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Linear spin- —' magnetic chains: Susceptibilities, correlation functions, and applications

to (C6H»NH3)CuBr3 and deuterated CuCl2. 2(CH3 }2SO
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The susceptibilities, correlation functions, and correlation length of the spin- —, one-dimensional

XXZ model are calculated for the chains with the finite size N and free boundary conditions. The
infinite-chain results are estimated by extrapolation in 1/N, and good convergence is found for most

temperatures. Theoretical estimates are compared with the experimental results for the correspond-

ing model compounds C6H»NH3CuBr3 (CHAB-d l4) and CuC12 2(CH3)2SO (CDC) in the deuterated
versions. The crossover region of the in-plane correlation functions is revealed and the inverse

correlation length is in a semiquantitative agreement with that measured for CHAB. The single-

crystal magnetic susceptibility data for CDC are reinterpreted and the quantitative agreement with

the experiment is found.

I. INTRODUCTION

One-dimensional (1D) magnetic systems have been the
subject of great theoretical and experimental interest' in
recent years. Their properties are usually described by
the 1D anisotropic Heisenberg Hamiltonians with a given
number of spin S. (CD3)4NMnC13 (Refs. 1—3) (TMMC)
is known as a spin- —, quasi-one-dimensional antiferromag-
net whereas CsNiF3 (Refs. 1, 4, and 5) is a spin-1 com-
pound with ferromagnetic intrachain interaction. A
number of spin- —,

' systems has been found with both fer-

romagnetic and antiferromagnetic interactions which
can be described by the Hamiltonian

Ho —2'(S;"S——;"+] +S;S;+] +hS S + &
) .

One of the best realizations of the 1D ferromagnetic
model (1) is the compound (C6H»NH3}CuBr3 (CHAB).
From various measurements ' the parameters J and b,

have been established as

J/k' ——55+5 K, 6=0.95 .

The value of the corresponding g factor has been found
from magnetization measurements". g =2.01+0.02.

The easy-plane Hamiltonian (1) with b, &1 can be
mapped' into a sine-Gordon (SG) Hamiltonian by hav-
ing recourse to the continuum limit approximation, clas-
sical spin, and the limit of large anisotropy, confining the
spins in the easy plane. In this context of nonlinear soli-
ton excitations, the recent experiments' on CHAB in the
presence of a magnetic field cannot be described quantita-
tively. The excess specific heat b C (H}=C (8)

C(H =0) measure—d experimentally does not cover one
universal curve as it is predicted by the sine-Gordon (SG}
theory. ' Quantum corrections' implemented in the
framework of the SG model turn out to be small. For
CHAB they even result in larger deviations. The role of
quantum effects has been enhanced within the semiclassi-

cal approach ' but an agreement with experiment is
still far from being quantitative.

Some attempts have been made to go beyond the SG
approximation. The finite value of the anisotropy term in
(1) leads to the out-of-plane motion of the spin. Neglect-
ing quantum effects, the out-of-plane fluctuations have
been taken into account in the numerical Monte Carlo
and transfer matrix ' calculations. In contrast to the
SG approach, the excess specific-heat data do not cover
one universal curve, and the peak features are qualitative-
ly correct. Recently a next step has been taken and both
quantum as well as out-of-plane fluctuations have been
taken into account in the theoretical calculations.
Two complementary numerical analyses of the anisotrop-
ic quantum Hamiltonian (1) have been put forward by
having recourse to quantum Monte Carlo (QMC) and
quantum transfer-matrix (QTM} calculations and to ex-
trapolation of the finite-size results.

