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Two-band model for anisotropic Hall effect in high-T, Y-Ba-Cn-0
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Recent experimental measurements show that for the magnetic field parallel to the c axis and
the current in the a bp-lanes, the inverse Hall coefficient 1/RH is p type and linearly temperature
dependent; and for the magnetic field in the a-b plane, the Hall coefficient is n type and nearly in-

dependent of temperature. In this paper, we analyze various possibilities to cause this unusual
temperature behavior of RH. A two-band model with an exterior carrier source is proposed to ex-
plain the temperature dependences of both the resistivity and Hall number. The connection be-
tween this simple model and the high-T, oxide Y-Ba-Cu-0 is discussed.

There has been much interest in the remarkable elec-
tronic behavior of the newly discovered high-T, oxides. '
While much of the theoretical work on high-T, supercon-
ductivity has concentrated on various novel mechanisms
causing such a high T„the normal-state transport proper-
ties that reveal much about the anomalous electron behav-
ior of the oxide superconductors are still puzzling and
mysterious. Understanding the normal-state electronic
behavior may be a necessary step in understanding the
novel mechanism for high-T, superconductivity.

The main features of the normal-state transport in the
high-T, oxides are the strong anisotropies and unusual
temperature dependences of some transport coefficients
including the resistivity, Hall tensor, and thermoelectric
power. Recent experimental measurements of a single
crystal of YBa2Cu307-„as well as ceramic samples show
that (1) the in-plane resistivity p,b (parallel to the Cu-0
plane) is nearly linearly temperature dependent from T,
up to room temperature, 3 5 (2) the out-plane resistivity

p, (perpendicular to the Cu-0 plane) is at least ten times
larger5 than that of the in-plane direction, and its data
can be fit to the formula p, aT+b/T (Refs. 6-8), (3)
the Hall coefficient RH, for the magnetic field parallel to
c, and the current in the a-b planes, is p type and 1/RH is
linearly T dependent, s'9 and (4) the Hall constant, with a
magnetic field applied parallel to the a-b planes, is n type
and nearly independent of temperature. s

There have been several theoretical discussions on the
linearly T-dependent behavior in terms of the traditional
electron-phonon scattering mechanism'o '3 or the elastic
scattering between the charged bosons (holons) and neu-
tral spinons in the two-dimensional resonating-valence-
bond (RVB) picture. Quantitative estimations6'2'3 for
the magnitude of p,b have also been given. On the other
hand, there are only a few theoretical works on the c-axis
conductivity o,. Anderson and Zou suggested that cr,
with linear temperature dependence is due to the tunnel-
ing of holons between the Cu-0 planes. Recently, we'
obtained the same T dependence of o, based upon the
hopping mechanism of charged carriers between the a-b
planes with emission or absorption of phonons. So far the
temperature dependence of the Hall coefficient of Y-Ba-
Cu-0 has no reasonable explanation even though the signs
of the Hall effect are consistent with the band-structure

calculation of Allen, Pickett, and Krakauer. '~ Particular-
ly, how to understand the T dependences of both the resis-
tivity and Hall coefficient in terms of a unified physical
picture is still an open question. In this paper we first ana-
lyze the difficulties of some present theoretical models in

accounting for these unusual normal-state transport phe-
nomena, and then propose a possible two-band model for
the two-dimensional Cu-0 planes with an exterior carrier
source to interpret the behaviors of the resistivities and the
Hall coefficients along both the a-b and c directions.

I. SINGLE-BAND MODEL

In a single parabolic band picture the conductivity tr
and Hall constant RH satisfy the following formulas:

and

a net ne r/m,

RH 1/nec,

where n is the charged carrier (electron or hole) density, e
is the carrier charge, and c is the speed of light. p er/m
is the mobility of the carriers, rn is the carrier effective
mass, and I/r is the carrier scattering rate. In almost all
works calculating p,b of high-T, oxides based upon a
two-dimensional single-band model for holes in the Cu-0
plane, the nearly linear T dependence of p,b is obtained by
assuming n to be a constant and deducing the approxi-
mate relation that I/r~T from the electron-phonon in-
teraction'o ' or holon-spinon scattering. 6 On the other
hand, the measurement of the Hall constant for a single-
crystal Y-Ba-Cu-0 shows that for the magnetic field
parallel to the c axis, and the current in the a-b plane, RH
is inversely proportional to temperature and the charge
carriers are holes with RH )0. The extremely unusual
behavior of RH implies that the carrier density of Y-Ba-
Cu-0 would increase linearly with temperature. There-
fore, starting from a single parabolic band picture, there
exists a dilemma on the T dependences of the carrier den-
sity n from either p,b cs T or RH ce 1/T, the former indicat-
ing that n is T independent with I/r~ T and the latter im-

