation and pinning on a rough growth surface. In spite
of the fundamental difFerence in the basis of the models,
there are strong analogies in the mathematics used to
derive the results, i.e., Eqs. (I) and (2). It is particularly
useful to note that the growth rate can usually be de-
scribed by the product of a barrier term, as given above,
and a term related to the net thermodynamic driving
force. The driving force term is rejected in the value of
51; when 51 is zero the driving growth rate is zero by
definition. The models developed by Point' and by Di-
Marzio and Guttman' have some similarities with prun-
ing models. They also involve segments of chains shorter
than a complete stem.

The extensive data on Poly(ethylene oxide) (PEO) (Ref.
17) provides information on the relationship between G
and hT without the complications of thickness varia-
tions, since I is largely constrained to values which
remain nearly the same for significant regions of hT
(growth branches). Within each branch G is linear with
hT as expected for a rough-surface growth mechanism,
and it varies by factors of 2—4. However, rates for
diferent branches vary by factors of 3.5 orders of magni-
tude. This implies that a barrier term is present which is
constant for constant l.

METHODS OF CALCULATION

A simplified two-dimensional row model is used with
rate equations to describe transitions to the difterent pos-
sible configurations during growth. ' Figure 1 shows a

face, since chains from a typical stem will reenter the
crystal in other places, and are not available for further
extensions of that stem. Even near the growth surface, a
coil may attach in several places with taut sections be-
tween, and hence create two pinned surface sites.

The combination of the tapered geometry and the pin-
ning of certain sites in this region leads to an entropic
barrier. The low-entropy bottleneck corresponds to an
improbable configuration in which the growth face is
momentarily squared off, so that stems may be incor-
porated into the bulk which are sufficiently long to pro-
vide a thermodynamically stable crystal. The precise way
in which pinning is included in the model is not crucial to
the behavior of the system. For example, pinning may
result from taut loops as discussed above, or simply from
the fact that the chain terminates at the site.

The consequences of the entropy barrier for the growth
kinetics and thickness selection are similar to those for
the nucleation theories of polymer crystallization. If it is
assumed that the height of the free energy barrier hF is
simply proportional to 1, then since the growth rate G de-
pends exponentially on b,F/kT,

G =Goexp( K, 1/T,—),
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(3)

(4)

Here k+ is the rate constant for both adding one unit to
an existing stem and for the addition of a new stem of
unit length adjacent to the outermost stem in the crystal,
and k (i,j) is the rate constant for removal of a unit
from a stem at n =1 of length i, when the stern at n =2 is
of length j. The rate constants for removal are

k (i j ) =k+ exp(2e/kT~ —mE/kT),

where m is the number of nearest neighbors to the
growth unit and c. is the interaction energy between these
units. It is apparent that m =2 when i & 1 and j &i, and
m =1 when i & 1 and j &i or when i =1 and j &i. Situa-
tions with isolated growth units (m =0) are not permit-
ted according to the rules discussed above. It is only
necessary to solve the rate equations for n =1, Eqs. (3)
and (4), since the required information about the stem
length distributions beneath can be inferred from the
f (i,j ) in the outermost layer.

The 2D row model described above should involve
most of the phenomena observed in rough growth sur-
faces in three dimensions; i.e., for small cr„.The absence
of neighboring growth units in the direction perpendicu-

row of stems which grow from the end of the row accord-
ing to a very simple set of rules: (1) Units can only be
added or subtracted from the end of the outermost stem,
and underlying stems are pinned at their current length.
(2) Initiation or removal of stems is only accomplished by
adding a single unit adjacent to the outermost stem, or by
removal of the outermost stem when it contains only one
unit. The physical basis for these rules has been outlined
above. They include the effects of pinning in a form that
is relatively tractable to mathematical analysis.

