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W'e present a detailed calculation of the angle-resolved photoemission spectra of Na. The calcu-
lation follows a theory by Mahan, which allows for the inclusion of various bulk and surface effects.
We find it important to take into account various broadening effects in order to explain the anoma-

lous structure at EF, which was found by Jensen and Plummer in the spectra of Na. The broaden-

ing effects also help to resolve the discrepancy of the conduction-band width. Efforts are made to
compare our results with new measurements of Plummer and Lyo. We discuss the ambiguity con-
cerning the sign of the crystal potential and comment on charge-density waves in the systems. We
have also generalized our discussions to other simple metals like K.

I. INTRODUCTION

In the past few years, there has been very active
research on angle-resolved photoemission spectra of sim-
ple metals. ' These studies are interesting because they
enable us to examine the band structure of these materi-
als, which is generally regarded to be well described by a
nearly-free-electron (NFE) model. Therefore, analysis of
the spectra can tell us if the NFE model is valid. More-
over, because of the simplicity of the simple metal's band,
we can closely study photoemission processes without in-
terference from complicated electronic band structures.

Figure 1 demonstrates the NFE bands of Na in the
[110]direction. In drawing this diagram, we have elevat-
ed the conduction band according to the applied photon
energy (fico), so that the intersecting points P and P' cor-
respond to photoexcitations at %~=24 and 33 eV, respec-
tively. Such excitations satisfy both the energy and the
momentum conservation:

E(k+G) =E(k)+fico,

where G is a reciprocal-lattice vector. According to this
relation, the conduction band E(k) can be easily traced
out by measuring the photoelectrons at various photon
energies. It should be noticed that for fico= 33 eV (i.e., P'
in Fig. 1), the transition, although it satisfies Eq. (1), is
forbidden because the initial state is not occupied. There-
fore, if the NFE model describes the system correctly, it
predicts a gap at 31.7&fico ~37.9 eV, where no photo-
current could be generated.

The simple picture presented above according to Eq.
(1) was found by Jensen and Plummer (JP) to be incompa-
tible with their measurement. The discrepancies be-
tween the NFE theory and the measurement are the fol-

lowing. First, JP found that at the expected gap region
there actually appears a stationary narrow peak that cor-
responds to initial states at the Fermi level. This result
was regarded as evidence that the band close to EF (the
Fermi energy) is severely distorted, and hence that
charge-density waves (CDW's) exist in the system.
Second, besides the vertical transitions which satisfy Eq.
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FIG. 1. The NFE bands of Na are shown in which the con-
duction band has been elevated by the apphed photon energies
of 24 eV (the solid curve) and 33 eV (the dashed curve), respec-
tively. The intersections P and P' correspond to the vertical
transitions in photoemission at the given photon energies. The
shaded curves represent the broadened final states.

(1), there are important contributions due to momentum
nonconserving transitions. Such nonvertical transitions
form an edge structure at E(k)=EF in the spectra (see

Fig. 2 of Ref. 3). Third, the measured bandwidth is

2.5+0. 1 eV, instead of the 3.2 eV which is predicted by
the NFE theory. Such large band narrowing cannot be
entirely accounted for by many-body calculations, which
predict -0.3-eV narrowing of the width due to the ener-

gy dependence of the electron self-energy. JP, therefore,
concluded that their results show clear inaccuracies in

the many-body theory, and they suggested that
significant corrections for many-body effects are needed
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in band calculations.
In a recent calculation (to be referred to as I), Shung

and Mahan showed that the discrepancies which we list-
ed above can be explained with a NFE band structure.
The calculation was based on a theory of angle-dependent
photoemission by Mahan, in which various bulk and sur-
face effects can be treated on an equal footing. It was
found that the key to the problem is that the excited elec-
trons have a finite mean free path (MFP) because of
Coulomb scattering, or that the electron states have a
finite width as is shown in Fig. 1. This fact not only
broadens the spectra, it also relaxes the strict momentum
conservation of Eq. (1}. Basically, this effect explains, ac-
cording to our theory, both the appearance of the edge
structure at photon energies outside of the gap, and the
presence of the stationary peak within the gap. Take Fig.
1, for example; although the transition at P' is forbidden,
photoexcitations are still possible at %co=33 eV for those
conduction electrons which intersect the broadened
bands in the final states. This paper, as a complement of
I, provides more details of the calculation. We also in-
clude results for K—the spectra of which are found to be
similar to that of Na.

As to the conduction-band width, it was argued in I
that various broadening effects could explain part of the
observed reduction. In the present work, we will include
the broadening of the initial states, which was neglected
in I. This broadening effect, together with other effects
(e.g., the interference) is found to cause a bandwidth
reduction of 0.2-0.4 eV in the photoemission spectra of
Na. This reduction due to the broadening, together with
the many-body effect, seems to provide a satisfactory ex-
planation of the observed bandwidth of Na. Discrepan-
cies are also found in the bandwidth of other materi-
als, ' which probably can be explained by the same
broadening effect.

