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An explanation of the mechanism for high-temperature superconductivity is given, based upon a
strong-coupling analysis of the extended Hubbard model previously introduced by one of us. The
basic carriers are oxygen-hole quasiparticles in per orbitals, whose spin is strongly correlated with

that of adjacent copper holes. These quasiparticles interact through the enhanced superexchange
of the associated spins on the Cu sites, and an enhanced zero-point motion of the surrounding Cu
holes. These are nonretarded attractive interactions whose strength increases as the oxygen-
copper Coulomb repulsion increases and can be strong enough, for realistic parameters, to over-
come the direct oxygen-oxygen Coulomb repulsion. The superconducting transition temperature
that results is proportional to the Fermi energy of the oxygen holes.

I. INTRODUCTION

There is a great deal of experimental evidence to sup-
port the view that the essential feature of high-tem-
perature superconductors' is the quasi-two-dimensional
motion of holes in Cu02 planes. Some time ago, it was
proposed that an appropriate description of this system is
provided by a suitably extended Hubbard model that al-
lows for motion of holes in both Cu 3d and 0 2p states. It
was shown that, for one hole per unit cell, the holes are
largely on the Cu sites and the system is an antiferromag-
netic insulator. Added holes go onto oxygen sites and are
superconducting in virtue of a magnetic coupling mediat-
ed by Cu spins. This general picture is consistent with
much of the available experimental evidence. ' Original-
ly, the properties of the model were worked out for inter-
mediate coupling, as required by the experimental infor-
mation which was available at the time. Since then, the
interpretation of some of the early experiments has been
modified and it has become increasingly clear that a
strong-coupling description is more relevant. 4 The pur-
pose of this paper is to consider the properties of the mod-
el and the mechanism for superconductivity in that limit.
It will be shown that a hole added to an oxygen site forms
a quasiparticle state with the neighboring Cu holes, or-
ganizing their spins into a small polaron configuration and
enhancing their zero-point motion. The attractive interac-
tions responsible for superconductivity are (a) a superex-
change between a Cu spin from each quasiparticle,
enhanced by the presence of the oxygen hole, and (b) a
lowering of the zero-point energy of motion of the hole at
the copper site common to the two quasiparticles when the
oxygens are nearest neighbors. Several brief accounts of
this work have been presented previously.

The original motive for studying intermediate coupling
came from the observation that the plasma frequency co~
in La2 „M„Cu04 (where M is Ba, Sr, or Ca) was in-
dependent of x. However, it now seems that the feature of
the optical data from which co~ was inferred was not a

plasma edge; it was subsequently identified as part of a
narrow, possibly excitonic, peak. Moreover, measure-
ments of the penetration depth A,L (which is related to to~

by XL c/ ~tain the London limit) clearly show that top is
proportional to the carrier concentration. s Following the
arguments of Ref. 3, this implies that the holes on the Cu
sites are quite well localized, as in the strong coupling lim-
it of the Hubbard model. This conclusion is supported by
the values of the parameters of the model inferred from
spectroscopic measurements and cluster calculations. 9 It
also follows from the magnitude of the antiferromagnetic
order parameter, ' which is consistent with zero-point
motion of localized rather than itinerant spins. "

As in Ref.3, an extended Hubbard model will be used to
describe the motion of holes in the oxygen 2p and copper
3d levels. In the strong coupling region, it is possible to
regard the system as a set of mobile 0 2p holes moving
through a system of spins localized mainly in Cu 3d states.
The effective Hamiltonian, given in Sec. II, has two parts:
(a) a term containing the hopping motion of the oxygen
holes and their coupling to the Cu spins, and (b) a su-
perexchange interaction between Cu spins. In the pertur-
bation theory in the p-d hopping parameter t, these terms
are of order t ~ and t, respectively: For realistic values of
the parameters it is necessary to include contributions
from higher orders. In any case, the Cu-Cu superex-
change is the weaker part of the Hamiltonian.

An 0 2p hole does not move freely through the back-
ground but forms a quasiparticle state in which the spins
of nearby Cu holes are polarized and their zero-point
motion increased. The quasiparticle carries spin and
charge. A detailed description of this state will be given
elsewhere' but the main features are summarized in
Sec. III.

The quasiparticles do not have a very large spatial ex-
tent and do not leave behind then a "wake" of reversed Cu
spins. Also, the members of a singlet pair of quasiparti-
cles have average spin zero and hence, in lowest order, do
not interact with their environment via the Cu-Cu su-
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II. EFFEC:rkVK HAMILTONIAN

As in Ref. 3, the Hamiltonian for the extended Hub-
bard model is given by

1H pe;Ia; a; + —, ~U;;a;~a;~a, ~a;
s,j,a i,j I

(2.1)

where i is (m, n) for a copper site and (m+ —,',n) or
(m, n+ 2 ) for an oxygen site. The vacuum consists of
Cu+ (all 3d states occupied) and O~ (all 2p states occu-
pied), and the aP creates holes of spin o in copper 3d, 2»2
orbitals or oxygen 2p, or 2p» orbitals. It is assumed that
a factor ( —1)~+" is absorbed into the a;t for copper and
oxygen creation operators in cell m—= (m, n) to take ac-
count of signs in hopping integrals. The site-diagonal
terms (s;;,U;;) are (s~, U&) and (ag, Ud) for Q 2p and Cu
3d states, respectively. There is an interaction U;j V be-
tween holes on neighboring Cu, 0 sites and it will be im-
portant later to include the effects of the longer-range
Coulomb interaction. It is assumed that there is a hop-
ping integral @j t between Cu-0 neighbors. In principle
there is also a direct oxygen-oxygen hopping t» but, to
simplify the presentation, this will be ignored since an ex-
cellent tight-binding fit'3t' to the band structure may be