The distribution of stem lengths in an ensemble of row
crystals is described by C„(i), the fraction of stems at po-
sition n behind the outermost stem which have a length
of i units. It is also necessary to specify a function which
determines the correlations in length of adjacent stems;
f„(ij ) is the conditional probability that the (n +1)th
stem is of length j given that the nth stem is of length i.
Because this represents a one-dimensional array of stems,
in the steady-state system f„(i,j ) is independent of n

The probability P„(ij ) of having stems of length i at n

and j at n + 1 is then f„(i,j)C„(i).The rate equations are
then designed to include all possible events at position
n =1 at the growing face of the crystal; fori &1,

dP&(i,j )/dt = k+P&(i —1,j )

lar to the planar crystal should not change the nature of
the results in a fundamental manner. Only in the case of
faceted growth fronts is the correlation of growth units
along this direction an important factor. Indeed, Monte
Carlo simulations of a 2D row model exhibit kinetics
similar to those of the three dimensional (3D) model. '

In particular, G values obeying Eq. (1) have been ob-
tained, and l ~ AT ' also gives a good approximation to
the calculated thickness values.

THE MINIMUM LAMELLAR THICKNESS I

As noted above, positive growth only occurs when the
lamellar thickness l is greater than l . In fact, l has
been assumed to be the value of l at which T, is the melt-

ing temperature of the lamella. If a crystal of thickness
I were actually in equilibrium with the liquid phase,
then l would be determined by equating the free energy
of the liquid to that of the lamella, with the result

l b f =o, +o,', (6)

cosh'/4k T
sinhc. /4k T

The surface enthalpy includes broken bonds in the hor-

where o., and o,' are the fold surface-free energies for the
upper and lower surfaces, respectively (these are unequal
in the row model), and b,f is the bulk free-energy change
per growth unit on crystallization. The free-energy
change hf is usually calculated on the assumption that
the entropies and enthalpies of the two phases are ap-
proximately constant for T, in the vicinity of T~. Thus,
the free energy of a single phase is F =H —T,S, or
b,f = h —T,hS, where h is the heat of fusion. Using the
fact that hf =0 at T~, we have b,f =h b T/TM, and Eq.
(6) becomes

i h hT/T~ =o, +o',

for the model with o,&a,', whereas for most polymer
systems the surfaces are equivalent and the right-hand
side is simply 2o, Note that the equation is derived
from an approximate expression for the change in free
energy on melting, extrapolated from TM.

In principle, however, this approach is not correct
since the crystal of thickness l is not in complete equi-
libriurn at T, . Both experiments and the model show
that the crystal will thicken at a finite rate. For this
reason, a unique definition of I may not be possible. In
practice, the issue comes down to the entropy S, of the
fold surface; i.e., how much does the structure of the fold
surface (top surface in Fig. 1) deviate from that of a sur-
face in true equilibrium with the fluid. The lower surface
of our model crystal has no disorder, since all stems are
constrained to terminate at the same vertical position.
Thus, o. ' is simply the enthalpy c./2. The free energy o. of
the upper surface may, under certain conditions, be ap-
proxirnated by the expression for the unrestricted one-
dimensional (1D) surface, '
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izontal and vertical directions, and is given by

h, =e/2+ e/(2 sinhc, /2k T) .

In order to study a system where I and 51 are unambi-
guous quantities, we employed a large value of c, 5kT,
where the surface disorder on the upper surface is small
and (r, =e/2. The validity of these results for smaller e
was tested by the following procedure: (i) Measure l on a
system in which certain thicknesses are energetically pre-
ferred. (This can be accomplished experimentally by the
use of monodisperse short chain materials such as PEO. )

In this particular row model the fold surface structure
can be measured for nonequilibrium conditions without
changes in the thickness of the crystal, because the meta-
stable system "locks in" to one preferred thickness. If
these results indicate that the nonequilibrium structure
deviates only a small amount from that for equilibrium
conditions, then Eqs. (8) and (9) can be used to describe
the surface. (ii) A second approach is to impose a con-
straint limiting the stem length to a specified maximum
value. That is, transitions to stems longer than this value
are excluded from Eqs. (3) and (4). Then a condition of
zero growth can be achieved for T & TM by trial and er-
ror. The fold surface will not be equivalent to the unre-
stricted surface because the constraint limits the disorder
and reduces S,. For this reason this procedure yields an
upper limit to 0, .