In short, our calculation strongly suggests that the
conduction band of Na (and possibly other simple metals
too) can be very well described by a NFE model. This re-
sult disagrees sharply with the theory of CDW's, which
predicts a severe band distortion at EF. We will further
comment on the CDW's in Na later in this paper. The
calculation also shows that the NFE bandwidth, after be-
ing modified for many-body effects, is fairly close to JP's
results. We emphasize the importance of various
broadening and surface effects in photoemission process-
es. These effects are expected to be important in photo-
emission in general.

The remaining part of the paper is organized as fol-
lows. Section II contains the theory which describes pho-
toemission processes, and which is presented in a form
ready for evaluating the spectra. The calculated results
and discussions are given in Sec. III. In Sec. IV we ex-
tend our discussions to new experimental results of Plum-
mer and Lyo. There we stress the importance of self-
energy shifts of electronic states, and we argue that sur-
face Bragg reflection might explain the observed
azimuthal-angle dependence in photoemission spectra. A
discussion on the sign of the crystal potential and a com-
ment on CDW's are also included therein. Concluding
remarks are finally summarized in Sec. V.

II. THEORY

This calculation, as was stated in the Introduction,
closely follows a photoemission theory of Mahan. In the
theory, photoemission is considered an inelastic-
scattering process and the quantity to be calculated is the
emitted current per solid angle per energy, d IjdQdE.
For normal emission, which is the case of JP's measure-
ment, we have formulated the result in I. In the follow-
ing, we will modify it for more generalized cases of near-
normal emissions.

The requirement that momentum parallel to the sur-
face be conserved is expressed by the relation

&Il kill+ G) (2)

where pi
—(2mE}' sin8, 8 is the angle of emission mea-

sured from the norm of the surface, and E =p /2m is the
energy of the emitted electron remeasured externally.
When the applied photon energy is not too high, p~~

is
small at small-angle emissions. In simple metals, G~~ is ei-
ther zero or greater than -2kF. Hence, as long as

pl & kF, G must vanish in Eq. (2). In such cases, as well
as in the case of normal emissions, Mahan's theory
reduces to a simple one-dimensional integration:

J dk;j p i M(p, k;) i

x 5(E cos 8 E(k;i) —fico+ Vo)—,

a
[ V, (z)+ V, (z)]

Bz

XP(k, ,z),

(3)

where the upper limit k ~ equals (kF —pi)' and be-
comes kF if 8=0. M(p, k, ) is the excitation matrix ele-
ment, which we will discuss later. E(k,~) is the perpen-
dicular part of the initial-state energy. The 5 function in
Eq. (3) specifies the energy conservation in a form slightly
different from Eq. (1) due to the introduction of the sur-
face barrier Vo, which the photoelectron must overcome
to reach the outside. This expression obviously reduces
to Eq. (1) of I in the 8=0 case, as it should. Correspond-
ing to JP's measurement on Na, where fico&100 eV we
have estimated that Eq. (3) is applicable for 8 less than
10.

In order to evaluate Eq. (3), we need to specify the ex-
citation matrix element M(p, k;). The treatment of this
part is the same as in I and is included here for complete-
ness. We first notice that photon fields do not interact
with a homogeneous electron system. ' In other words,
photoemission may take place only due to inhomo-
geneities in the system. In the calculation, we take into
account those effects from the surface potential V, (z),
and from the crystal potential V, (z) = gG VG exp( iGz), —
where G's are perpendicular to the surface (i.e., along the
z axis). We thus get

M(p, k, )=F(co)f dz P~(p, z)
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where
~

F(co)
~

~co . P(k;,z) is the initial-state wave

function and P~(p, z) is an in-going wave which contains
a factor describing the scattering by the surface (see Ref.
8}. It should be noticed that higher-order effects due to
the surface and to the bulk can be included in Ifp, k; ) in
Mahan's theory, although we find that Eq. (4) contains
major features which appear in the spectra.

It is clear that the calculation of photoemission spectra
now hinges on the determination of P(k;, z} and P~(p, z}.
As was noted by Mahan, once the surface potential is
given, both P and P~ can be determined by solving a
one-dimensional Schrodinger s equation. At this conjuc-
ture, it is important to notice that the MFP of out-going
electrons is short [4-6 A at -30 eV (Ref. 11)]. Only pho-
toelectrons created in the surface region can come out of
the solid, and hence details of the potential in the surface
region are very important in this problem. It is, there-
fore, as we emphasized in I, necessary to use a realistic
potential to describe the surface and, meanwhile, to ap-
propriately include decay mechanisms of electrons. If we
approximate the metal surface by a step function, we can
easily express Eq. (3) in analytical forms. Such results
are illustrative but not accurate for real metals. We find
that step potentials lead to overestimation of the surface
effects.