The quantum statistics applied to the model (1} does
not yield the quantitative agreement with the experimen-
tal excess specific-heat hC(H) as far as the peak positions
and peak heights are concerned. QMC and QTM re-
sults support the conclusion that the experimental peak
heights and positions for CHAB cannot be reproduced
adequately for the acceptable value (0.90&6, &0.96) of
the easy-plane anisotropy parameter h. Independent
finite-size calculations confirm the disagreement be-
tween theory and experiment as far as peak positions are
concerned. However, the peak-height predictions for the
corresponding spin S=—,

' and S =1 model Hamiltonians

agree quantitatively with those of CHAB and CsNiF3.
For the S=—,

' Hamiltonian (1) the chains with size N up
to 10 have been extrapolated to N infinite. This is a typi-
cal length of chains considered previously ' in more
simple zero-field cases for more symmetric interactions.
These extrapolated (to infinite N) finite-size results are
very well established. It was demonstrated that QMC re-
sults and QTM results ' converge towards those of
Bonner and Fisher. The QMC and QTM techniques
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refer to the Trotter formalism so that the one-
dimensional quantum Hamiltonian is mapped onto a cor-
responding two-dimensional classical Hamiltonian on a
strip. The length of the strip in the chain direction can
exceed that considered in the finite-size technique by a
factor 3 or more but in Trotter direction the length m is
usually limited to m =8.

In this paper a numerical analysis of the quantum
Hamiltonian (1) previously applied to the excess specific
heat is extended to other thermodynamic quantities.
The correlation functions and the magnetic susceptibility
are calculated by extrapolation of the corresponding
finite-chain results. From the correlation function data
the inverse correlation length is extracted. As concerns
susceptibility, the results obtained here are compared
with those known in the limit b, =O (XF model ) and
b, =l (isotropic Heisenberg model ), and rather good
agreement is revealed. A contact with the recent experi-
ments on CHAB is made as far as the inverse correlation
length is concerned. The semiquantitative agreement
with experimental data is found for the standard choice
of the parameters. In view of the reservations ' on the
applicability of the Hamiltonian (1) to CHAS, rather
strong support in favor of this Hamiltonian is presented.
In addition, the experimental susceptibility data on
CuC12 2[(CH3)2SO] (denoted as CDC) are reinterpreted
in terms of the Hamiltonian (1).

The remainder of this paper is as follows. In Sec. II a
brief description of the method and the zero-field results
for the susceptibility, correlation functions, and the in-
verse correlation length are presented. Section III con-
tains the comparison with recent experimental data and
our concluding remarks.

II. METHOD AND THERMODYNAMIC FUNCTIONS

Here we are interested in zero-field results for the ther-
modynamic functions following the method applied pre-
viously in the case of the field-dependent specific heat.
Some calculations in zero field have already been per-
formed ' and the values given in (3) were inferred from
the corresponding theoretical results and the specific-heat
experimental data.

We diagonalize numerically the corresponding ma-
trices of the Hamiltonian (1) for finite chains with size N
up to 11. Calculations are performed for chains with free
ends in view of better convergence properties and a
truer representation of the asymptotic (N~oo) shape
for finite N. We are now able to consider longer chains
then before, since the higher symmetry now results in a
reduction of the size of the matrices which must be diag-
onalized. For a given size N, the interesting thermo-
dynamic quantities can be expressed in a standard way in
terms of the eigenvalues E; and the corresponding eigen-
vectors of the matrix representation (1). Having found
the numerical data for these quantities, we can plot them
versus the inverse length I lN of the chains and extrapo-
late them to N~~. As previously, the scale 1/N is

I

found to be appropriate for linear extrapolations. Many
test calculations have been performed to check the pro-
gram and the convergence. In particular, the zero-field
specific-heat data (Table IV) and some other data, re-
ported in details below, have been fully recovered.

The accuracy of the extrapolations can be estimated by
having recourse to the dispersion of the results when the
number and size of chains used in the extrapolation pro-
cedure is changed. In general, the estimated uncertain-
ties are implicitly indicated by the number of digits in the
quoted data. Usually the error bars amount to 1 to 10 in
the last digit, although the accuracy of some results is
better since we report not more than five digits.