perexchange. It follows that the pairing force is of short
range. As described in Sec. III, the major contribution
comes from superexchange when the spins of Cu holes in
different quasiparticles are near neighbors. The essential
features are (a) the superexchange and Cu-hole zero-
point energy are enhanced by the Coulomb interaction
with the oxygen hole, (b) the interaction is independent of
the state of the background Cu spins (range of antiferro-
magnetic correlations, etc.). The only requirement is that
there is a well-defined local moment associated with a Cu
site, and (c) because the intermediate state energies for
near-neighbor superexchange are electronic, the effective
interaction between quasiparticles is nonretarded. The
enhancement of the superexchange is crucial —without it,
it is impossible to overcome the Coulomb repulsion and
obtain a net attractive pairing force.

In Sec. IV, it is shown that the model leads to supercon-
ductivity in a Bardeen-Cooper-Schreiffer (BCS) theory.
For the low carrier concentrations n, found in

La2-, Sr,Cu04 and YBa2Cu307 —„, s-state pairing dom-
inates because the d-state scattering amplitude is propor-
tional to n, and is very weak. As a result of the nonre-
tarded nature of the effective interaction between quasi-
particles, the transition temperature T, is proportional to
the Fermi temperature TF. Both of these conclusions are
consistent with the behavior of the penetration depth, as
measured by muon-spin relaxation. From this point of
view, high T, occurs because the scale is set by TF (which
is a few thousand degrees) rather than by the Debye tem-
perature, which is much smaller. Also, the difference in

T, from one material to another is a consequence of the
change in n, . Finally, it will be pointed out in Sec. IV that
there is the interesting possibility of a crossover from s-
state to d-state pairing, as the carrier concentration is in-
creased.

obtained with a negligible value of tr. We shall take t =1
eV as before3 but use the more recent and somewhat
larger values U» =5-7 eV and Ud =8-10 eV, which to-
gether imply s—=ez

—sd 1-2 eV. The magnitude of V
will be considered later. It has been pointed out that the
Harniltonian should also include a direct ferromagnetic
exchange JD =0.2 to 0.5 eV between holes on neighbor-

ing Cu and Q sites and this will be incorporated into an
effective Hamiltonian to be derived later in this section.

Consider first the case of one hole per cell and t 0, for
which there is exactly one hole on each of the N Cu sites
and a 2 -fold spin degeneracy. As is well known, the spin
degeneracy is lifted by superexchange to give an effective
Hamiltonian

I
&s JcZ

(i,j)
(2.2)

where (i,j) denotes near-neighbor copper sites and S; are
spin- —,

' operators. Because the superexchange goes via an

oxygen site J, is 0(t 4) and is given by

J 4t 1 + 2

(s+y)' Ud U, +2m
(2.3)

This could also have been obtained as the strong-coupling
limit of the effective Hubbard model for Cu holes, previ-
ously derived, 3 although Eq. (2.3) contains all terms of
fourth order. Note that the Coulomb interactions U~ and
V, which are often omitted from models of this kind, both
serve to diminish the value of J,. We have estimated
J, 0.12 eV from the measured'3~"~ spin-wave velocity
v, 0.7 eVA, using the spin-wave theory result v, t2J,a
where a is the in-plane lattice constant. The error in this
estimate should be less than 20/o and it gives a quite sensi-
tive constraint on the parameters of the modeL It is in
agreement with the value obtained from light scattering
measurements. '

As discussed in Ref. 3, since Up )a+2V, any addition
holes, produced by doping or changing the oxygen con-
tent, will go onto oxygen sites. By now there is consider-
able spectroscopic evidence to support this picture for the
high-T, oxides, following the initial experiments of Tran-
quada and co-workers. ' It should be noted that V cannot
be too large, otherwise the added holes will cause a local
rearrangement of the charge configurations and lead to
clustering, as will be discussed later.

For t 0, the ground state is degenerate because the en-

ergy is independent of spin configurations and the location
of the oxygen holes. The degeneracy is resolved by using
second-order degenerate perturbation theory in t. Al-
though J, is a weaker interaction, it is not negligible since
it is responsible for antiferromagnetic correlations and for
the suppression of ferromagnetic bubbles which might
otherwise have been generated by the motion of oxygen
holes. However, the conditions are quite different from
those considered previously, where for intermediate cou-
pling the 0(t ) terms did not dominate. '5

Let the position index i be denoted by m for a Cu site at
the corner of a cell and m+6 for an oxygen site displaced
by distance h[(~ —,',0), (0, + —,

' )] in one of the four
directions. Then the effective Hamiltonian for a single
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added hole is

02 it~+t2j ~ am''aug am+h, aa~+h', &'
hWh'

IS,0'~ 0'

+t2 ~ am+h, ~am+h', ~
hWh
m, ~

+Jg(S~ S~+~—
4 )n~i~ —2AF, ,

auL
(2.4)

cell is

h3 Js (S)+S2), (3.1)

where s is the spin of the oxygen hole and S& and S2 the
spins on the neighboring copper holes. We have sup-
pressed a coristant self-energy term of ——,