In our calculation, the effects of the crystal potential
on the electronic energies are neglected. For the spectra
of Na and K, this approximation is valid since the effects
are small. It has been calculated that the shift of the Fer-
mi energy due to the crystal potential is —0.06 eV
( —0.07 eV) for Na (K).s However, for some other simple
metals, e.g., Li (Ref. 8) and Be (Ref. 2), the effects of the
crystal potential are strong. For these metals, it would be
important to include the crystal potential effect when cal-
culating their spectra. It should also be pointed out that,
by neglecting the band-structure effect, the NFE bands
are spherically symmetric. Consequently, the angle-
dependent spectra are expected to be symmetric about
the z axis, as is clear from Eqs. (3) and (4), i.e., it is in-
dependent of the azimuthal angle of emission. However,
a recent measurement reveals that there is asymmetry in
the azimuthal angle of Na spectra. Later in Sec. IV we
will discuss, still within the NFE model, a possible ex-
planation of this anisotropy in photoemission.

For simple metals like Na, the best available surface
potential is given by a calculation of Lang and Kohn
(LK},' in which the potential is determined self-
consistently via the density-functional theory. We use
LK's potential as input, and evaluate P(k;, z) and P (p, z)
numerically.

The wave functions obtained above need to be modified
so that the finite MFP of electrons can be accounted for.
For this purpose, we have evaluated' the self-energy of
electrons,

X(k,E(k))=X,(k, E(k))+iXz(k, E(k)),
by applying the Rayleigh-Schrodinger perturbation
theory, and can thus drop the energy dependence of the
self-energy. s The real part X,(k} accounts for energy
shifts of the electronic states and results in the bandwidth
narrowing. The inverse of the imaginary part of the self-
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FIG. 2. The calculated electronic MFP and width [X2(k}]as
a function of k are given for both Na and K.

energy represents the electron's lifetime, and the distance
an electron travels during the lifetime is its MFP. The
mechanism of electron decay is Coulomb scattering, and
our calculation is basically the same as that of Quinn. '

The calculated results for both the MFP and X2(k) are
shown in Fig. 2 for both Na and K. These theoretical
values are in fairly good agreement with measurements. "
We include such decay factors in our calculation by
modifying P ~:

(p,z)~P'(p, z) exp[ —z/2A(k)] if z &0,
where we have assumed that the metal is in the z &0
half-space, and have denoted the MFP by A(k).

It should be noticed that' although Eq. (4) is essential-
ly a one-body expression, many-body interactions are
effectively included with the introduction of the damping
of P~ [Eq. (6}]. In order to examine the validity of this
expression, we obviously need to employ many-body
theory; straightforward one-body consideration' ' is not
appropriate to start with. Recently Almbladh' studied
this problem and showed, via rigorous many-body pertur-
bation theory, that the approach employed here is essen-
tially correct (see Ref. 18 for details). Briefly speaking,
Almbladh demonstrated that, first, the acceleration for-
malism [i.e., where the interaction H ——V V, as in Eq.
(4)] satisfies the correct selection rule disregarding ap-
proximations made about the wave functions; second, the
acceleration and the velocity formalisms (i.e., H'- A p)
become equivalent only if proper vertex corrections are
included in the latter. The acceleration formalism, freed
from complicated vertex corrections, is, therefore, easier
to apply. Almbladh also showed' the equivalence of
Mahan's scattering theory, which we use in the calcula-
tion, and other photoemission theories' based on the
response formulation (i.e., the Kubo formula). This
means that the results we obtained are very general, but
with Mahan's theory, we gain the advantage to identity
various effects easily.

The broadening of initial states was neglected in I, be-
cause the primary concern there were the stationary
peaks in the gap, and the corresponding initial states are
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sharp states close to EF (see Fig. 2). Inclusion of the
initial-state broadening effect can be most easily intro-
duced in Eq. (3) by letting E(k,~) contain the imaginary

part of the self-energy. As a result, the 5 function of Eq.
(3) becomes a Lorentzian of width X2(k}. More
specifically, we can first express Eq. (3) in an equivalent
form:

, f«p&P'(p}
~

&'~(e)H' ~((}'(p)&

X5(E cos 8 e —ftco—+ Vo}, (3')

where A (e) represents the spectral function of finding an
electron at c. When electronic interactions are neglected,

A (E)= y ~
y(k;) )(y(k;)

~
&(e—E(k;))

and we immediately recover Eq. (3). With the inclusion
of the Coulomb scattering, A (s) is broadened and can be
described by a Lorentzian as we have just described. In
Eq. (3') the energy is clearly conserved in the process.
This can be compared with the no-loss (no energy loss to
the system) spectrum of Almbladh. ' All the calculations
presented in this work contain the initial-state broaden-
ing effect. Although this broadening effect is not impor-
tant in the gap region, it is found to have an important
bearing on the observed bandwidth, as we will see short-
ly.