plying that n ~ T. In Refs. 11 and 12, it is pointed out that
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for a high-T, oxide compound with complex band struc-
ture the free-electron formulas (1) and (2) no longer hold,
and instead a variational solution of the Boltzmann trans-
port equations is applied to analyze the anisotropic trans-
port. However, the calculated result for RH in Ref. 12 is
still T independent and cannot be used to explain the ex-
perimental data of RH ~1/T. From Eqs. (1) and (2), the
unique solution satisfying both RH~l/T and p,b~T is
that n~ T and 1/z aT+PT with a and P related to the
constant term of p,b and the slope dp&b/dT, respectively.
Such an expression for 1/z can be obtained by assuming
that 1/z 1/z, i,h+1/z, „where the electron-phonon
scattering rate 1/z, ~h has been shown' ' to be a nearly
linearly T dependent from T, up to room temperature,
and the carrier-carrier scattering (U process) rate 1/z, , is
well known to be proportional to T2 at low temperature. '

So the relation 1/z aT+PT seems to be a reasonable
approximation although the coefficient P is expected to be
smalL'~ At the same time, the other assumption, n~ T, is
difficult to understand. One may assume that there exist
some localized states from which electrons can transfer to
the carrier band so that the carrier density can change
with temperature. However, it is still difficult to explain
the linearly T-dependent behavior of the carrier density.
Furthermore, the Hall coefficient obtained experimental-
ly5 for the magnetic field perpendicular to the c axis yields
the charged carriers as electrons (RH &0). The under-
standing of these phenomena is the main difficulty associ-
ated with a two-dimensional single-hole band model.

II. TWO-BAND MODEL

For a two-band (parabolic) model with both electrons
and holes as charged carriers in the Cu-0 planes, the in-
plane conductivity and Hall coefficient (the magnetic field
parallel to c and the current in the a-b planes) can be
shown to have the following forms:

a Peg p+ net. „,
2 ~ 2

PPp 7lPg
(4)

ec(ptt p+np„)' '

where p and n are the densities of holes and electrons, re-
spectively, and p~ and p„are the corresponding mobilities
in the a-b plane. It seems that there are four independent
variables: p, n, p~, and p„ in Eqs. (3) and (4), and the
solution which satisfies both o~l/T and RH~1/T has
many choices. However, the existence of some physically
constrained conditions makes it very difficult to find a
physically reasonable solution. Very recently an interest-
ing solution has been suggested by Davidson et al. ' Two
very special conditions are assumed under the two-band
model: (i) p n for all temperature, and p (or n) is in-
dependent of T; (ii) pz „C(1+D/T)/T, i.e., the hole
and electron mobilities have exactly the same value to or-
der 1/T, but opposite sign in the next order term 1/T .
These assumptions lead to o 2neC/T and RHec

2D/nT Here we wish to ch. eck if this solution can be
physically derived. First, the conservation condition of the
electron number in a two-band system will give the rela-

tion p —n const. Assumption (i) satisfies this relation if
the constant is taken to be zero. Second, let us examine if
assumption (ii) is reasonable. When the electron-hole
scattering is not considered, the mobilities of electrons and
holes usually have the similar 1/T dependences due to
electron- (hole-) phonon interaction even though their
magnitudes can be different due to the disparity of the
effective masses of electrons and holes, or z, zh and zh zh.
The origin of the 1/T ( —1/T ) dependent term in pz
(p„) is rather difficult to understand. It may come from
the electron-hole interaction. Kukkonen and Maldague'
have studied the effect of the electron-hole scattering on
the electrical resistivity of a simple degenerate semimetaL
From their calculation with the assumption z, ~h

the following expressions for pt, and p„are obtained:

n(1 +me) mh )
pmh +nme, I/ze ph+-I /ze-h

e p(1+mb/m, )
( ) ( )

pmh+ nm, I/zp-ph+ I/ze h-
where 1/z, h is the electron-hole scattering rate and is T
dependent at low temperatures, and 1/z, i,h is the
electron-phonon or hole-phonon scattering rate. The
resistivity for two types of carriers with z, th~zh rh has
also been studied, 's but its expression is rather lengthy
and will not be presented here. It is easily seen from Eqs.
(5) and (6) that if p n as in Ref. 16 one will get the
similar temperature dependences for pt, and p„. Even in
the case of pen and z, ~h&zh ih, one still cannot obtain
the required T dependences of p~ and p„suggested by au-
thors in Ref. 16. Therefore, the assumption (ii) for pt, ,„
seem to be artificial, and its physical origin has not been
identified. In the following a different model to explain
the transport properties in high-T, Y-Ba-Cu-0 will be
proposed and discussed.