' J.
For a single hole, the ground-state spin configuration of

the oxygen hole and its surrounding copper spins is

where n ~& is the occupation number at the site m+6.
Also, A&, is the change in the self-energy of a single Cu
hole due to the presence of the oxygen hole. To second or-
der in t

I Yf&-~2fl f —(l f f+ f f l)j/~6 (3.2)

or its degenerate, spin-reversed partner, with an energy of
—J. This is clearly a spin- 2 state. An alternative way of
writing

~ y f ) is as a linear superposition of singlets

ti t /s, (2.S)
( yf&-[(fl —l f) f —f(fl —if)l/J6, (3.3)

t2-t '/(Ud —2V —s), (2.6)
2 22t + 2t (2.7)s+ U&
—V Ug —2V —s

These expressions illustrate the dependence of H2 on the
parameters of the original Hamiltonian. Evidently Eqs.
(2.5)-(2.7) are not accurate when the energy denomina-
tors are comparable to t, but it is straightforward to ob-
tain more accurate values by using a modified form of
Wigner-Brillouin perturbation theory or by studying small
clusters, as described in the A pendix.

An effective Hamiltonian' similar to H2 was used for
intermediate coupling in Ref. 3 where it was assumed that
the motion of the added hole did not disturb the back-
ground which was taken into account by using the Green's
function of the Cu holes. In the strong-coupling limit,
however, the terms included in Eq. (2.4) are dominant
and the quasiparticle states involve the correlated motion
of copper and oxygen holes.

The parameters of H2 will be modified when two oxy-
gen holes are close together. This is one of the effects to
be included in the interaction of oxygen holes, discussed in
detail in the next section.

IIL QUASIPARTICLE DYNAMICS
AND INTER'. LIONS

A. Kinetic energy of a single quasiparticle

1. Stationary single oxygen hole

Let us, for the moment, neglect the fourth-order terms
that lead to Cu-Cu exchange and consider only the
second-order processes. The parameters of the Hamil-
tonian have been chosen so that the background of Cu
holes is stable when an additional hole is added, which will
reside primarily on the oxygen sites. Its energy is clearly
degenerate with respect to the location of the oxygen site,
and it will hop from site to site, becoming the carrier of
the supercurrent. It does not hop as a bare carrier, howev-
er, but as a dressed object, polarizing the surrounding
spins. The physics may be understood by dividing the
Hamiltonian into two parts, a site diagonal term and a
hopping term as in Eq. (2.4). The site diagonal term, for
a single hole located in either the x or y bonds of the unit

which is useful in considering the hopping motion of the
quasiparticle. Note that the two singlet components in

Eq. (3.3) are not orthogonal and, as a result, there is an
average spin of —

—,
' on the oxygen site. The first excited

state of the Hamiltonian defined in Eq. (3.1) has energy
zero and corresponds to the two Cu spins in a singlet that
does not interact with the oxygen hole. The degeneracy of
the energy with respect to the location of the oxygen is li-
fted by the hopping term in Eq. (2.4).

2. Moving oxygen hole

When the hopping terms are included, the oxygen hole
is free to move through the lattice. The basis of our physi-
cal picture is that it hops from site to site as the entity de-
scribed in Sec. IIIA1, so that the spin configuration of its
neighboring copper spins as described in Eq. (3.2). Zhang
and Rice' have proposed an alternative picture, in which
an oxygen hole in a Wannier state forms a singlet with a
copper spin in the same cell, and this singlet is to be
thought of as hopping through the lattice. On the basis of
this picture, they claim that the extended Hubbard model
we have been considering is "equivalent" to the one-band
Hubbard model, the singlet being equivalent to a vacancy.
This is not correct. We have solved exactly the problem of
an oxygen hole hopping on a ferromagnetic background, '

starting from their second-order Hamiltonian. Although
the bandwidth that results is very close to the value one
would obtain by making their approximation, the states
differ in important details. At the bottom of the band, the
lowest energy state is described slightly better by a super-
position of states of the form (3.2) with equal amplitude
to be at each site, than it is by a superposition of singlets.
More important, the average value of the spin on an oxy-
gen site is not zero, as it would have to be if their picture
were strictly correct. In as much as the spinless nature of
a vacancy in the one-band model is an essential feature,
the extended and one-band models cannot be "equiv-
alent. " This will be discussed in more detail in a separate
paper. '

There are, however, signi6cant differences in the spin
con6guration around the oxygen hole as the quasiparticle
energy increases towards the middle of the band. The spin
deviations on surrounding copper spins become more delo-
calized, the average value of the spin on adjacent coppers
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is reduced, and the average spin at the oxygen site de-
creases, vanishing near the center of the band. It is also
the case that the zero-point motion of the adjacent copper
holes is enhanced by the presence of the oxygen hole, as a
result of the Coulomb repulsion. These effects play a role
in the mechanism for superconductivity, and will be dis-
cussed in the next section. For the moment, we will treat
the quasiparticle as having the spin configuration of Eq.
(3.2).