10 2

G/k+

0 915 0 92

T~ /Tm

0 925 093

10

G/k+

5x10

equilibrium value. However, Fig. 3 shows that this is not
the case. Thus we see that the surface energy corre-
sponds closely to the equilibrium value even when there
is a net accumulation rate of material on the crystal. Be-
cause of this it should be possible to define a value of o.,
using the equilibrium S„exceptperhaps in the limit of

CRYSTAL GROWTH AT A SPECIFIED THICKNESS

As discussed above, a model that has preferred values
of the lamellar thickness 1 has direct applications to low
molecular weight polymers, PEO in particular, and also
should provide new information on the relationship be-
tween G and AT.

Certain stem lengths are selected by modifying the en-

ergy of some configurations in such a way as to stabilize
the selected value or to destabilize others. Changes are
effected only for two adjacent stems of the same length.
If this length is equal to the desired thickness I, the ener-

gy is reduced by an amount 5c., and for other pairs of
equal length it is increased by 5e. The rate constants are
modified accordingly;

k (i, i)exp( 5e/kT), i =lz—

-5x10

G/k'

0 96

Tc/Tm

(c)

k'(i, i)= '

k (i,i)exp(5e/kT), i&1~ .
(10)

If only one 1 is specified, the value of l calculated is con-
stant with T, for 5c & 0.7kT. Figure 2 shows some of the
growth rates plotted versus T, . The linear dependence of
G versus hT found for simulations and experiments on
PEO (Ref. 18) can clearly be seen in the results from this
model also. At the higher values of 1 the plots show an
increasing degree of curvature.

The results on surface energies have applications to the
problem of calculating 51 when 5c.=0. Figure 3 shows
values of the number of broken horizontal bonds in the
upper fold surface for one of the growth branches. This
number is a measure of the surface energy h, . The sur-
face energy for G =0 corresponds to equilibrium. As G
increases, one might expect large departures from the

lO--5

0.98

Tc~Tm

0.985

FIG. 2. Growth rate 6 vs LT for the system where a pre-
ferred 1 value has been imposed; for 5@=0.7kT, (a) 1 =4; (b)
1=8;and (c) 1=12chain units: kT /c. =0.55.
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then adjusting the temperature to give zero growth. This
procedure gives very accurate agreement with I calcu-
lated from Eq. (6) for large c,. However, when even a
small amount of disorder is present in the fold surface,
the restriction on i does reduce the disorder and this is
seen from the reduced h, values. The restricted surface
has a higher value of o, than the unrestricted one, since
the constraint excludes configurations that might other-
wise appear in an equilibrium ensemble. The restricted
system should provide an upper limit to I . These results
are entered in the plots in Fig. 4 as vertical lines with a
bar to indicate the upper limit on /

FIG. 3. Values for the density of lateral "broken bonds" in
the completed crystal. The surface energy includes that associ-
ated with these changes in stem lengths (leading to steps on the
"top" surface) and additional contributions from 5c: 1~=4,
5c=+0.7kT, kT /e, =0.55. The different growth rates 6 on
the abscissa were obtained from changes in hT.

very large growth rates. The h, values given in Fig. 2 do
not correspond to Eq. (9) since the additional energy con-
tributions 5s are present.

RESULTS FOR UNRESTRICTED STEM LENGTHS
097 095 0 94

Tcr Tm

093 092 091

Small fold surface disorder (c=5kT)

Calculated values of / are plotted as a function of T in
Fig. 4(c), together with / from Eqs. (6) and (8). It can be
seen that 5/ is approximately 0.7 of the length of a
growth unit over most of the temperature range. The
average length of a stem as a function of the position
behind the growth face is shown in Fig. 5, and the distri-
butions of C& are shown in Fig. 6. It can be seen that the
rounding or beveling is relatively small for this value of e.
There is still a finite entropy barrier to achieving the
squared profile, however, and this is apparent in the
growth rate data. The probability of finding a stem at the
end equal in length to the average l of the lamella can be
measured directly from the numerical data; it is given by
C, (/). The relationship between the growth rate and
C, (/) will be given below in a discussion of the factors
that determine 5/.