III. TWO-BAND WITH EXTERIOR
CARRIER SOURCE

We consider a system composed of two parabolic bands,
as shown by Fig. 1, and many localized electron states
near the Fermi level EF. The electrons and holes in the
two bands are the carriers contributing to the conductance
and Hall effect. The electrons on the localized energy lev-
els, which make no direct contribution to the transport,
can transfer to carrier bands with increasing temperature.

——EP

EF—-- E(

FIG. 1. Two-band model with localized energy levels.
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In the present case, Eqs. (3) and (4) remain valid if the
original conservation condition of electrons, n —p const,
is replaced by n p—+n~ const with n~ the density of the
localized electrons.

The electron density for a two-dimensional parabolic
band can be calculated by

n -(2/d)g f[(eb —EF)/T]

with

and

EF(~) -(m/, Ep+m, E, )/(m/, +my),

AFF(T)
EF(~) —E(

1+T/T

T ndN ~/(m, +mb ),

(1S)

p (Tmb/nd)ln(1+e ' ' ), (8)

where Ep is the energy at the top of the hole band. The
density of the localized states is

n~ 2N~ f[(E~ —EF)I/Tlj,

where E~ and N~ are, respectively, the energy level and
density of the localized states. The Fermi energy EF in
Eqs. (7)-(9) is temperature dependent, and it will be
determined by the relation n p+—n~ const. In order to
get the expected T dependence of the Hall coefficient, the
constant on the right-hand side of the above equation is
taken to be N ~, from which we get

with d the lattice parameter along the c axis (d 11.7 A)
for Y-Ba-Cu-O, k the wave vector, ek k /2m„, and f(x)
the usual Fermi function. For a two-dimensional case un-
der consideration, the sum over k in the above formula is
easily performed and the result is

n (Tm, /nd)ln(1+ e ' " ), (7)

where E„ is the energy at the bottom of the electron band.
Similarly, the hole density for the other two-dimensional
parabolic band is

where EF(~) is the constant term of EF, and &FF(T)
given by (16) depends on the temperature. It is easily
seen that p+n is almost a constant independent of tem-
perature, while p n i—s sensitive to tetnperature.

Here we wish to connect the present simple model with
the high-T, oxide compounds Y-Ba-Cu-O. Band-struc-
ture calculations'9 2' for Y-Ba-Cu-0 indicate the essen-
tially two-dimensional nature of the electron dynamics.
The present two-band model may be extracted from the
complex band structure for YBa2Cu307 calculated by
Herman, Kasowski, and Hsu, '9 in which an electron val-

ley near point I and a hole valley near point M can be
found. The localized states of electrons may be assumed
to come from oxygen vacancies in the Cu-0 chain planes
of Y-Ba-Cu-O. The oxygen vacancy carries an effective
charge 2

~
e

~
and thus should be able to trap two electrons

at low temperature [see Eq. (9)l.
In the following we wish to study the T dependences of

both p,b and RH of Y-Ba-Cu-0 using such a two-band
model with an exterior carrier source. However, in order
to obtain the expected behaviors of p,b and RH, it is neces-
sary to make a further assumption p~=p„. From Eqs.
(3) and (11),we find the in-plane conductivity

p nN~ —tanh[(EF —E~)/T], (io) a,b (p+n)eel, . (i8)

Under these approximations we obtain the solutions

p+n - [mbE~ —m, E, + (m& mb)EF jl/n (12)

with EF —E ~
& 0. This choice of the constant implies the

assumption that the charge compensation condition p n
for T ~, while in Ref. 16 itis assumed thatp n for all
temperatures. By using Eqs. (7), (8), and (10), n, p, and
EF can be determined self-consistently. To see clearly the
temperature behaviors of n, p, and EF, we make some ap-
proximations in the following. First, we consider E~ to be
close to the Fermi level so that

tanh[(EF E~ )/T I = (—EF —E ~ )/T

when EF —E~ & T in the range from T, up to room tem-
perature. Second, we consider that both the degenerate
conditions EI, EF» T and E—F —E„»T are satisfied. So
Eqs. (7) and (8) can approximately reduce to

n -(m, /nd)(EF E,), —

p (mb/xd) (E~ —EF) .