An accurate calculation of the hopping of the quasipar-
ticle on the antiferromagnetic background has not been
done, but one can get some idea of the effective mass from
the followirig argument. For many purposes, the motion
of the quasiparticle state is well approximated by the hop-
ping of the singlet componerit'2 shown in Eq. (3.3). That
is, motion to the left (right) is produced by the component
in which the singlet stands to the left (right) of the isolat-
ed spin. This follows because a singlet is quite mobile
since all hopping processes in H2 add up coherently to give
an effective hopping amplitude of (t ~+ 2t2). (For an oxy-
gen hole, the hopping amplitude is t~, t2, or t2 t~, ac--

cording to the state of the Cu spin. ) Hopping of the
quasiparticle is reduced by a factor of two to take account
of overlap between one singlet component and the full
quasiparticle wave function. Finally, allowing for zero-
point spin fluctuations in the ~round state of the Heisen-
berg model, it may be shown 2 that long- or short-range
antiferromagnetic correlations reduce the hopping by a
further factor of —', to give

t = (r i+2t2)/3. (3.4)

Using the values of t~ and t2 obtained in the Appendix,
Eq. (3.4) gives t =0.3 eV. This may be compared with
the experimental value of 0.15 eV inferred from muon
measurement of the penetration depth which is probably a
lower limit. Equation (3.4) also does not take account of
the zero-point motion of the Cu hole. We note that this
estimate does not depend on the existence of long-range
order; it is sufficient to have local antiferromagnetic corre-
lations in the neighborhood of the quasiparticle.

The dispersion relation of the quasiparticle is then

tk ~ —2t (coskx+cosky)+const. (3.5)

So far, the discussion omitted the fourth-order coupling
J, between Cu spins, and it might be imagined that this is
unjustified if the direct exchange JD in Eq. (3.7) is so
large that J is not much larger than J~. However, all
terms of order t must be taken into account and it is im-
portant to recognize that, in general, a singlet hops much
more readily than a free oxygen hole. The kinetic energy
ensures that terms of order t dominate Jc and that the
spin configurations of Eq. (3.2) and of Eq. (3.3) are good
representations of the mobile quasiparticle.

B. Eff'ective potential between quasiparticles

Having obtained an expression for the kinetic energy of
the quasiparticles, we now determine their effective in-
teraction potential. We will consider only the eN'ective po-
tential in a singlet state of two quasiparticles. This poten-

tial arises from several distinct sources, depending upon
the distance between the oxygen holes.

1. Holes on the same site

When the oxygen holes are on the same site, we have
the direct Coulomb repulsion U~, and in addition, since
they no longer polarize their surroundings, an energy of
2J above the energy of two well-separated quasiparticles,
which we will use as a reference. Thus, the total repulsive
energy is Uz+2J.

2. Holes on adjacent oxygen sites

When the two oxygen holes are on adjacent sites, that
is, they both have bonds to the same copper site, their
Hamiltonian is

h5 J[S)+S2) s)+(S2+S3)'$2] . (3.6)

TABLE I. Nearest-neighbor wave function.

Configuration

tlili
l11li
1 l 1 1 l
1 1 l l 1

ill11
lilfi
11lil
111ll
ll111
l111l

Amplitude

—0.665
0.384
0.384
0.233
0.233

—0.233
—0.233

0.048
0.048
0.199

We have not indicated any indices on the sites since the
energy of this configuration does not depend upon them.
The ground-state spin configuration of these five spins has
an energy of —1.95J, that is, 0.05J higher than two
separated quasiparticles. The dominant spin config-
uration is 1 l 1 j 1 or the reverse, and we will denote it this
way in subsequent figures. The complete configuration is
given in Table I. The five-spin state can also be represent-
ed by the combination of Cu-0 singlets shown in Table II.

The five-spin state has spin —,
' and the total state that

we need to consider must be the singlet combination of the
five-spin state and a copper hole adjacent to one or the
other ends. A configuration as shown in Fig. 1(a) can
then hop onto the one shown in Fig. 1(b). The symbol
is to be understood as indicating the singlet combination
of the right and left states. To second order in t, the extra
spin does not interact with the remaining five, so the ener-

gy is the same, —1.95J.
Thus, the Cu-0 exchange leads only to a slight (0.05J)

repulsive energy when the two oxygen holes are on adja-
cent sites. There is an additional mechanism, however,
that can play a role in providing an effective attraction.
We will call this enhanced zero-point motion. It involves
the charge rather than the spin degrees of freedom, and
lowers the energy of the five-spin state. Consider the
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TABLE II. Nearest-neighbor wave-function, singlet repre-
sentation.

O
V V

O X 0 X 0 0 X X 0
Configuration

1-l 11-l
T-l1-l T

11-ll-l
111ll

ll111

Amplitude

—0.199

+0.233

+0.233

+0.048

(b)

FIG. 2. (a) The hole configuration when V«s. (b) The hole
configuration when V&) s. The copper sites occupied by a hole
are denoted by 0, the occupied oxygen sites by &, and the empty
sites not shown. The central Cu hole delocalizes readily onto the
two unoccupied oxygen sites, lowering the zero-point energy of
the state when two oxygen holes are adjacent.

copper hole that is adjacent to two oxygen holes in Fig.
2(a), in the limit of very weak hopping. The energy of the
configuration of Fig. 2(b) is then lower than that of Fig.
2(a) if V) e. When this condition is met, Fig. 2(b) be-
comes the stable configuration. With finite values of t, the
wave function will continuously go from one in which the
hole is localized on the copper site to one itt which it is
delocalized on the surrounding oxygen sites. Delocalizing
it lowers its zero-point energy, providing an additional at-
traction. This energy increases as V increases. It is calcu-
lated in the Appendix and shown in Fig. 3 for UD 9,
Up 6, t 1 (in eV). There is also a fourth-order attrac-
tive energy arising from the spin degrees of freedom de-
scribed in the next section.