The procedure of calculation is, first, to determine the
wave functions P and P~ with LK's surface potential, '

and then, to modify ((}~ according to Eq. (6). The wave
functions are subsequently used to evaluate M (p, k; ) in

Eq. (4), and finally the spectrum via Eq. (3). It is in the
last step where the initial-state broadening is incorporat-
ed. The calculation is numerically straightforward. We
only need to specify the electron density (r, ) (Ref. 20) and
the crystal potential; the latter can be described by
Ashcroft's pseudopotential (r, ). ' All the calculations,
including that of the LK surface potential and that of the
self-energy, are completely determined once r, and r, are
given. In Table I we give the values of r„r„andV&, for
both Na and K, that are used in this work. There are
concerns ' over the signs of VG, which we shall discuss
further in Sec. IV. The results of our calculation are
presented in the next section.

III. CALCULATED RESULTS AND DISCUSSIONS

Figures 3 and 4 demonstrate the calculated spectra at
two photon energies representing the cases in and around
the expected gap. These calculated spectra differ from
our earlier results by having included the initial-state
broadenings, i.e., Xz( k; )&0. The thin, solid curves

represent diagonal terms from various effects, as indicat-
ed. Interference between these eff'ects (the dashed-dotted
curves) is obviously strong and important. The heavy
solid curves are unbroadened spectra which, after being
convoluted by a Gaussian of 0.3 eV in width for instru-
mental resolutions, are shown by the dashed curves.
These broadened spectra can be directly compared with
JP's measurement. We iterate that the calculations here
contain the initial-state broadening effect which was
neglected in I. Although the general features of the spec-
tra are not affected by this extra broadening factor, the
detailed structures (e.g. , the peak positions) are modified,
as we shall examine in greater detail later in this article.

It has been pointed out in I that the edge structure at
EF (Fig. 3) and the stationary, narrow peaks in the gap
region (Fig. 4) actually come from the same physical ori-
gins: (a) The final states are broad (see Fig. 2)—a fact
that makes nonvertical transitions important, and (b) the
initial states at the Fermi level are very sharp. In cases
when vertical transitions are possible (Fig. 3), the sharp
cutoff' at FF causes a similar structure (i.e., the edge} in

Photon Energy 24 eV
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CQ
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/

TABLE I. Parameters used in the calculation. r, (the elec-
tron density) and r, {the Ashcroft pseudopotential radius) are
expressed in atomic units. The crystal potentials VG are in eV.
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' Reference 15.
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' This calculation.
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FIG. 3. The calculated spectrum at Ace=24 eV is shown by
the heavy solid curve. After the inclusion of the instrumental
resolution, the result is shown by the dashed curve. The thin
solid curves are diagonal terms from various bulk and surface
e6ects, as indicated. An interference term is plotted by the
dashed-dotted curve.
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FIG. 5. The calculated peak intensities (the solid marks) and
the peak widths (the open marks) around the gap region are
shown. The gap location remains the same for both Na and K
(and also other alkali metals) when we express A~ in units of EF.
A, B, . . . , F indicate photon energies for which we have studied
the angle dependence of the spectra, and the results are given in

Fig. 6.

FIG. 4. This is the same plot as Fig. 3, but for %co=33 eV.
The transition would be forbidden if the final-state broadening
were neglected (see Fig. 1).

the spectra. In cases when vertical transitions are forbid-
den (Fig. 4), nonvertical transitions become the dominant
constituent in the spectra and the cutoff at EF causes
"narrowed" peaks at the Fermi level (see also Fig. 1).
These features are clearly illustrated in the calculated
spectra, which provide an explanation to the observed
edge structure at EF.

In support of the reasoning given above, we would like
to point out that similar edge structures at EF are also
found in the spectra of Al (Ref. 1}and Mg (Ref. 4}. These
structures can be easily understood according to the same
arguments which we give for Na. In the normal-emission
spectra of Be(0001), however, there is no structure at EF.
This result is consistent with our theory since the Fermi
level passes through an energy gap in Be(0001) and,
hence, the edge structure is absent from the spectra.
From this experimental evidence, it seems reasonable for
us to conclude the following: The edge structure at EF is
a general feature in photoemission spectra provided that
there are occupied states at the Fermi level and that the
final states are sufficiently broad (see Fig. 1).