A. Correlation function results

We calculate the longitudinal and transverse zero-field
spin pair correlation functions

~z~z Mz 2

iJ

x x Mx2 N,
IJ

(2)

where cr ' stand for the Pauli operators. To perform the
calculations, we diagonalize the XXZ Hamiltonian (1) in
the z representation. As the eigenvalues cr =g;0; of M'
are good quantum numbers, the size D of the diagonal-
ized matrices can be reduced so that D does not exceed
462 for N =11. Finally, referring to the eigenvalues E„
and eigenvectors

~

n ) of the Hamiltonian (1), the correla-
tion functions (2) can be expressed by

p„,= ge "(n
~

(M"')
~

n )/N,
n

(3)

where Z0 is the corresponding partition function.
The longitudinal correlation function p, is related to

the zero-field parallel susceptibility X~~ defined as

BF
g(( = —11me-o r)H

(4)

In the presence of the small longitudinal magnetic field H

8=Ho mHM*— (5)

where T, is the "time ordering" operator with respect to
decreasing values of r, the second term in (5) leads to the
expansion

with Ho, M' defined in (1) and (2), respectively, and
Pl = ~gag.1

Using the Feynman identity

p( Hp + V) pHp p rHp —rHp
e =e T, exp — d~e 'Ve

0

P(Hp + ) PHp P rHp —rHp P 1 r]Hp —(r] —r2)Hp —r2Hp
e =e 1 — dwe Ve + d~, dr2e Ve Ve + . .

0 0 0
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Commutativity of M' and Ho results in

Z(T, H)=pe ~ "[1 P—mH(n
i
M'i n )

+—,'(PmH) (n
~

(M')
i

n )+O(H )],

so that

Xii NP=m p,

(8)

and we can make contact with some susceptibility data
previously known. Such simple relation does not hold for
the transverse susceptibility Xi as M and Ho do not
commute.

The correlation functions p„„computed according to
the formula (3), are reported in Tables I and II for the
ferromagnetic (J&0) and antiferromagnetic (J(0) in-
teractions, respectively.

For the XF model (6=0.0) p, can be compared with
the exact values reported in the first column of Tables I
and II. Above the reduced temperature
~=ka T/

i
J

i
=0.15, our extrapolated data do not devi-

ate from the exact data more than 4%, whereas for
~& 1.0 they coincide at least up to five significant digits.
For the ferromagnetic isotropic Heisenberg model
(b, =1.0) we find p„=p, and the corresponding results
can be compared with the high-temperature expansion
data" denoted as XHTz in Table I. The latter are very
well established with an error less than 1% at ~=0.5
which increases to 10% as T~O. Thus our data up to
~=0.15 are within these error bars. For both cases con-
sidered here, the extrapolated results are consistent with
the previous data ' up to r=0. 10 but the accuracy is
considerably decreased.

Our results can be compared with those of Bonner and
Fisher as far as p, is concerned for the antiferromagnet-
ic interactions. The latter have been extracted from the
analysis of finite rings. An excellent agreement is found

up to ~=0.25 with the 4% error at that point for 6=1
and b, = 1/0. 7. Taking into account that in Ref. 28 the
reduced susceptibility p, /4~ is considered, we find the
position of the maximum for 5= 1.0 at ~= 1.288 with the
corresponding height 0.07347 whereas Bonner and Fish-
er report the value 0.073 46. Our estimate of the
ground-state energy for the antiferromagnetic XY model
is —0.637J while the exact value is —0.6366J.

Some results presented in Tables I and II will be re-
ferred to later on in order to make contact with experi-
mental results on the susceptibility and the correlation
length.

p"„=(cr",o",+„), p'„=(o', o', +„) (10)

is calculated. We refer to the following definitions of
the transverse and longitudinal inverse correlation
lengths

a.„=—lim ln
~
p"„+,/p"„

i

K = —Ti lim 1n(p2p+3/pzz+, ) .
p —+ 00

In the definitions (11) the idea about the exponential de-
cay of the correlation functions in the paramagnetic re-
gion and on distances much larger than the correlation
lengths g is implemented. The definitions (11) lead, in the
finite-size calculations, to the following problems. Not
only the limits in (11) cannot be precisely taken but also
the correlation function decreases by several orders of
magnitude if n »( so that the accuracy of the numerical
computations becomes questionable even for finite n.
Our numerical results can be reliable provided that the
correlation length g is much smaller than N (the length of
the chains) and the corresponding correlation functions
do not fall off too rapidly. This is practically fulfilled if