3. Two holes separated by one vacant
oxygen site: enhanced sniperexchange

When there is an empty oxygen site between the copper
spins of the quasiparticles, as in Fig. 1(a), one must go to
fourth order to obtain the effective potential.

When the two quasiparticles are as in Fig. 1(a), the two
interior copper spins have an average exchange energy of—J,/3 as a result of the quasiparticles being in the singlet
state. [This can be thought of as —

4 J, for two spins in a
singlet reduced by ( 3 ) as a result of the reduction of the
average spin on the copper. ] This would not be a very
large energy if it were not for the fact that the value of J,
that is appropriate is significantly enhanced by the pres-
ence of the oxygen holes, whose Coulomb repulsion in-

1.0
ZERO POINT ENERGY OIFFERENCE

I I

creases the zero-point motion of the copper hole and hence
the effective exchange. The value of J, for the two interi-
or copper spins, to fourth order in t, is

J, ~4t (t/e) [I/Ud+2/(Up+2e 2V)—] . (3.7)

This is increased over the value when the oxygen holes are
not present both by an overall factor of [(e+V)/e], and
the reduction in the denominator of the second term.
With Up 6, Ud 9, a~1.5, t 1, and V 2 (in eV) we
find J,/J, 8.3 while with V 1, the ratio is only 3.3. The
former set of values leads to a value of Jc of about 0.1 eV,
close to the measured value of 0.12, while the second is too
large by a factor of 2. The extreme sensitivity to t and e
makes it difficult to use the measured value of J, to draw
any firm conclusions about the denominators in (3.7). It
is also the case that the straightforward second-order per-
turbation theory is not accurate, since t/e is not small. A
better calculation is given in the Appendix, and the results
are shown in Fig. 5. Enhancement factors between 2 and
4 seem plausible. Adopting a value of the middle of this
range for further discussion, we see that there is an attrac-
tive energy of 0.12 eV whenever two copper spins associat-
ed with quasiparticles are on adjacent copper sites. This
would still not be a very large energy were it not for the
fact that there are 16 such sites and a total of 18 attrac-
tive bonds. This is shown in Fig. 4. There is also an
enhanced superexchange between the five-spin state and
the additional spin with which it forms a singlet [see Fig.
1(b)]. Taking account of the effective spin on the end site

lk ik

1$0 0

(a)

lk
1f0 0 0 0

lk
)I

0

0.0

-0.5
LLI

-1 0UJ
Ud-g Up-e) t-1

FIG. l. (a) Two quasiparticles in a singlet state. (b) The
five-spin state formed when two oxygen holes are adjacent forms
a singlet with the remaining copper spin. Only the major com-
ponent of the spin configuration is shown. The ~ symbol
indicates the singlet combination of the entire configuration,
given by Eq. (3.2) or Table I, of the states to the right and the
left. The states shown in (a) hop easily onto those shown in (b).

-1.5

-2.0
0.0 2.0

V (eV)

3.0 4.0

FIG. 3. The difference of the zero-point energies of surround-

ing copper holes when two oxygen holes are and are not adj a-
cent, as a function of V. [Uo 9, Up 6, t I (in eV)].
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0 0 0 O

C 0

on V, and on the order of 0.5 eV (see Fig. 3).
The potential together with the kinetic energy of a sin-

gle quasiparticle obtained in Sec. IIIA2, allows for a
description of the Fermi surface instability that leads to
superconductivity, to which we now turn.

IV. SUPERCONDUCTIVITY

0 0 O 0
FIG. 4. The location of oxygen quasiparticles that participate

in enhanced superexchange with the central quasiparticle. The
copper sites are denoted by O.

of Table I, this is approximately —', J', where J' is
enhanced by only one factor of (s+ V)/e since there is
only one oxygen hole near a copper. With the correction
given in the Appendix, this would be a factor of between
1.4 and 2.0. Again taking a value in the middle of the
range, we will assign an attractive energy of 0.08 eV/site
to this spin configuration. There are six different sites for
the pair of oxygen holes that correspond to the five-spin
state of Sec. III B2, with one oxygen hole fixed at a given
site. The net attractive energy is =0.04 eV, assuming
J=0.8 eV and subtracting the repulsive energy of 0.05J.
The attraction due to enhanced zero-point motion will

typically be much larger than this.
For larger separations, there will be some interaction,

both because the quasiparticle distorts the polarization of
surrounding copper spins out to more than just the neigh-
bors of the oxygen hole, and because the copper holes have
some probability of being displaced onto the surrounding
oxygen sites. Both effects fall off' exponentially with dis-
tance and give a momentum cutoff in the potential, dis-
cussed in Sec. IV. They do not contribute significantly to
the forward scattering amplitude, and hence do not
strongly affect T,. In addition, there will be a retarded in-
teraction at a longer distance that may be thought of as
multiple magnon exchange. Although this may provide
some additional attractive energy, the dependence of the
critical temperature on the density of oxygen holes indi-
cates that it cannot be the dominant effect, as discussed in
the next section, and it will be neglected.