0 95 094

Tcr Tm

(cj

Significant fold surface disorder

A more general case for polymers is that in which the
fold surface contains large numbers of exposed sides of
stems. From the previous results it can be expected that
o.„h„andS, are close to their equilibrium values. This
was checked by calculating h, from the values of P(ij ).
It was found that these agree closely with those predicted
from Eq. (9), even in the case of high surface disorder
(e = l.82kT). We conclude that the effect of the growth
process on the disorder in the top surface is small for the
range of growth rates of interest.

One further check was made of the I results by re-
stricting the maximuxn value i of the stem length, and

097 094

~cr eam

093 091

FICr. 4. Plots of / and I: estimates for three values of e [(a)
kT /a=0. 55; (b) kT /a=0. 35, and (c) kT /e=0. 2]. The
dashed lines refer to estimates of / from Eq. (6), the bars to
upper limits on I from data on crystals constrained to limited
stem length, and the crosses to values obtained by extrapolating
the driving force term to zero.
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(b)
k T~/E =0.55

The results for disordered fold surfaces show that 51 is
about 1.2 units in length for c.=1.82kT, significantly
larger than the value obtained for e=5kT. Values of 51
can be inferred from Fig. 4. The data for a=1.82kT cor-
respond to a small value of O.„suchthat o., ~&a, /2. This
system is close to the 2I3 critical temperature where the
interface energy vanishes altogether. ' This situation is
probably not relevant to most polymer crystals, and the
data plotted for the intermediate value of a=2. 86kT
shown Fig. 4(b) are more realistic.

C
O lp =4

S

10 5
h

(a)

(d)

k T~ /E=0. 35

k T'/E =0.2

IDENTIFICATION OF PHYSICAL PROCESSES
FROM THE GROWTH EQUATION

We now return to the description of any kinetic theory
of lamellar growth rates in terms of a product of a barrier
term ao(I) and a driving force term d(51) (see also Ref.
4)

G =k+ao(l)d (51) .

The term ao(I) generally has an exponential dependence
on I, describing the probability of surmounting the bar-
rier, whereas the driving force term d (51) is approximate-
ly linear in 51. For example, the simplest expression
describing nucleation theory given by Frank and Tosi is

G„„,i
——Ao(1 B/A) . — (12)

Q, a

20 . &0

h

O.I—

0.2—

(b) (c)

0.1—

0.00 I

10 0 10

FIG. 5. Properties of the growth front of the crystals: the
average length of the stems for a range of n for 20) n &1 is
plotted. The vertical arrows in (b) indicate the root-mean-
square magnitude of the fluctuations in stem lengths.

Here Ao is given by Pexp( —2o„/kT), where P
represents an incident Aux of complete stems and where
cr„ is assumed to increase linearly with I. The factor
B/A is the ratio of removal to addition rates for stems at
niche sites. The term in brackets goes to zero at equilib-
rium, where B = A, and increases proportionately w&th 5l
for small 5l.

We have identified the barrier term in the row model as
the probability C& (I) of finding a rectangular growth face.
An interesting question in this approach is whether there
is a local equilibrium such that equilibrium thermo-
dynamics could be used to calculate the barrier term
C, (1). [For nucleation theories, this is implicit in the use
of Boltzmann expressions such as exp( —2cr /kT). ] The
results with specified crystal thickness (Figs. 2 and 3) sug-
gest that there is approximate equilibrium in the row
model. Further work pursues the question of calculating
ao(I) on the basis of equilibrium. ' However, significant
deviations from equilibrium can occur in the row model
when c, values are different along and between stems.
These produce interesting effects in the growth rate be-
havior.

The simplest assumption for the driving force term
d(51) would be equivalent to the formula for condensa-
tion of liquid on to a liquid surface:

d (51)= 1 —exp( 5f /kT), — (13)

FIG. 6. Histograms of C, (i) for (I ) -8 for (a) kT /E=0. 55;
(b) kT /a=0. 35; (c) kTO /s=0. 2. The values of (I ) calculated
from Czo(i) are indicated by arrows. The values of C& (i)
beyond the peaks in the distribution is replotted in Fig. 7(b).

where 5f is the free-energy driving force, which is related
to 5l by the relation

5f =bf —(o, +o,')/I =hbT5I/(IT ) .