B. Correlation length results

In this section the inverse correlation length ~ for the
spin pair correlation functions

TABLE I ~ The zero-field correlation functions p„, of the longitudinal and transverse spin components for the ferromagnetic
(J p 0) interactions.

kq T/J ex
0.0
p p.

0.90
pz px

0.95

pz px, z

1.0
+H TS p

1.5
pz

0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
1.0
2.0
3.0
4.0
5.0
6.0

0.063 93
0.096 44
0.129 73
0.164 24
0.200 34
0.238 03
0.276 99
0.31664
0.356 31
0.669 11
0.888 97
0.947 38
0.969 70
0.980 39
0.986 30

6.4
6.3
5.9
5.6
5.2
4.82
4.48
4.17
3.90
2.392
1.617 2
1.387 31
1.280 75
1.21979
1.18046

0.05
0.10
0.13
0.17
0.201
0.239
0.277
0.3167
0.356 4
0.669 11
0.888 97
0.947 38
0.969 70
0.980 39
0.986 30

8.4
6.7
5.4
4.6
3.97
3.55
3.23
2.987
2.794
1.935 0
1.489 03
1.330 74
1.249 43
1.20003
1.166 88

0.984
1.476
1.782
1.938
2.004
2.021
2.012
1.989
1.960 1

1.67449
1.399 58
1.280 16
1.214 83
1.17394
1.14602

7.5
5.8
4.78
4.10
3.63
3.29
3.03
2.827
2.663
1.902 0
1.481 05
1.327 34
1.247 57
1.198 87
1.16609

2.04
2.52
2.64
2.62
2.55
2.465
2.380
2.299
2.225
1.768 8
1.435 81
1.301 85
1.230 17
1.185 76
1.155 62

5.4
4.61
4.02
3.59
3.27
3.02
2.824
2.664
2.531
1.868 8
1.473 02
1.323 92
1.245 71
1.19771
1 ~ 165 30

6.38
4.961
4.172 0
3.6640
3.307 0
3.041 1

2.834 77
2.669 54
2.533 94
1.868 89
1.473 03
1.323 92
1.245 71
1.19771
1.165 30

2.84
3.26
3.22
3.07
2.90
2.75
2.616
2.499
2.397
1.835 5
1.46497
1.32048
1.243 84
1.19654
1.164 51

12.0
8.0
6.0
4.9
4.20
3.71
3.36
3.09
2.882
1.975 1

1.511 25
1.346 37
1.261 45
1.209 77
1.175 06
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TABLE II. The zero-field correlation functions p„, of the longitudinal and transverse spin com-
ponents for the antiferromagnetic (J & 0) interactions.

k~ T/J

0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
1.0
2.0
3.0
4.0
5.0

ex

0.063 93
0.096 44
0.129 73
0.164 24
0.200 34
0.238 03
0.276 99
0.31664
0.356 31
0.669 11
0.888 97
0.947 38
0.969 70
0.980 39

0.0
p

0.15
0.17
0.18
0.19
0.20
0.21
0.23
0.24
0.261
0.418 3
0.618 35
0.720 81
0.780 79
0.819 81

0.05
0.10
0.13
0.17
0.201
0.239
0.277
0.3167
0.356 4
0.669 11
0.888 97
0.947 38
0.969 70
0.980 39

1.0
Px, z

0.0
0.01
0.03
0.05
0.07
0.09
0.10
0.11
0.13
0.288
0.546 17
0.680 54
0.755 79
0.802 93

Pz

0.0
0.02
0.03
0.05
0.07
0.09
0.10
0.11
0.13
0.284
0.541 11
0.677 23
0.753 60
0.801 40