We now have a complete description of the model po-
tential. The dominant magnetic attraction comes from
the enhanced superexchange when the oxygen holes are
separated by an intervening oxygen site, as in Fig. 4, and
is on the order of 0.12 eV/site. There is a smaller attrac-
tive energy of 0.04 eV for each of the six sites in which the
oxygens are adjacent to the same copper, and there is a
large (=8 eV) repulsion when the two oxygen holes are
on the same site. Left out of the model we have started
with, but certainly present in the real system, is the
Coulomb repulsion of the oxygen holes when they are on
different sites. This subtracts directly from the attraction
counted above, and must be included. There is, in addi-
tion, an enhanced zero-point fluctuation contribution
when two oxygen holes are adjacent, depending strongly

In this section, it will be shown that the effective in-
teraction between the quasiparticles leads to s-state super-
conductivity with T, proportional to TF t7cFa . Al-
though TF is relatively small (we estimate kgT 0.15 eV
for La~ s3Sr0~5Cu04 and 0.4 eV for YBa2Cu307) it is
much higher than the typical Debye energies that set the
scale for most metallic superconductors, and this allows
high-temperature superconductivity without a particularly
strong pairing force. Furthermore, it can be seen that the
variation in T, from one material to another is a conse-
quence of the change in carrier concentration in the Cu02
planes: n, kF/2z.

To bring out those points, we shall use the Bardeen-
Cooper-Schrieffer (BCS) equation for T, in the form' s

Xg (I/N)Gk+Vg-g Zg (4.1)

where

Gk
tanh( & P,sk)

28k
(4.2)

with p =(kgT ) ~, ak g(k2 —kp)a2, and N the number
of cells in the Cu02 lattice. Equation (4.1) is the condi-
tion for an instability of the Fermi surface of the lower of
the two bands of oxygen quasiparticle states —the one
that is partially occupied. The spectrum —2t[cos(k, a)
+cos(k»a)l has been expanded to second order in k, and

k», which is a good approximation for low carrier densi-
ties. Equation (4.1) neglects ffuctuation effects which are
more significant than usual because of the short coherence
length and the two-dimensional band structure. However,
it should be sufficient for a discussion of the main features
of the pairing and the systematics of superconductivity.

An essential feature of Eq. (4.1) is the use of an instan-
taneous interaction vk k between the quasiparticles.
There are three energy scales involved —quasiparticle ki-
netic energy, intermediate states for superexchange, and
Coulomb excitations. For the near-neighbor superex-
change discussed in Sec. III, all intermediate states are
electronic excitations with energies greater than the band-
width 8'=1.2 eV. But the Coulomb interaction is able to
excite states of even higher energy and they must be
summed into an effective interaction to be used in the
lower oxygen band. The renormalization is somewhat
smaller than for p in the usual theory of superconduc-
tivity because the lower limit of intermediate state ener-
gies is much higher than typical phonon energies. Never-
theless, the enhanced superexchange is sufficiently retard-
ed relative to the Coulomb force to have a net attraction
that can account for the observed transition temperatures.
The energy scale of the resultant interaction is larger than
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typical quasiparticle energies so it is effectively instan-
taneous in the equation (4.1) which determines T, .

This classification of energies is not appropriate for the
usual spin-fiuctuation exchange for which the least upper
bound of intermediate state energies 2Ja:0.24 eV is small-
er than the Fermi energy in YBaiCu307, and therefore
the effective interaction is retarded.

Equation (4.1) may be solved by the method used previ-
ously' in the theory of superfluid He and helium mix-
tures to obtain

~ ~452g 2 2 4«&~(&kr& (4.3)

where k~(kF) is an effective scattering amplitude for an-
gular momentum l and relative momentum kF. The result
is appropriate when the interactions provide a
momentum-transfer cutoff, otherwise tXFa should be re-
placed by (tkFa 8')'l where W is the bandwidth. The
cutoff at large momentum transfer occurs because
Coulomb and superexchange are not, in reality, point in-
teractions but fall off gradually with distance.

It is instructive to consider the lowest-order perturba-
tion theory expression for A,~(kF) at low density:

k~(kF) icos (l8„)u(R„)JP(kFR„),
R„

(4.4)

where J~(kFR) is a Bessel function of order l and v(R)
the potential in real space. The sum is carried out over
lattice vectors R„=(R„,8„) and the axis for polar coordi-
nates is chosen to maximize T,. From Eq. (4.4),
A,~(kF) -kF' at low densities and hence s-state pairing will
dominate. In that limit, the entire density

dependence
of

T, is in the prefactor in Eq. (4.3) and T, -kF. This con-
clusion is confirmed by two features of the penetration
depth A, L, , measured by muon-spin relaxation in a range of
samples of doped La2Cu04 and YBa2Cu307 „. Compar-
ison of T, with the value of A,L at T 0 shows that T, —kF
(Ref. 8) whereas the temperature dependence of A,L, im-
plies that there are no zeros of the energy gap, as in s-state
pairing. 2' Deviations from the predicted density depen-
dence of T, in La2, Sr,Cu04 may be attributed to a
crossover associated with the metal-insulator transition at
x =0.05 and to inhomogeneity of the materials.