As to the peaks in the gap regions, our theory predicts
that their strength and width should both be reduced.
These effects can be understood by using Fig. 1 and notic-
ing that transitions corresponding to k & kF are
suppressed. The calculated results of Na and K are
shown in Fig. 5, which clearly demonstrates the property
that both the peak intensity and the peak width are re-
duced in the gap. It should be noted that, at energies

away from the gap region it is the Fermi-level intensity
that is given in Fig. 5, and the width is determined by the
positions where intensities fall to half the Fermi-level
value. This procedure is reasonable, since our main con-
cern here is only at the gap region. The difference be-
tween Na and K in the peak intensity at Ace-12EF is due
to the fact that V22o is weaker in K than in Na (see Table
I}. Actually, since all alkali metals have very similar
band structures, they should, according to our theory,
have similar features in the photoemission spectra (e.g. ,
the edge and the stationary peaks at EF ).

The angle-dependent behavior of the spectra is also of
interest, and near-normal-emission spectra can be easily
evaluated with Eq. (3). It was noted in I that the per-
sistency of the peaks in the gap region depends critically
on the closeness of the band edge and the Fermi level —a
condition which was summarized by Eq. (4) of I for
normal-emission spectra. A similar relation for prom-
inent peaks in the gap region in near-normal emission
reads

—,'G„o—k i(A, '(P),

where k ~ was defined by Eq. (3). As the emission angle
(0) increases, this relation becomes less well satisfied and
the peak strength in the gap region gets weaker accord-
ingly. On the other hand, vertical transitions are not as
strongly angle dependent since these transitions do not
rely on the broadness of the final states. Figure 6 demon-
strates the sensitive angle dependence of the peaks in the
gap (C curves), which contrast sharply with those peaks
froin vertical transitions (A curves) also shown in the
figure. Peaks that are outside of, but close to, the gap re-
gion (8 curves) show intermediate angle dependence. We
have also calculated the angle-dependent spectra at pho-
ton energies that correspond to D, E, and F marked in
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FIG. 7. We compare the calculated and the measured peak
position as a function of the photon energy. In the calculation,
the broadenings of both the initial and the final states are in-

cluded. Both the theoretical points and the experimental data
contain the instrumental broadening effect.

Fig. 5. The results are completely analogous to those
shown in Fig. 6, with an angle dependence varying ac-
cording to relative displacement of the energy from the
gap region. Again, the behavior of Na and K is found to
be similar because of their similar band structure. We ex-
pect this angle-dependent behavior to be common to all
alkali metals because of their similar band structures.

We now proceed to discuss the band structure of sim-
ple metals. From photoemission spectra, we can deter-
mine the band by plotting the peak positions versus the
photoenergies, as shown by Fig. 7 from the results of Na.
The solid curve in the figure is a NFE band that satisfies
Eq. (1), the crosses are from JP's measurement, and the
dotted curve from our calculation. We notice that,
despite a general agreement on the shape of the band,
these results differ noticeably both at EF, and at the bot-
tom of the band.

The stationary peaks in the gap, which we discussed
earlier, form a bridge that connects the two separate
branches of the NFE model. Both our calculation and
the measurement agree that the bridge is shifted down-
ward from EF for -0.23 eV, due to the effect of the in-
strumental broadening (see Fig. 4).

In JP's measurement, there are some electron-energy
distributions at high-photon energy which show two

peaks: one near the direct transition and one near EF.
Our theory does not explain this second peak near the
Fermi energy. In fact, these extra peaks are a mystery
and are not predicted by any theory. Overhauser claims
that they are explained by his theory of CDW. ' ' How-
ever, he has not published any calculated spectra which
show this peak, so his claim is unsubstantiated. Kaiser,
Inglesfield, and Aers have suggested that this extra peak
is due to a surface resonance located -0.75 eV above the
Fermi energy, but their calculated spectra also do not
show a peak. As we said, this second peak is still unex-
plained by any theory.

Figure 7 also demonstrates that the band from our cal-
culation is narrower than the NFE band by 0.2—0.4 eV—
most noticeably at the bottom of the band. This band-
width narrowing is mainly due to the broadening of the
initial states and is clearly illustrated by Fig. 3. The
marker A therein indicates the peak position if Eq. (1) is
satisfied, i.e., from a vertical transition between the NFE
bands. After the broadenings are included, the peak posi-
tion of the "vertical transition" appears at 8, which is
-0.3 eV higher than A. The shift of the peak position is
due to the fact that electron states at the band bottom are
much broader (i.e., the corresponding transitions become
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more dispersed) than shallower states (see Fig. 2). In-
terference and the instrumental broadening further modi-
fy the spectra and, as a result (which is shown in Fig. 3),
the final peak position is at C. Our calculation, therefore,
clearly demonstrates two intrinsic effects in photoemis-
sion that could appreciably affect the peak positions: the
broadening of electron states and the interference.