In view of Eqs. (11)—(13), it is useful to rewrite the
equation for G for the row model as follows. Consider
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(a)

001 ~

0.1-
A

V
(3

C&(i,7.8)

0.03"

0.0i--

1000

&/0 , 3.5
FIG. 7. (a) Values of C&1(l )) vs the average (1) at n =20 values, i.e., crystals grown at different values of b T; kT /e=0. 55. In

order to allow for nonintegral values of (1.), the C, ( (1) ) were calculated with weighting factors Cz&(k), i.e., the stem length distribu-
tion sufficiently far behind the growth front to approximate the bulk of the crystal. The dashed line corresponds to the dependence of
C, (i) as a function of i for (1)=8. This quantity is also shown in (b). The 3.5 power is required for a linear plot and indicates the
more rapid decrease in C, (i) in the self-consistent barrier calculation: kT /a=0. 55.

the net deposition rate of stems of a specified length i.
The fraction of the total growth rate corresponding to the
deposition of these stems is

G(i)=k C)(i) k(l—, i)P, (l, i) .

This follows, since the stems of length i must be covered
by a new stem of length 1 to be incorporated into the
crystal. This equation can be written as

0 05.-

G(i)=k+Ct(i)I I —[k (l,i)/k ]P+((l, i)/C, (i)] .

The term C&(i) multiplying the brackets can be regarded
as the barrier, since it represents the probability of
finding the system in the transition state, and this may
not be much affected by the kinetics. The term in curly
brackets is closely related to the free-energy driving force
for crystallization [see Eq. (13) for example].

Plots of ao are shown in Fig. 7(a), and the term in
square brackets is shown in Fig. 8. The curve for ao(l)
was calculated from the C values as follows. A series of
AT values were specified; the average thickness in the
body of the crystal (1) and the C, (i) were found. Then ao
was calculated from a weighted average of C, (i), using
the distribution of stem lengths in the body of the crystal;
this was approximated by C2o(i), since the distribution

~ ~

0=
0.02--

I

0

FIG. 8. The driving force factor d(i) as derived from the
P, (ij ) as obtained using Eqs. (11) and (16) (kT /a=0. 55 as in
Fig. 7).
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ao(l}~ exp( —Kl} (17}

where ~=0.35 for e=kT /0. 55. Figure 8 shows a linear
dependence of the driving force term d (i) on i for one
value of L. The intercept on the I axis in Fig. 8 produced
by extrapolation gives an estimate of I, since ! is
defined as the value of I where the driving force vanishes.
The slope of the curve in Fig. 8 is considerably less than
that assumed in Eq. (13), and this effect will be discussed
elsewhere.

METHODS OF CALCULATING 51
USING THE CRITERION OF FASTEST GROUCH

In this section we apply the interpretation of the
growth mechanism given in the preceding section. We
wish to examine the analogue of the argument given by
Frank and Tosi in describing the nucleation model.
That is, in an ensemble of crystals, those which dominate
the statistics are the ones with the most material, or those
with the fastest rate of growth. Thus, the expected thick-
ness I is the value which maximizes the product of the
two terms discussed above. Figure 9 shows Ao(l) and the
driving force expression for the nucleation model, using
accepted values for the parameters normally used, and
shows the maximum in G (dashed line, compare with Fig.
1 of Ref. 2}. In either type of kinetic model, nucleation or
pinning, there are two approaches that can be used for
the calculation of l.

was found to remain essentially unchanged for stems far-
ther than 20 units back from the growth front. Thus, the
value of ao represents the probability of finding at posi-
tion 1 a stem of the correct length to satisfy the bulk dis-
tribution of stem lengths. The C values were obtained
from the P(i,j ) values in the numerical solution of the
rate equations. Figure 7(a} shows that the relationship of
C, to I is approximately exponential, as in the nucleation
models of polymer crystallization, according to

At the one extreme, as envisioned by Lauritzen and
Hoffman, ' there is an ensemble of crystals with a range of
thicknesses, but each crystal is assumed to have a uni-
form thickness I. The observed thickness is assumed to
be equal to the ensemble average. The equivalent for the
row model is to take the product of ao(I), Eq. (17), and
I —I, which is proportional to the driving force factor,
and differentiate in order to find the maximum in G. The
result is 5I =3.3, which is clearly too high compared
with the actual data shown in Fig. 4.