Since from T, to room temperature the nearly linear T
dependence of p~ has been shown'2'3 and p+n is al-
most independent of temperature as discussed above,
p,b( 1/a, b) obtained from Eq. (18) has linear T depen-
dence, which is in agreement with the experimental data
of Y-Ba-Cu-O. It is interesting to notice from Eq. (18)
that the temperature slope of p,b( I/a, b) due to
electron-phonon scattering is almost independent of N ~ if
the variation of N ~ is small and does not change the band
structure. The measured resistivity is the sum of the
phonon-induced p,b and the impurity-induced resistivity
p;. The latter is T independent but increases with the in-
crease of the oxygen deficiencies. These deductions seem
to be supported by the experimental data22 of p,b of Y-
Ba-Cu-O, in which for several values of oxygen content
(more than 6.7 but less than 7), the slopes of p,b are al-
most identical to each other but the extrapolated values at
T 0 increase upon decreasing the oxygen content or
creating more oxygen vacancies.

On the other hand, with a symmetry of the mobilities,

p~ =p„, the Hall coefftcient in Eq. (4) reduces to the fol-
lowing form:

EF EF(~) AFF(T) g

(13)

(i4)

[1+4pn(1 p./p )/(p' —n')) —. (19)
(p+n)' n p

Substituting (11), (13), and (15) into (19) and neglecting
the second term on the right-hand side of the above for-
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mula, we obtain the expression for the Hall number
(nH 1/RHec) as

nH -n (0)(1+7/T'),

expression for RH as

PgpPpc ~gnPne 1
RH

(ptt p +ntt g )(pp pc +ntt pgc ) ec
(22)

where tt~ and lt„are the in-plane mobilities of holes and
electrons, respectively. ttt„and p.„, are corresponding
out-plane mobilities, and they have the similar linear T
dependences which can be obtained by the phonon-
assisted tunneling process. ' Under the same approxima-
tion pt, =p„we obtain

with

nH(0) tr(p+ n) /l(m, +ttts )[EF(eo) —Ei]l . (21)

PHD ~inc 1 (23)
(p+n)(ptt~, +nit„, ) ec

'

In Ref. 14 we have proposed that the conductivity parallel
to c axis originates from the phonon-assisted tunneling
process of electrons or holes. In general, the hopping rates
of electrons and holes are different. If we assume

p )p~, RH will be negative and will slowly vary with
temperature, and nH will be almost a constant, that is,
larger than p+n. The measured Hall constant, with a
magnetic field applied parallel to the a-b plane, is n type
and nearly independent of temperature. 5 This experimen-
tal result can be explained in terms of the present theoreti-
cal model by assuming a larger out-plane mobility for
electrons and a smaller one for holes.

In summary, we have shown that a two-band model for
the Cu-0 planes with an exterior carrier source can be
used to explain the temperature dependences of both p,b

and the anisotropic RH in the high-T, Y-Ba-Cu-0 com-
pound as long as two assumptions are made: (i) pt, =p„
and hatt„(tt„, ; (ii) the charge compensation condition

p nfor T
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The sign of nH (0) depends on the position of the localized
level Ei relative to EF(~). It is positive when the local-
ized energy levels are below EF(ee). Equation (20) gives
the linear temperature dependence of nH for the magnetic
field parallel to c and the current in the a-b planes. This
result is in qualitative agreement with the recent experi-
mental data of both single-crystals and ceramic9 samples
of Y-Ba-Cu-O. It is easily seen from Eqs. (17) and (20)
that the slope dnH/dT is inversely proportional to Ni, but
this is valid only when the second term on the right-hand
side of Eq. (19) can be neglected. This deduction indicates
that the larger the number of the oxygen defects (csN1),
the smaller the slope dntt/dT. It is also qualitatively con-
sistent with the experimental data of Ref. 9 in which the
slope dnH/dT decreases upon increasing the number of ox-
ygen vacancies or decreasing oxygen vapor pressure.

Here we wish to give some rough estimations for nH, n,
and p. If we choose Et, —E„=2000 K, RF(co) —Eil/
T*=0.5, Ni 2x102' cm, and m, =rrth=5rrto with
mp the free-electron mass, we obtain from Eqs. (12), (13),
and (17) that T*=650 K, p+n 3x10~' cm 3, p n-
=0.87~F10 ' cm for T 100 K and p —n=0.68&102'
cm for T 300 K. It follows that nH increases linearly
from 1&1022 cm s at T, to 1.3x1022 cm s at room tem-
perature. These Hall numbers can be compared with the
experimental data of recent Hall coefficient measure-
ments. 9

For the magnetic field parallel to the a axis in the a-b
plane and the current in the b-c planes, Eqs. (4) and (18)
are no longer valid due to the anisotropic mobilities of
electrons and holes. For such a case we have derived the
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