Let us look at the interference term first. When the
photon energy is not close to the gap region, interference
is mainly due to the mixing between the surface and the
bulk term that corresponds to the vertical transition.
Therefore, when the surface contribution is not negligible
compared with the bulk term, we usually find strong in-
terference; for example, Fig. 3. We thus need to keep the
surface term small to minimize the interference effect.
We find that the surface contribution decreases as the
photoenergy increases. As the emitted electron becomes
more energetic, the final state has more oscillations in the
surface region and hence causes a larger cancellation in
the surface term. It is due to this fact that our calculated
results agree better with the NFE band at higher photon
energies (Fig. 7). The results suggest that the band struc-
ture can be better determined by photoemission with en-
ergetic photon sources.

The modification of the bandwidth is mainly due to the
initial state broadenings and not to the interference. In
order to determine the band size we need to locate the
bottom of the band. The surface effect, and hence the in-
terference, is small for those states at the band bottom.
In regards to the size of modification due to the initial-
state broadening, we find that it decreases as the slope of
the final-state band dE(k)ldk, increases, i.e., as the final
states become more energetic. As a result, our calcula-
tion shows different bandwidth change (to be denoted by
D, ) at iiico=16 eV (D, = —0.36 eV) and fico=75 eV
(D, = —0. 19 eV). This kind of broadening effect should
always be taken into account when the band under con-
sideration is sufficiently wide that the electron width
differs a great deal from the bottom of the band to the
top. Since this is generally the case for simple metals, it
comes as no surprise that the measured conduction-
bandwidths usually appear narrower than that from
band-structure calculations, ' ' with the exception of
Be. But by considering the effect that D, decreases as
Am increases, we expect the conduction band of simple
metals to be better determined with more energetic pho-
ton sources. We remark that it is difficult to tell from
JP's results if the measured bandwidth actually varies
with Am, because of the large instrumental resolution
(-0.3 eV).

There are other effects that could modify the band-
width. Because of the Coulomb interaction, electron
states must be renormalized. This is a many-body effect
which modifies the bandwidth by an amount
D2 ——X,(k =0)—X,(k~), where X, is the real part of the
self-energy introduced by Eq. (5). There is also the effect
of the crystal potential which modifies the band structure
and shifts the Fermi level by an amount D3. In Table II
we summarize all these bandwidths-narrowing effects for
the metals of Na and K. The total of these effects
amounts to a large bandwidth reduction: 0.63—0.80 eV

TABLE II. Various bandwidth-narrowing factors are listed
below. All values are in eV. Negative values signify a reduction
in bandwidth. Ez is the NFE bandwidth.

b g) C

Na
K

3.24
2.12

—0.19 to —0.36
—0.18 to —0.25

—0.38
—0.34

—0.06
—0.07

' This calculation.
Reference 13.

' Reference 8.

for Na and 0.59—0.66 eV for K. The result of Na is
surprisingly close to JP's measurement, which reports a
narrowing of 0.7+0. 1 eV. We note that a large band-
width reduction in K has also been observed ( -0.7 eV).
Probably the quantitative agreement should not be
overemphasized in view of the many approximations that
have been employed in the calculation. Additionally,
there exists some difference in the size of D2 between the
calculation of Ref. 12 and others'. However, the
deficiency is not likely to offset our conclusion, which is
that the large bandwidth narrowing of Na is partly
caused by the many-body effect and is partly due to the
limitation inherent in low-energy photoemission process-
es.

Similar reductions in the bandwidth are expected for
other simple metals. The results of Na and K show that
the effect (i.e., D, ) is roughly of the size X2(k =0).
Therefore, this effect could be more prominent for mul-
tivalent simple metals [e.g., Xz(k =0) is 0.87 eV (1.27 eV)
for Mg (Al)]. Meanwhile, it should be reemphasized that,
as we argued earlier, the bandwidth reduction due to the
initial-state broadening decreases as the photon energy is
increased. In order to examine these effects closely, de-
tailed calculations (with both X~ and X2 included) and
measurements are needed.

IV. NEW MEASUREMENTS
AND FURTHER DISCUSSIONS

After the present calculation was first completed, new
measured results on Na were made available to us by
Plummer and Lyo. It seems plausible to include these
new data in this paper and to compare them with our cal-
culations. We will do so in the following, together with a
discussion on the sign of the crystal potentials and a com-
ment on CDW's in simple metals.

In the new photoemission studies of Plummer and Lyo,
the width, the strength, and the angle dependence of the
peaks in the gap region are measured. The new results
also reflect an improvement in instrumental resolution
(0.05 eV in FWHM). The predicted decreases in the peak
width and its strength (Fig. 5), and the sensitive angle
dependence (Fig. 6), are observed, but some discrepancies
exist between our calculations and the new measurements
(see below).