The experiments do not seem to be consistent with d-
state pairing, for which there would be zeros of the energy
gap and a strong additional variation of T, with carrier
concentrations because X2(kF)-kP appears in the ex-
ponent in Eq. (4.3). There have been suggestions of e-
state pairing because of the temperature-dependence of X,L
obtained from inductive measurements. However, the
values of A.L obtained in this way are an order of magni-
tude larger than given by the muon experiments, ap-
parently because the measurement is dominated by
Josephson coupling between grains. Anisotropic pairing
was also proposed as an explanation of an anomaly in
the orthorhombic strain at T„but experiments with better
characterized samples and higher resolution have failed
to reproduce this effect. It should be noted that the situa-
tion for intermediate coupling is quite different. In that
case, the Fermi surface approached the square cos(k„a)
+cos(k~a) 0 as the carrier concentration decreased,
and d-state pairing may dominate. As pointed out in the

Introduction, other experiments show that the materials
studied so far are not in this region. However, as in heli-
um mixtures, ' there can be a crossover to d-state pairing
as the carrier concentration is increased and, although it is
difficult to estimate precisely where this will occur, it is a
possibility to be kept in mind for the higher-T, materials
based on Bi and Tl.

At lower carrier concentrations, T, is determined by the
forward scattering amplitude AD(0). Following the discus-
sion of the preceding section, the balance of forces is most
easily discussed in real space. But it is necessary to recog-
nize that, just as for intermediate coupling, the Fourier
transform of vq q is the interaction between holes occu-
pying the Wannier states of the lower quasiparticle band,
rather than individual oxygen sites. Since the bare in-

teraction is not diagonal in this representation, there are
interband transitions which have been summed to obtain
the effective u. The most significant effect is on the energy
U required to put two particles into the same Wannier
state, since it is possible to avoid U~ by mixing in the
upper band. The actual value of U depends on V but is
typically 1 to 2 eV. In order to get a simple estimate for
AD(kF) we evaluate the t matrix for U ~ and use the
Born approximation for the contribution of first and
higher neighbors to the forward scattering amplitude.
The repulsive contributions are about 4t=0.6 eV for
U ~ (using the experimental value of t) and 2.4 eV
from the Coulomb interaction (allowing a dielectric con-
stant of 10 and a factor of 2 for the renormalization dis-
cussed earlier). The attractive contribution from en-
hanced superexchange and reduction in zero-point energy
may be obtained by transforming from the oxygen site
representation to the Wannier representation. A balance
of X0(kF) —0.35 eV which is required to fit the experi-
mental values of T, is obtained for V between 2 and 2.5
eV. We have verified these estimates by carrying out a
numerical solution of the two-body problem on a lattice,
and it is straightforward to extend the study to the full t
matrix equation for k~(kF), once our knowledge of the pa-
rameters is sufficiently accurate to warrant it.

V. CONCLUSION

In the preceding sections we have studied the strong-
coupling limit of a model of the copper oxide planes in the
high-temperature superconductors. The major conse-
quences of the model are as follows.

(i) For one hole per unit cell, the system is an antifer-
romagnetic insulator with holes localized on or in the
neighborhood of Cu sites.

(ii) When charge carriers are added by doping or by
changing oxygen content, they move mainly on oxygen
sites and form quasiparticle states involving the spin and
zero-point motion of holes on nearby Cu sites. The quasi-
particles are fermions which carry both spin and Charge.

(iii) s-state pairing with T, proportional to the Fermi
temperature is produced by an enhancement of superex-
change interactions and zero-point kinetic energy and is
characterized by a time scale which is short compared to
that of the electronic motion.

The enhancement of the interactions is a consequence
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of the inclusion of extended range interactions in a Hub-
bard model. It is known that such interactions play an im-

portant role in the theory of the one-dimensional electron
gas. The Coulomb interaction between holes on neigh-
boring copper and oxygen sites was also a central feature
of an excitonic pairing mechanism proposed by Varma,
Schmitt-Rink, and Abrahams.

It is desirable to check our picture by carrying out nu-
merical calculations —Monte Carlo or direct diagonaliza-
tion of the Hamiltonian. Unfortunately, at present it is
quite impractical to work with a lattice that is large
enough to accommodate even two quasiparticles in all of
the relative positions at which there is an attractive in-
teraction. Recent studies of small clusters have found that
two oxygen holes bind if V is large enough. However, it
appears that the binding comes about because the Cu
holes are destabilized and that if two particles bind, so do
three or more. 3' This clustering is not a physical property
of high-temperature superconductors and we regard these
calculations as providing an upper stability limit for V.
However, we believe that if such calculations were carried
on a sufficiently large lattice it would be possible to have
both stability and binding via the mechanism we have de-
scribed. 32

After this work was completed, we received a copy of
the work of Stechel and Jennison, "who also considered
the strong-coupling limit of the model proposed in Ref. 3.
They gave a detailed discussion of the parameters involved
and proposed that there is a significant Cu-0 ferromag-
netic direct exchange and oxygen-oxygen hopping. They
gave a discussion of oxygen quasiparticle states which we
believe to be less complete and consistent than ours. Their
estimate of the energy to be gained from relieving the
frustration of the antiferromagnetic background when two
quasiparticles are next neighbors is too large by a factor of
2. They do not include significant enhancement of the ex-
change, however, so their attractive energy for the states
is comparable to ours, although the mechanism is quite
different. They also underestimate the effect of the
Coulomb repulsion between oxygen holes by subtracting
the average one-particle Coulomb energy from the two-
particle potential, which is incorrect. With our estimates
of the energies involved, we do not believe their mecha-
nism would lead to a superconducting state.