1.10

0.0
0.01
0.03
0.05
0.06
0.08
0.09
0.10
0.12
0.267
0.520 75
0.658 55
0.737 24
0.787 08

10.7
Pz

0.0
0.01
0.02
0.03
0.04
0.05
0.07
0.08
0.09
0.210
0.445 8
0.591 34
0.679 51
0.737 19

g«N and 2$&n &3g. Owing to the peculiar behavior
of p'„, one has to consider the distances n which are even
in lattice unit so that the smallest values are n&

——2 and
n2=4. For chains considered here (N =8—11) (&4. If
(=3, then we find n i

——6 and n2 ——8 to fulfill the second
condition so that we have a single pair (8,6) referring to
the definition (11) of a, and we have no statistics. If
g= 1, then n, =2, nz ——4, and n2 & 3g so that p'„ is rapidly
decreasing, and it will be difficult to proceed to n =6.

We conclude that our estimates of a, can be less accu-
rate. However, the corresponding computations of the
quantity ~„are more successful and they are of physical
interest.

Our calculations of ~„proceed in the following way.
For a given chain we calculate all possible values p"„,
where n ( & N —3) is a constant, and then we find the cor-
responding mean value. The inverse correlation length
a„ is extracted from (11), where we put 3&n &N —4.
The values ~ reported here are the corresponding extra-
polated mean values calculated for all possible n and the
error bars stand for the standard deviations. The quanti-
ty ~, is evaluated in a similar way with some necessary
modifications.

In Fig. 1 we present the results for the XY model. The
exact results are drawn in dashed lines whereas our esti-
mates for ~ and ~, are reported by full circles and full
squares, respectively. The inverse correlation length ~
for the isotropic Heisenberg model (5=1.0) is depicted
in Fig. 1 by the solid line. Our estimates for ~„as ex-
pected, are less accurate. In order to consider the chains
as long as possible, we report in this case the results for
N = 11. The deviations in a., found at the low-
temperature region follow from the finite-size effects (sc,

'

is comparable with N, whereas for ~ & 1 they follow from
the fast decay of the correlation functions). In that re-
gion

~
p'„5

~
& 10 so that we calculate ~, from the cor-

responding ratio (1) with n =3 and 1. This accounts for a
jump of data for ~& 1.25.

Finally, we find rather good agreement with the exact

II

Kz

r
~ r

/

/
/

----- XY model

Heisenberg model

0
3

K'8

FIG. l. Inverse correlation lengths sc of the transverse and
longitudinal spin components vs k~T/J in the case J&0. The
dashed curves represent exact results for the XY model against
our estimates for ~„(in solid circles) and v, (in solid squares).
The solid line depicts the extrapolated ~ values for the isotropic
Heisenberg model.

data for a„ in the reduced temperature region v & 0. 1 and
for ~„ in the region 0.2 (~& 1.2, as far as the XY model
is concerned.

It is worthwhile noticing that there is an ambiguity in
the definition of the inverse correlation length a. The al-
ternative definition is



38 LINEAR SPIN-
~

MAGNETIC CHAINS: . . . 4877

TABLE III. The transverse inverse correlation length a„ for diferent values of anisotropy as a func-

tion of the reduced temperature k& T/J.

k~T
J /6

0.1

0.2
0.3
0.4
0.5
0.75
1.0
1.5
2.0
2.5
3.0

0.0

0.06+0.05
0.14+0.06
0.24+0.04
0.32+0.03
0.4220.02
0.64+0.01

0.83620.008
1.16
1.42
1.63
1.81

0.95

0. 14+0.03
0.28+0.03
0.39+0.03
0.49+0.02
0.59+0.01
0.80+0.01

0.979+0.008
1.27
1.50
1.70
1.86

1.0

0.20+0.06
0.32+0.05
0.42+0.03
0.52%0.02
0.61+0.02
0.81+0.01

0.992+0.008
1.28
1.52
1.71
1.87

0.0

0.05
0.10
0.17
0.26
0.36
0.61
0.84
1.22
1.54
1.81
2.05

0.95

0.06
0.17
0.29
0.41
0.52
0.77
0.99
1.37
1.67
1.94
2.18

1.0

0.08
0.20
0.32
0.43
0.54
0.79
1.01
1.38
1.69
1.95
2.19

«'=p / —g Ii —J I (a;o, )
IJ

(12)
gion and systematically larger in the high-temperature re-
gion.