In the comparison with Fig. 5, the measured results
show that the decreases in width and in intensity appear
at photon energies -3 eV higher than from our calcula-
tion, suggesting that the gap is actually at a higher energy
than the NFE gap. We believe that this energy shift is
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due to the self-energy corrections, i.e., due to the real
part of X(p) of Eq. (5). Calculations that incorporate
with the self-energy shifts will be discussed else~here.
The new measurement, which has better resolution,
shows that the peaks in the gap are as narrow as -0.35
eV in full width, which is much narrower than 0.8 eV of
Fig. 5 and of JP's original measurement. We find in our
recent calculation that if 0.05-eV resolution is used, we
also obtain a very narrow peak of about 0.35 eV in
width. Actually, it can be easily seen from Fig. 4 that
the observed peak width (dashed curve) is mainly due to
instrumental broadenings.

The measured angle dependence of peak intensities in
the gap region are shown in Fig. 8, where the calculated
results of Fig. 6 (solid circles denoted by 8 and C) are
also included for comparison. The measurements are
made in the directions that are parallel to the plane of the
incident light (even) and perpendicular to it (odd). At
fee=40 eV, which is above the upper edge of the gap (of
NFE bands), the results are expected to follow the 8
curves, while at Ace=35 eV, which is at the center of the
gap, the results are to follow the C curves which decrease
much more rapidly as the angle increases. However, the
measured results at the two photon energies have similar
angle dependence which lies somewhere between the B
and C curves. This result can be explained in accordance
with the self-energy shifts in the following way. If we rig-
idly shift the gap upward for -3 eV, A'co=35 and 40 eV
would be at the lower and upper edge of the gap, respec-
tively. Then, the angle dependence at these photon ener-

gies should, indeed, be similar. Taking this viewpoint, we
expect that a more dramatic dependence on the emission
angle to be observed at Am= 37—38 eV.

The measured results of Fig. 8 demonstrate an impor-
tant feature which our present calculation cannot ex-
plain. Namely, there is obvious azimuthal-angle depen-
dence in the measurement (i.e., differences between the
odd and the even curves, most notable at large emission
angles at A'co=35 eV), but Eqs. (3) and (4) of our calcula-
tion do not depend on the azimuthal angle. However, it
should be emphasized that full predictions of the NFE
model, in fact, do allow azimuthal-angle dependence,
which is discussed below.

Equations (3) and (4) only include the primary coness
of G&&0 and 62&0 which are normal to the surface and,
hence, suggest that the spectra are symmetric about the z
axis. However, there are many secondary cones due to
primary 6 vectors which are not normal to the surface.
The surface Bragg reflection can scatter some of these
electrons into an exit trajectory, and azimuthal-angle
dependence is therefore possible. Figure 9 demonstrates
our calculated primary cones (solid curves) and secon-
dary cones (dashed curves) for the Na(110) surface at
Boo=18 eV. These are found using the formulas in
Mahan's paper. This figure may not include all secon-
dary cones since we only took a few primary 6 vectors,
although we took all possible values of 6 parallel for the
Bragg reflection at the surface. At higher photon ener-
gies, more secondary cones would appear since more
combinations of the 6 vectors are possible. But even at
Boo=18 eV the secondary cones already introduce com-
plicated dependence on the azimuthal angle of photoelec-
trons.

We choose A'co = 18 eV for demonstration for the
reason that Plummer and Lyo have measured the spec-
trum at this energy and found strong angle dependence,
especially near 26'—27' from normal. From Fig. 9 we no-
tice that a lot is happening at these angles. There the
main primary cone terminates, some secondary cones ter-
minate, while other secondary cones start. This may
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FIG. 8. The measured angle dependence of peak intensities
at Aco=35 and 40 eV. Crosses (odd) denote measurement made
in the direction perpendicular to the plane of light and triangles
(even) that parallel to it. Calculated results (solid circles)
marked by B and C are the same as in Fig. 6.

FIG. 9. A demonstration of our calculated primary cones
(solid lines) and secondary cones (dashed lines) for the Na(110)
surface at Ace= 18 eV. The polar angles are given in degrees.
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qualitatively explain the observation of Plummer and Lyo
regarding the dramatic change in the spectra at this angle
and photon energy. We further remark that the secon-
dary cones predict a dependence on the azimuthal angle
in photoemission even for electrons near the normal
direction. The nearly straight lines which come within 2'

of normal are secondary cones for a primary 6 vector
which is parallel to the surface plane. This 6 vector gives
no external primary cones, but is responsible for the near-

ly straight lines as secondary cones.
In brief, the new measurements of Plummer and Lyo

suggest to us that the self-energy shift is important in the
problem. We have found much improved agreement with
the new results when the self-energy corrections are fully
taken into account, and details of that calculation will be
given elsewhere. In addition, measurements of Plum-
mer and Lyo show that photoemission spectra are
azimuthal-angle dependent. Although this azimuthal-
angle dependence cannot be explained with the present
formalism [Eqs. (3) and (4)], we have demonstrated that it
may possibly be caused by surface Bragg reflection (i.e.,
the secondary cones), which is predicted within the NFE
model. In what follows, we will discuss the sign of crys-
tal potentials.