It is also clear that the assumption of uniform thick-
ness along the length of the model crystal could have an
important inhuence on the results. Fluctuations are ex-
plicitly eliminated by the assumption of constant thick-
ness. In the present model, f (i,j ) for i &j is significant,
showing that thickness changes do occur. Similarly, ex-
periments' ' ' have shown that changes in the tempera-
ture during crystallization cause thickness changes such
that the crystal adjusts its thickness to suit the new con-
ditions. A surface step is produced at the position where
the growth front was located when the conditions were
changed.

Frank and Tosi first recognized this deficiency in the
context of the nucleation model, and in their theory the
stems in a crystal are permitted to have different lengths.
The crystal evolves in a self-consistent manner to produce
an average stem length or thickness I". The theory pre-
dicts that, within a single crystal, stems longer than I
are disfavored, because they are likely to require
overhangs with high surface energies.

A similar self-consistent approach can be used to de-
scribe the pinning models. Consider an ensemble of
growing crystals with an average thickness 1. Let C, (i)
be the concentration of the subset consisting of crystals
that have a stem at the outermost position of length i.
Figure 7(b) shows that this decreases faster with increas-
ing i than does oo(I) in Fig. 7(a). Note that Fig. 7(b)
derives from one set only of P (i,j ) values corresponding
to a single hT. This is not true for Fig. 7(a). It was
found by trial and error that for e=kT /0. 55 C, (i) de-
pends on i according to the relation

1 5x10 C, (i ) =exp[ (I /I 0 )r—], (18)

10

0

5x10 —05

100

FIG. 9. Growth rate, as calculated for the nucleation model,
for one value of i, i.e., the overall incorporation rate for stems of
length i. Also shown are the contributing factors from the bar-
rier and from the driving force. (a) Barrier term Ao, (b) driving
force term is (1—8/A } [see Eq. (12)]; (c) total initiation rate for
new patches on the growth face which under some conditions
gives the growth rate G.

where y is about 3.5 and 10 =6.6.
By the use of Eq. (18) for C, (i), we can calculate I from

the maximum of the product of this with the driving
force term in Eq. (16) (curly braces) which has been de-
scribed in Fig. 8. Figure 10 shows C, (i) and the driving
force expression for the row models, and the sharp max-
imum in G can be observed in the product (dashed line).
An approximate value for l should be given by the value
that maximizes the quantity [(I—I )/1]exp[ —(I/10)~].
Note that the thickness I wi11 not be affected by a change
in the constant multiplying the expression for the driving
force. The condition for I is then

pl~+' —yl I~ —1~1~=0 .

The value of I is close to the measured value in most
cases, where the model calculations were made; typical
results are I =7.6 for (19}and I =7.9 for the model. A
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FIG. 10. As in Fig. 9, but showing analogous results for the
row of stems model, taken from Figs. 7 and 8: (a) barrier term
from Fig. 7(b); (b) driving force term from Fig. 8; (c) total
growth rate as the product of (a) and (b) showing the preferred
(I ) value.

GROWTH RATES

The plots of 6 in Fig. 11 are not strictly linear, in con-
trast with the highly linear plot of ao(l) on a log scale
against I [Fig. 7(a)]. This reflects the fact that I is not

10

Grit.