We also became aware of the work of Birgeneau,
Kastner, and Aharony, 3 which also considers holes on ox-

ygen sites and a magnetic pairing force for
La2 —,Sr,Cu04. Their model is totally different from
ours. The holes move on oxygen px orbitals and form d-
state pairs of spin- —, complexes interacting via an oscillat-

ing retarded "spin-frustration" interaction characterized
by the magnetic correlation length and wave vector
(x/a, ir/a) that does not span the Fermi surface. This in-
teraction is not enhanced and, according to our estimates,
it is not sgong enough to overcome the Coulomb and oth-
er repulsive interactions stemming from the overlap of the
spin- 2 complexes. We also believe that the spin- 2 com-
plexes are not very mobile, since one must take into ac-
count the strong coupling to the copper spins in calculat-
ing their hopping, and that kinetic energy favors the oxy-
gen per orbitals assumed in our work. The arguments

against d-state pairing were given in Sec. IV.
We emphasize again that the enhanced superexchange

between quasiparticle singlets is independent of the back-
ground and is distinct from the spin-frustration mecha-
nism of these two papers.
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APPENDIX

The values of the parameters that seem to fit the experi-
ments are such that the ratio of the hopping amplitude to
some of the energy denominators is not small enough to
enable perturbation theory to be used with confidence.
This is particularly true of the enhanced superexchange,
where the presence of an oxygen hole lowers the energy
difference in the intermediate state to s, and t/s=0. 7.
This difficulty can be handled systematically by using
Wigner-Brillouin perturbation theory, instead by Ray-
leigh-Ritz. For second-order calculations, this is
equivalent to diagonalizing the small matrices that in-
clude all the states that are connected by one hop to the
original state.

For a fourth-order calculation, such as the superex-
change we will simply diagonalize numerically the small
matrices that result from including all the states that ap-
pear as the intermediate states in the perturbation calcu-
lation. This is simplified by the fact that the energy
difference between the singlet and the triplet state of two
Cu spins is just J„and the triplet state is affected by the
hopping only by the lowering of its energy due to zero-
point motion, a second-order effect. Thus J, is the differ-
ence between the energy of the singlet and the zero-point
energy of two Cu spins. The latter may be calculated in
the same fashion by diagonalizing a small matrix. The
four states that enter into the energy of the singlet, if we
use the right-left symmetry about the central oxygen site,
are symbolically, f~),of Jo, (I/J2)(f f xo+ox f f),
(I/J2)(f~fo+of o). The & and o denote oxygen
and copper sites, respectively, without holes. The energies
of these state with and without neighboring oxygens are
easily worked out and the exchange energies obtained by
subtracting the zero-point energy, which is the result one
obtains by allowing transitions only between the first and
last of these states. The results are shown in Fig. 5, for
UD 9, U~ 6, t 1 (in eV) as Vis varied.

Another place in which a small energy denominator ap-
pears is in the calculation of the hopping parameter t ~ in
Eq. (2.5). This parameter can be estimated by diagonal-
izing the Hamiltonian of Eq. (2.1) in the subspace given

by the three states f f x, f x f, x f f. Its value can be
shown to be half the lowest energy obtained in this way,
which is
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The zero-point energy of the central copper, by the same
sort of estimate, is

be —12t ~, whereas in Fig. 1(b), it is —6t ~ plus the zero-
point energy of the individual spin in Fig. 1(b) and the
zero-point energy of the central copper spin in Fig. 1(b).
The former would be 4t —/(e+ V) in Rayleigh-Ritz per-
turbation theory, and is more accurately, using Wigner-
Brillouin theory,

v [ev] (a —V)/2 —j[(s—V)/2] +2r'] ' '. (A3)
FIG. 5. The exchange parameter between two copper spins

when both are next to oxygen holes as in Fig. 1(a) (enhanced),
and when neither is (unenhanced). UD 9, Up 6, r 1 (in
eV). The results are very sensitive to the value of r, so that the
unenhanced measured value of 0.12 cannot be used to determine
V. The ratio of enhanced to unenhanced exchange is, however,
insensitive to t.

Using s 1.5 and t 1 yields t~ 0.43 eV t2, .with the
same choice of UD, Up, and t as made previously, and
V 1.5 is given accurately enough by (2.6) as t2 0.22
eV.

Finally, we consider in detail the lowering of the energy
of the state of Fig. 1(b) with respect to that of Fig. 1(a) as
a result of the enhanced zero-point motion of the central
copper spin, as shown in Fig. 2. In addition to the energy
of the spin configuration already discussed in the text,
there is an energy difference between the states as a result
of the difference in zero-point motion of the copper spins
in the two configurations. In Fig. 1(a), the energy would

The zero-point Energy of the copper spins in Fig. 1(a) is

3t ~ for small t, but is more accurately given as

e/2 —[(e/2) 2+ 3r 2] 'i2 (A4)

The value of the difference in zero-point energies of the
configurations of Fig. 1(a) and Fig. 1(b) is
(A2) + (A3) —2(A4) and is shown in Fig. 5. The
minimum energy of the spin degrees of freedom is essen-
tially the same, whether the central copper is as in Fig.
1(b) or has moved as in Fig. 3(b), so that this difference
in zero-point energy appears as an attractive contribution
to the potential of two oxygen holes separated on adjacent
sites.

We note that within the present model, the zero-point
enhancement is the same for five-spin states involving one
oxygen hole on the x axis and one on the y, as it is for
those in Fig. 1(b). A more realistic treatment of the
Coulomb repulsion would find that such "corner" states
were lower in ener'gy than "straight" states, due to a
greater zero-point enhancement.
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