After our calculation was first published, Overhauser
questioned' the sign of the lattice potential V»p, which
appears in Eq. (4). He argues that V„oshould be nega-
tive for both K (Ref. 22) and Na (Ref. 17) and not posi-
tive as we have used in the calculation. The sign of this
lattice potential is important since if it changes so would
the interference term (see Fig. 3), and the edge structure
at EF would be much weaker as a result. However, most
calculations find that V»p is positive, contrary to
Overhauser's claim.

We notice that there is another factor which could
modify the sign of crystal potentials. Namely, the dis-
tance (d) between the surface layer of ions and the jellium
edge. ' In our calculation, where we set
V, (z)= gG Vz exp( iGz), d—is equivalent to zero It is.
more reasonable' to set d =c/2, where c is one-half the
distance between two adjacent ion layers. By including
this factor, we would get

V, (z) = —V„oexp( iG „Oz)—+ V2zo exp( i Gz20z), —

i.e., an extra minus sign is introduced to the V»p term.
As we have explained, changing the sign of V»p in our

calculation would significantly reduce the size of the edge
structure at EF and, hence, cause discrepancies if com-
pared with the measurements. The close agreement be-
tween our calculated results and the measurements
seems, therefore, a strong indication that this extra sign
due to d =c/2 is cancelled. One possibility of this can-
cellation is that V»p is indeed negative —as Overhauser
has claimed; although we are not aware of independent
verifications on negative V»p. We remark that we have
also let d vary by up to 10% of c/2 and find no apprecia-
ble change in the spectra —demonstrating that effects due
to possible surface relaxations' are of minor importance
in the problem of photoemission.

Lastly, we would like to comment on the existence of

CDW's in simple metals. In a model calculation,
Overhauser introduced a periodic potential Vcow(a)
= g& V&e

'~' due to the presence of CDW's, where
Q=+2kF. This extra potential would severely distort
the conduction band at EF and hence could also explain
the stationary peaks found in JP's experiment. However,
according to the arguments that lead to Eq. (4), this po-
tential from CDW must also induce photoexcitgtions.
Stated more precisely, there should be peaks in the spec-
tra at positions (roughly) determined by

E(k+g) =E(k)+fico . (8)

These peaks are, in addition to those induced by the lat-
tice potential [i.e., determined by Eq. (1)], not from a
fixed E(k) (i.e., not stationary). Then, at a given photon
energy, there should always have two peaks in the spec-
tra, but it is basically a single-peak structure in accor-
dance with Eq. (1) that was observed experimentally.
From this observation, we are able to conclude that the
CDW, if it exists at all in Na, must be a very weak one.
It can be seen readily that the large V& (more than twice
as large as VG ), which Overhauser uses to account for the
stationary peaks in the gap, is not a realistic one for Na.

The foregoing discussions, concerning both the photo-
emission spectrum of Na, and its relation to the CDW's
in the system, can be applied to other simple metals as
well. It should be revealing to look for, experimentally,
peaks that are induced by the CDW potential [i.e., Eq.
(8)], since this is a very direct way to see if a CDW exists
in the system at all.

V. CONCLUDING REMARKS

We have performed a calculation which is based on the
photoemission theory of Mahan. In the calculation,
various surface and bulk effects are included. The results
show that the peak positions generally agree with the pre-
diction of Eq. (1), i.e., the NFE model, to within the
broadness of the electron states. The importance of the
decaying factors for electrons is that they open up chan-
nels for nonvertical (or momentum-nonconserving) exci-
tations. Due to the effect of broad states, our calculated
results reproduce the important features which were
found experimentally: (a) there appears an edge structure
at EF in the spectra, (b) there are stationary peaks in the
gap region, and (c) the bandwidth is reduced. The close
agreement between the theory and the measurement is a
strong indication that a NFE band is valid for the system.
This calculation also suggests that the conduction band
of simple metals can be more accurately measured with
photoemission experiments using higher-energy photon
sources, since both the interference and the initial-state
broadening effect on the bandwidth are reduced at higher
energies.

In this paper, we have also discussed new experimental
results of Plummer et al. , where the angle dependence is
measured and better resolution is achieved. By compar-
ing our calculation with the measurement, we argue that
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the self-energy shifts of the electron states are important
in the problem. Details of this self-energy correction will
be discussed in a separate paper. We have also shown
the importance of surface Bragg reAection, which causes
many secondary cones—an effect could possibly account
for the azimuthal-angle anisotropy observed by Plummer
and Lyo. The importance concerning the sign of V»o is
also addressed, ~here some confusion still remains. Fi-
nally, we comment on the CDW's and argue that photo-
emission measurement should provide us with direct evi-
dence on whether CDW's exist in the system. Obviously,
more photoemission studies, on both the theoretical and
the experimental sides, are needed to unveil the not
necessarily simple properties of the so-called simple met-
als.
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