10 .-

o 0

(bI &~(c)
(a}

10

10 20

(To) /T~4T

FIG. 11. Logarithmic plot of the growth rate 6 for the row
model vs ( T ) /T, hT, according to Eq. (12) as expected for nu-
cleation theory. As is explained in the text, Eq. (12) can
represent growth limits by any activated state, such that the ac-
tivation energy depends on AT '. Here (a) corresponds to
kT~/c, =0.2, (b) kT~/c, =0.35, and (c) kT~/c, =0.55.

more precise way of calculating the average I is to aver-
age under the dashed line in Fig. 10. This is in fact
equivalent to the derivation of a growth kinetics from the
rate equations. The purpose of using Eq. (19) is not in
fact to derive precise I values but rather to see if the phys-
ical processes operative in the row model are consistent
with the description of a kinetic model in terms of max-
imizing G. Our conclusion is that the self-consistent ap-
proach should be used to allow for fluctuations in thick-
ness, and in this case the method gives results in agree-
ment with the model.

very accurately proportional to 4T ' as assumed in Eq.
(2). Nucleation theories usually associated nonlinear
growth kinetics with regime changes. The 3D models"
show both linear and convex growth plots, so there ap-
pears to be scope for a pinning model to account for the
different types of kinetics observed experimentally. It is
apparent from Fig. 11 that the G versus hT relation is
similar for the different values of c, but the absolute
values of 6 are lower for large e. On the other hand, the
results illustrated in Fig. 6 show that this is not a result of
smaller values of C, (l) at large s. In fact, the driving
force term is considerably smaller for the larger c. There
appear to be at least two effects involved here. Firstly, 51
is smaller which of course decreases d(5l) (Fig. 4). This
explains the large difference between the results for
IkT =.1.82 and s/kT =5. Secondly, the probability of

finding a short stern at the outermost position is small,
and this decreases with increasing s. This is a result of
the fact that single units, for example, are weakly bonded
to the underlying crystal. The state with a singly at-
tached unit may have a smaller probability of appearing
in the ensemble than the state with the rectangular
growth front.

D/SCUSSION AND SUMMARY

The rate equation approach has shown that the pin-
ning model can account for the principal experimental
trends for crystal thickness and growth rate, without in-
voking nucleation. Many of the results mirror those of
the nucleation theories, and in view of the mathematical
analogies this is not surprising. For example, 51 is ap-
proximately constant with I, and for a typical value of / it
represents about 10%%uo of the total. In this paper we have
attempted to identify the physical processes in the row
model that determine these results, in particular, we have
been concerned with the thickness deviation 5l. Our ap-
proach has been to separate the expression for the growth
rate into two terms. One term represents the probability
of finding a crystal in the "transition state, " i.e., a crystal
with a rectangular end, since only these crystals are avail-
able for the addition of a viable stem. The second term
represents the rate of deposition on these crystals, and is
roughly proportional to the free-energy driving force for
crystal growth. This separation is justified by an exam-
ination of the properties of the model calculated from the
solution of the rate equations. In particular, the barrier
term is found to depend exponentially on the average
stern length I and the driving force term is proportional
to 5l (it goes towards a value near the expected value of
l ). The criterion of a kinetic theory, that the small crys-
tal thickness I is the outcome of the fastest mode of
growth, is fully consistent with the results. However, the
choice of the appropriate barrier factor is quite a delicate
matter. This question may be further illustrated by a dis-
cussion of why 5l decreases with increasing e. The ao(l)
values decrease more slowly with I for high c. compared
with low c. This is a result of the fact that it is always
likely for a fluctuation to decrease I values compared with
the substrate. It is then. unlikely, for large c especially,
for a fluctuation to restore the larger I values. This is be-
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cause of the energy penalty associated with a stern pro-
jecting above the substrate. Hence the appropriate bar-
rier factor to discuss is C, (i) [Fig. 7(b)]. The C, (i) values
for one given row crystal decrease more steeply with i for
the case of larger c. Hence, once rows are established,
there is a decreased probability of maintaining a large 5I
for the case of large c.

The differences in properties for different c. are intrigu-
ing and have no counterpart in nucleation theories. The
side surface free-energy term 0. in nucleation theories is

affected by the strength of the intermolecular bonding,
but it is usually considered to be a constant for a given
geometry. It influences the K values through the barrier
term for step creation. To a first approximation, c does
not change the barrier term for the row model, but scales
the growth rates as a whole. This may be relevant to the
striking experimental observation that growth rates in-
crease rapidly with T„for a fixed b, T. This is accom-
plished experimentally by the use of different solvents
which change TM.
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