where p is defined in (2). This definition (hereafter re-
ferred to as II) is adopted in the transfer-matrix calcula-
tion of a in the classical limit. As some differences in a
were pointed out for the classical model, we have also
performed the calculations of the inverse correlation
length z„by having recourse to (12). The results are
given in the last three columns of Table III. In the first
part of Table III the numerical data of ~„, found from
(11) and partially depicted in Fig. 1, are reported. The
latter are supplemented by the corresponding standard
deviations if they exceed l%%uo. The definition II leads to
the values which are systematically smaller than those
obtained from the definition I in the low-temperature re-

8=Ho mHM", — (13)

where Ho and M" are defined in (1) and (2), respectively,
and m= —,'gpa. Noncommutativity of Ho and M' be-

comes essential in the expansion (7) and leads to the fol-
lowing formula:

C. Susceptibility results

The longitudinal susceptibility Xl of the model (1}is re-
lated via (9) to the corresponding function p, . The ex-
pression for the transverse susceptibility X~ can be found
from (4) if the magnetic field H is applied in the x direc-
tion so that

2

X~= Pge "(n IM'In) +P
Zp n~k (E =Ek)

"
I

& &
I

M"
I
k )

I
'+2

n@k (E„~Ek )

~E. I(nIM" Ik) I'

(14}

Xg~(T) = p,
B

and for the molar susceptibility

X "'=m N„X~(T)/J,

(16)

(17)

where Zo is the partition function of the Hamiltonian (1)
and E„, I

n ) stand for its eigenvalues and eigenvectors,
respectively. In contrast to the usual expressions, the
diagonal matrix elements are present in (14) as we adapt
the e" representation here. Defining the reduced suscep-
tibility Xz( T) per site as

X~( T) = X( T),J
(15)

Nm

we immediately obtain for the reduced longitudinal sus-
ceptibility

where N„ is Avogadro's number.
We have performed the calculations of the reduced sus-

ceptibility XN( T) for the chains up to N = 10 and we have
extrapolated the results in 1/N. The finite-size data are
split for the antiferromagnetic interactions at low temper-
atures subject to an even or odd N. In that case we extra-
polate separately ¹ven and ¹ dd data, and we take the
average. Our results are presented explicitly in Table IV.
We can compare the results for the antiferromagnetic XY
model (b, =0.0) with those obtained from the closed rings
and the Pade-approximant analysis. Our linear-
extrapolation procedure in 1/N is confirmed very well in
this case. The results for the parameters 5=0.95 (J &0)
and 6=1.10 (J &0) are reported in Table IV as they
model some physical compounds and will be referred to
in the next section.
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k~T/[ J
i

0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
3.0

0.0
(J &0)

0.21
0.27
0.31
0.339
0.346
0.343 0
0.333 70
0.321 49
0.308 13
0.294 59
0.235 30

0.95
(J&0)

23.0
7.5
4.02
2.62
1.901
1.472
1.191
0.9946
0.850 3
0.740 6
0.442 54

1.1
(J (0)

0.16
0.23
0.25
0.269
0.282
0.288 2
0.288 5

0.284 8

0.278 4
0.270 37
0.225 66

III. COMPARISONS AND CONCLUSIONS

We first discuss the comparison between the theoretical
results and the measured experimental data for CHAB
and CDC. In Fig. 2 the in-plane inverse correlation
length s„/T (measured along CHAB-d14 chains) is

presented for the deuterated version of CHAB. The open
circles are the experimental data extracted from the
neutron-scattering profiles. The theoretical predictions
for the classical Hamiltonian (1) with 6=0.95 are drawn
in as the solid line. The corresponding curve has been
found numerically by the transfer-matrix method choos-
ing the spin length equal to —„instead of the semiclassical
value &3/2. The latter would lead to the results reduced

0.0S

'v)

—0.04-

0.03-

0,02-

0.01
0

I

10

T {K)

FIG. 2. Temperature dependence of the inverse correlation
length sc, depicted as x/T for the in-plane spin components. Ex-
perimental data along the CHAB-dl4 chains are denoted by
open circles with the error bars in the dashed lines. The
theoretical estimates for the classical model are drawn by a solid
line. Our estimates are given by solid circles with the error bars
in solid lines. The exact results for the quantum XY model are
depicted by the dotted line.

TABLE IV. The zero-field reduced transverse susceptibility
of the infinite chains extrapolated linearly in 1/N for various
temperatures.

by a factor of 3. The exact result for the XY model is
represented by a dotted line and reveals a linear depen-
dence of v on T at low temperatures.

The experimental data show that the correlation length
g(T) increases from 2.5 at T =10 K and 6 at T=4.5 to
16.5 at 3 K. In the high-temperature part of the region
considered experimentally we find the correlation length
g( = I/~) to be small with respect to N =10—11, so that
it seems possible to perform our calculations in that case.
Our data are reported by solid circles together with the
error bars from T=10 K down to T=3 K, where the
correlation length exceeds the size of the chains con-
sidered here. On the basis of the test calculations per-
formed for the XY model (Fig. 1) we believe that our data
at low temperatures (T &4.5 K) at least represent the
proper order of magnitude, the more so as the standard
deviations are relatively small. Clearly, the experimental
and the theoretical error bars overlap so that our data are
consistent with the experimental findings. The theoreti-
cal values are systematically smaller than the experimen-
tal ones, however. Qualitatively, our results represent
properly the experimental features: There is a plateau for
T & 5 K and a decrease of the data towards the XY value
at low temperature (the crossover to the XY behavior).
Our findings are below the classical ones. The same
feature of the exact a/T values and the corresponding
classical counterparts have been found for the XY mod-
el. It is likely that our values of ~„ for the anisotropic
model with 6=0.95 underestimate the exact values as it
is the case for the XY model (Fig. 1).

It is worthwhile emphasizing that the interpretation of
the neutron-scattering experiments is not direct for the
system considered here. The intensity profiles have been
fitted by a single Lorentzian, assuming only one correla-
tion length for the system. As ~„and ~, are different
especially at low temperatures (e.g., Fig. 1), one has to es-
timate theoretically this difference and the corresponding
susceptibilities X, as the observed intensities are propor-
tional to X . In Fig. 3 we plot our estimates of X~/4J
and Xg/4J in full lines whereas the corresponding esti-
mates in the classical limit are drawn by the dashed lines.
The quantum Monte Carlo (QMC) data for XN/4J are
reported by the full squares. The latter confirm rather
well our estimates in the temperature range considered
here. Below ~(—:k~ T/J) =0. 15 quantum effects in both

XMv and Xz become pronounced. As far as the inverse
correlation length a is concerned our data for a„(Table
III) are close to those displayed for the isotropic model in
Fig. 1, whereas 1~,(T)=0.44 —0.45(T &10 K). Clearly,
our results for 7 and v do not confirm the values found
for their classical counterparts. However, the quantum
and classical ratios Xz/Xg and a„/v, have the same or-
der of magnitude so that the arguments underlying the
interpretation are confirmed. The main point is that in
the region where a., »a.„,XIv «X~ so that the intensity
originating from the longitudinal spin components can be
neglected, whereas for T & 8 K, a, /~„= 1. 1 and the sys-
tematic error following from the assumption K =K is of
the same order as the experimental uncertainty. In any
case the experimental inverse correlation length ~ is not
exactly ~„but a value somehow averaged. It is likely that
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FIG. 3. Temperature dependence of the susceptibility
X~/4J=X (T)/Ng Ijt, q for the model with J/kz ——55 K and
b, =0.95. The full lines represent our results and the dashed
curves represent the corresponding susceptibilities for the clas-
sical spins (after Ref. 8). The solid square denotes the quantum
Monte Carlo esimates of XN /4J (after Ref. 26).

~ & ~„as x, & ~„. Taking this into account, the ambiguity
in the definition itself and the accuracy of our extrapola-
tions, we conclude that we get at least a semiquantitative
agreement with experiment.

Finally, we make contact with the recent susceptibility
data on CDC which is found to be an easy-axis spin- —,

'

antiferromagnet described by the Hamiltonian (1) with
the following parameters: J/ks = —8.25 and b, =1.10.
Our parallel susceptibility data have been found from the
analysis of the chains up to N= 11 and the transverse-
susceptibility data for N up to 10. We do not recover the
agreement between the experimental molar susceptibili-
ties and the theoretical estimates for the g parameters
quoted in Ref. 9. We find that the previous estimates are
underestimated by 6—7 % as far as the transverse-
susceptibility data are concerned (a-axis and c-axis data}
and are underestimated by 9—10% for the parallel sus-
ceptibility (b-axis data). The differences cannot be associ-
ated with the accuracy as for J/k~ = —8.25, the calcula-
tions are reliable in the reported range of temperatures
(T &5 K), and the error is less than 1% for T& 10 K.
They cannot be associated with different unit conventions
as we find different proportionality constants for the
easy-axis data and for the hard-plane data.

We can fit our results to the experimental findings very
easily if we rescale the values of the corresponding g fac-
tors with respect to those quoted before. After rescaling,
the g factors are somewhat reduced. For the fit presented
in Fig. 4 we find g, =2.21, g, =2.06, and gb ——1.89 which
should be compared with the experimental EPR values
2.30, 2.10, and 2.02, respectively.

In Fig. 4 we present only some arbitrarily chosen ex-
perimental points fully reported in Ref. 9. Apparently,

FIG. 4. Temperature dependence of the single-crystal suscep-
tibilities for the deutered version of CDC (reported by crosses
and circles) and our theoretical estimates drawn by solid lines.
The experimental data are fitted for the following parameters:
J/kg ———8.25, 5=1.1 and g, =2.21, gb =1.89, g, =2.06.

the fit is surprisingly good with the parameters
J( = —8.25) and 5( =1.10}found previously and some-
what rescaled g factors which are still consistent with
those found from the EPR experiment.

In conclusion, we have reported extrapolated finite-size
calculations of the correlation functions, correlation
length, and susceptibility by having recourse to the quan-
tum spin statistics. We have compared them with the ex-
isting theoretical estimates for some values of the param-
eters J and 5 as well as we have made contact with recent
experimental data on CHAB and CDC. Our results sup-
port previous interpretations of CHAS as the quasi-one-
dimensional spin- —,

' easy-plane ferromagnet and CDC as
the corresponding easy-axis antiferromagnet.

Finally, we comment on the extrapolation procedure.
The results reported here are found by the linear extrapo-
lation in 1/N. We tried to apply the least-square fit up to
(1/N), but it seems that the linear extrapolation gives
better overall representation, and we found nonsatisfacto-
ry estimates from the Pade-approximant analysis. The
corresponding estimates from different Pade approxi-
mants (when applicable) oscillate with increasing temper-
ature, contrary to our estimates from linear extrapola-
tions. It is likely that the previous successful Pade
analysis of the susceptibility series for the antiferromag-
netic XY model is applicable for the closed rings only.
For our open chains we cannot repeat the Pade-
approximant analysis for the XY model as we do not find
the monotonously increasing sequence of data for succes-
sive values of X. The features are temperature depen-
dent. We emphasize, however, that the Pade-
approximant results for the XY model can be recovered
within our linear-extrapolation procedure (Table IV).
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